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PREFACE. 



While engaged as a teacher of elementary mathematica, 
the author has often felt the want of a Treatise on Algebra, 
which might serve as an introduction to the higher, and 
more difficult parts of that science ; a treatise which, com- 
mencing with the first principles of Arithmetic, might con- 
duct the learner by gradual and easy steps, from the expres- 
sion of quantity by numbers, to the investigation of the 
relations of quantity, by algebraic symbols. In most of our 
public schools, the pupil commences the study of Algebra, 
with a very imperfect knowledge of arithmetic. He has 
been taught arithmetic, it is true, but mercantile arithmetic 
only. He has been taught to perform operations upon num-v 
bers, by rules, the principles of which, he is rarely required 
to investigate, and which, for the most part, the books that 
are put into his hands, do not even profess to demonstrate. 
He thus begins the study of algebra, unacquainted with the 
first principles of mathematical science, and finds himself per- 
plexed at the same time with a kind of reasoning, to which 
be is wholly unaccustomed, and new symbols for the expression 
of quantity, the nature and use of which, he finds it difiScult 
to comprehend. With these difficulties to encounter, it is 
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not stl'ange that all seems dark and confused; or that be 
often turns, with disappointment and disgust, from a study, 
upon which he was ill prepared to enter. 

To remove these difficulties, is the object of the short trea- 
tise on arithmetic, with which this volume commences. In 
it, an attempt has been made to explain, with clearness and 
brevity, the connexion between numbers, and the quantities 
they are used to express ; and also to give concise and satis- 
factory demojistrations of the rules for numerical calculations. 
The second chapter is necessarily more full than any other 
part of the arithmetic, inasmuch as a thorough knowledge of 
fractions, both vulgar and decimal, is an indispensable prepa- 
ration for the study of algebra, and the same demonstrations 
apply both to numerical and algebraic fractions. 

Having accustomed the pupil to reasoning upon numbers, 
in the first three chapters, letters, as the representatives of 
numbers, are first introduced in the fourth ; and the same 
reasoning applied to them, which immediately before, had 
been applied to the numbers themselves, thus preparing the 
way for the use of algebraic symbols, and making the tran- 
sition from arithmetic to algebra easy and pleasant. 

The treatise on algebra, which forms the principal part of 
the present voluirie, is not so closely connected with the arith- 
metic as to render it necessary that both should be studied 
together. If the pupil be well versed in the principles of 
arithmetic, he may proceed at once with algebra ; yet he 
will find it convenient to have always at hand, a treatise on 
arithmetic to which he can refer, when he would recall some 
principle which he may have forgotten. 

It was the author's intention, that the treatise on algebra 
should be eminently practical, and for this purpose a great 
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number of examples have been introduced. The examples 
are so selected, as to illustrate, most fully, the rules to which 
they are applied, and so arranged as to form a series of 
progressive exercises, rendering the passages from the more 
simple, to the most complicated algebraic operations, as easy 
as possible, and preparing the student, by making him fa- 
miliar with the practical part of algebra, to enter with advan- 
tage upon the higher branches of mathematical science. 
Throughout the whole, the reasoning is adapted to the pro- 
gress of the student. In the first part of the work, the rules 
are given and applied, and then followed by demonstrations i 
but as the student is supposed to become more familiar 
with mathematical reasoning, the analytic method is gradu- 
ally introduced ; and in the last two chapters, used to the 
exclusion of every other. This is an important part of the 
plan of the work, it being originally designed to introduce 
the student, by a series of progressive exercises, to the more 
abstruse analytic reasoning of the higher branches of algebra. 
It is hoped, however, that while it meets the wants of stu- 
dents who are commencing an extensive course of mathe- 
matics, it will be particularly useful to those who have less 
leisure for study, or who, on account of their particular pro- 
fession, or occupation in life, aOre desirous only of obtainiiig 
a knowledge of the more practical and useful parts of mathe- 
matical science. 

Washimotom Collbos, Hartf^rdf Aug. 1830. 
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INTRODUCTION TO ALGEBRA. 



CHAPTER I. 
PRELIMINARY REMARKS AND DEFINITIONS. 

(1.) Quantity, or magnitude, is any thing whatever that 
will admit of increase or diminution ; for example, a sum of 
money, the length of a line, and a given weight, or bulk, are 
quantities, since they can be increased or diminished. Ma- 
thematics is the science that investigates the means of mea- 
suring quantity, and hence is called the science o/ quantity, 

A, quantity -cannot be great or small, mudh or little in it- 
self ; it is only by comparing it with another quantity of the 
same kind that it becomes so. Thus, a mile is a large quan- 
tity compared with an inch, but small compared with the 
diameter of the earth ; and this again is a small quantity 
compared with the distance of the earth from the sun. 

(2.) It is evident, therefore, that in order to measure a quan- 
tity, we must compare it with some known quantity of the 
same kind, assumed as the unit or measure of quantity. 
For example, jf the quantity to be measured is a sum of 
money, and we assume one dollar as the unit, the number of 
times one dollar is contained in that quantity, is the magnitude 
of the quantity. Thus 300 dollars is conceived to be com- 
posed of 300 parts, each of which is equal in value to one 
dollar. 

If the quantity be the length of a line, and we assume one 
foot as the unit of measure, the number of times a line 
one foot in length can be applied to this line, is its tnagnitude. 
If it can be applied 10 times, we say the given line is ten feet 
in length. 

Quantities of every kind whatever can therefore be ex- 
pressed by numbers, tlie number always expressing how 
many times the assumed unit of quantity is contained in the 
given quantity. 

(3.) Arithmetic and Algebra both treat of the relations of 
quantity as expressed by numbers. 

3 
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10 ARITHMf:TIC. 

Arithmetic treats of numbers in particular, and their 
simplest combinations. Algebra is but a^ continuation of 
arithmetic, in which proper signs are used,^ to abridge and 
generalize the reasoning required in -the resolution of ques- 
tions relating to numbers. 



ARITHMETIC. 



NOTATION AND NUMERATION. 

(4.) It would evidently be impossible to express each num- 
ber by a separate term, since in that case the number of terms 
would be infinite. To express the numbers comprehended 
between one and one million, a million of terms would be ne- 
cessary ; and as any number, however large, may be increased 
without limit, by adding unity to it successively, the number 
of terms would also increase without limit. 

To obviate this difficulty, a nomenclature has been de- 
vised in which, by the use of a small number of terms pro- 
perly combined, and subject. to regular forms, all possible 
numbers can be expressed. 

This nomenclature is based upon the^ principle of succes- 
sive orders of units, of such values that ten units of the first 
order shall be equal to one of the second order, ten of the 
second order equal to one of the third order, and so on. We 
number to ten, and then commence again at one ; eleven, 
twelve, thirteen, (S6C., being the same as ten and one, ten and 
two, ten and three, &c., till we have numbered another ten, 
when we commence at unity as before : twenty-one, twenty- 
two, (fcc. Proceeding in this manner till we have numbered 
ten tens, we pass.to hundreds, and in like manner from hun- 
dreds to thousands. 

(6.) Numbers were at first written separately, either in words, 
at length, or as among the Romans, in characters, commonly 
the letters of the alphabet; and for large numbers, such letters 
were used as would make up, by the addition of their separate 
values, the number required. Thus the number four hun- 
dred and fifty-eight was written CCCCLYIII., the value of 
C being one'hundred, L fifty, T five, and I one. 

The system of notation now in use, and which originated 
in Arabia, is so contrived as to express all numbers with ten 
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characters only. Nine of these are significant, and represent 
numbers, and the other is used to denote nothings or the ab» 
sence of quantity. 

To express numbers greater than nine, recourse is had to a 
law which assigns different values to the figures, according to 
the position which they occupy. According to this law, units 
of the first order occupy the first place on the right of the 
written expression, units of the second order, the second place, 
and so of the others. 

The numbers I, 2, 3, 4, 5, 6, 7, 8, 9, are each expressed 
by separate characters ; but when we would write ten, which 
is a unit of the second order, we place unity in the second 
place, and a in the^ first, thus, 10, which may either be con- 
sidered as one unit of the second order, or ten units of the first. 
Proceeding with units of the second order^in the same man- 
ner as with those of the first, we shall have, 10, 20, 30, 40, 
60, 60, 70, 80, 90, and next a unit of the third order, which 
is written 100, the significant figure being written in the third 
place. In like manner we pass from the third to the fourth 
order. 

A number may consist of units of more than one order, and 
then the places of the O's are .supplied by significant figures. 
For example, the number three hundred and fifty-six has six 
units of the first order, five of the second, and three of the 
third ; and writing these units in their proper places, we have 
the expression 356. 

The following table can now be understood, which ex- 
hibits the successive orders of units, and the manner of 
writing and reading numbers. 

! Hundreds of trillions. it^ 15th. 
Tens of trillions. h* 14th. 

Trillions. )>9 13th. 

C Hundreds of billions. co 12th. 

4th Period. I Tens of billions. -^ 1 1 th. 

( Billions. rfs^ . 10th. 

Hundreds of milUons. ^ '9th. 
3d Period. I Tens of millions. o 8th. 

Millions. h* 7th. 

Hundreds of thousands. ^ 6th. 
2d Period. ^ Tens of thousands. iP>^ 5th. 

Thousands. co 4th. 

Hundreds. (O 3d. 

Ist Period, i Tens. oo 2d. 

Units. -^ Ist order. 
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This table contains fifteen places of figures^ and, conse- 
quently, fifteen orders of units, and the number expressed is 
read thus : four hundred and twelve trillions, three hundred 
and seventy-four billions, nine hundred and sixty-one millions, 
two hundred and forty-three thousand, nine hundred and 
eighty -seven. 

It will be observed in reading the number written in the table, 
that for each period of three figures, the same names are used 
as for the first at the right, with an additional term to express 
a higher order of units. This, in the second period, is thou- 
sands ; in the third, millions ; in the fourth, billions ; and in 
the fifth, trillions ; and hence in writing numbers, it is usual 
to divide the figures into periods of three each, as follows : 

412,374,961,243,987. 

To express a number which does not contain units of every 
order comprehended between the lowest order and the highest 
contained in the given number, the places of such as are 
wanting are t(^be filled up with O's ; for example : 

Two hundred trillions, twenty billions one million, twenty- 
two thousand and seven, is written 

200,020,001,022,007. 

Examples for Exercise. 

1. Write thirty thousand one hundred and six. 

2. Write one- million one thousand one hundred and one. 

3. Write thirty billions, two millions, one hundred and one 
thousand and twenty-teven. 

4. Write sixteen billions, six millioiis one thousand and 
seven. 

5. Write eleven thousand eleven hundred and eleven. 



Explanation op Signs. 

To denote arithmetical operations and conditions, certaia 
characters or signs are used ; they are the following : 

-f , which is read plus, and indicates Addition. 

— , which is read jnintis, and indicates Subtraction. 

X, which indicates Multiplication. 

-H, " " Division. 

: = : " " Proportion. 
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=, which signifies Equality. 
V~'^ « Square root. 

V " " Cube root. 

4 6 « 

V V V, &c. which signifies 4th, 6th, 6th root, &c. Thus : 
6 + 8 denotes that 6 is to be added to 8. 

6 — 4 denotes that 4 is to be subtracted from 6. 

7 X 3 or 7.3 denotes that 7 is to be multiplied by 3. 
16 -i- 4 or y denotes that 16 is to be divided by 4. 
9:6=12:8, shows that 9 is to 6 as 12 is to 8. 

8 + 4 = 12 shows that the sum of 8 and 4 is equal to 12. 

V 6 signifies the square root of the number 6. 

3 

V 6 signifies the cube root of the number 6. 

* 4 5 8 ' 

V2, V2, V 2, (fee. signifies the 4th, 5th, 6th, &c. root of 
the number 2. 



THE FOUR RULES OF ARITHMETIC. 

(6.) As quantity admits of nb other changes than increase 
and diminution, it is evident that all the operations of arith- 
metic must be based upon these only. 

Under the first are comprehended addition and multiplica-' 
tion, and under the second, subtraction and division. 

Addition consists in finding the sum of tWo or more num- 
bers. 

Multiplication is the successive addition of a number to 
itself a given number of times. 

Subtraction consists in finding the difierence between two 
numbers, or in diminishing one given number by another. 

Division is the same as subtracting one number successive- 
ly from another, in order to find how many times the sitialler 
number is contained in the larger. 

~ Addition, subtraction, multiplication, and division, are called 
the four rules of ariiHmetic ; all arithmetical operations what- 
ever are combinations of these. 



ADDITION. 

(7.) Addition consists in finding the sum of two or more 
numbers. The sign of addition is +, and is read plus; 
6 + 6 signifies that 6 is added to 5. 

2* 
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Rule. 

S^t down the numbers so that the ytnits of each order in 
the several number s^may stand in the same vertical column^ 
units under units, tens under tens, hundreds under hun- 
dreds, S^c. Then find the Sum of the figures in the right 
hand column, and see how m,any tens are contained in that 
sum ; set down the excess ahove the tens, and carry one 
for every ten to the next column. Proceed in the sams man- 
ner tvith all the other columns to the last, and under it set 
down the whole sum. 

Demonstration of the Rule, — This rule depends upon 
the principles of notation, (5) for since ten units of the first 
order are equal to one of the second order, when we have 
taken the sum of the units of one order, and find it more than 
ten, we have units of a higher order, >^hich cannot be ex- 
pressed in our system of notation, except by putting them in 
the next place to the left, which is evidently the same as 
adding them in the sum of the next column. The annexed 
example illustrates this principle. 

41642 
63841 
37159 



12 
.13 
16 
11 
12 

132642 



In this example, the sum of the units is 12, which cannot 
be otherwise expressed, than by putting the figure 1 in the 
place qf tv*ns. The sum of the tens is 13, which is written 
by putting 1 in the place of hundreds, and so of the others. 
Now, by taking the sum of all these partial sums, we shall 
evidently have the whole sum ; but this does not differ in its 
result from the method pointed out in the rule. In the one 
case, the tens are written down in their places, and then ad- 
ded together ; and in the other they are retained in the me- 
mory to be added to the next column. 
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Examples. 

23141 + 31811 + 98365 + 372 + 19 = 
71134627 + 351 +2 + 517356 = 
1262 + 3557 + 4634 + 12 + 7376 + 93172 = 
71347 + 1 + 63 + 71212 + 93672934 = 

Proof of Addition. — Addition may be proved by begin- 
ning at the top of the column, and adding the figures in a 
xontrary direction, or by cutting off by a line the upper num- 
ber, and taking the sum of all the numbers below it,^ and 
then adding this sum to the upper number. If, in either 
case, the result agrees with the former, the work is presumed 
to be correct. 



SUBTRACTION. 

(8.) Subtraction consists in finding the difference between 
two numbers. The greater of the two numbers is called the 
minuendyXh^ less the subtrahend^ and the difference obtained, 
the remainder. The sign of subtraction is — , and is read 
minus ; 8 — 4 signifies, that 4 is to be subtracted from 8. 

Rule. 

Write the numbers, as in addition, placing the less 
number under the greater. Begin at the right, and take 
each figure of the subtrahend from the corresponding" one 
of the minuend ; but if the figure in the m^inu^nd be the 
lea^st, add ten to it, and subtract as before, always in 
such cases carrying one to the next figure of the subtra- 
hend, to compensate for the ten added to the minuend. 

Demonstration of the Rule. — To show the correctness of 
this rule, we remark thaf the difference of two numbers is 
evidently the difference of the units, tens, hundreds, (fee. 
which compose these numbers ; and hence, when the figures 
in the subtrahend are all less than those in the minuend, 
the sum of the differences of the several orders of units 
will be the difference of the numbers. When the figure in 
the minuend is less than the corresponding one in the subtra- 
hend, and the rule requires us to add ten to it ;— by doing this 
we but borrow one from the next higher order, which be- 
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comes ten by nioying it one place to the right ; the figure from 
which this was borrowed ought therefore to be diminished 
by ono, or the figure below it increased by one, which evi* 
dently gives a like result. 

, Proof. — The proof of subtraction consists in adding to- 
gether the remainder and the subtrahend ; the sum must 
equal the minuend. 

Examples 

'l. From 9092 subtract 7835 

909a 
7835 

1257 

Having written the numbers as directed in the rule, I 
commence at the right, and since 5 cannot be taken from 2, 
I borrow 1 f lom the next place to the left. This, moved one 
place towards the right, becomes 10, which added to 2, gives 
12, from which 5 can be subtracted. The remainder 7 is 
written below, and I proceed to the next place of figures 
to the left. Now sinte 1 was borrowed frorh 9, 1 may either 
consider it diminished by one, and take 3 from 8, or adding 
1 to 3 take 4 from 9 ; either of which methods gives 5 for a 
remainder. Proceeding to the next figure, since 8 canhot be 
subtracted from 0, 1 add 10 to it : taking 8 from 10, 2 re- 
mains, and 1 is to be carried to 7, which gives 8 to be sub- 
tracted from 9, the remaining figure of the minuend. Wri- 
ting the difference 1, below, I find the whole difference 1257, 
which added to the subtrahend, will produce the minuend. 

If the left hand figure in the minuend had been less than 
the figure immediately below it in the subtrahend, the sub- 
traction would have been impossible, since there are no 
figures to the left from which to borrow. Indeed, in that 
case, the minuend would have been less than the subtrahend ; 
and it is evident that the greater number cannot be taken 
from the less. 

. 2. 322974 — 123748 = 199226 

3. 1002641 — 783219 ^ 

4. 10000032 — 1364217 = 

5. 666444 — 55455 = 
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6. From 3 millions 31 thousands and 1, take 3721. 
T. From 1 billion 100 millions 2 thousands and 2, take 
810,032. 

8. From 1 thousand 1 hundred and 11, take 112. 



MULTIPLICATION. 

(9.) Multiplication is the successive addition of a number^ 
to itself a given number of times. The sign of multiplica- 
tion is X ; 8x3 signifies that 8 is to be multiplied by 3, or 
repeated three times, and is equal to 8 -f- 8 + 8 = 24. 

Tl}e number to be repeated is called the multiplicand ; the 
number of times it is to be repeated is called the fm/ltiplier ; 
and the result is called the product. The multiplier and 
multiplicand are also called /ac^or^ of the product. 

Any two numbers which multiplied together produce a 
third number, are called factors of that mmiber. One num- 
ber may therefore have many different, factors ; thus the 
number 72 may have for factors, 6 and 12, 8 and 9, 3 and 
24, since 6 x 12, 8 x 9, and 3 x 24, are each equiil to 72. 

(10.) Before giving the rule, we will prove 1st, that the 
product of two numbers is the same in whatever order 
they are multiplied ; and 2d, that where the muhiplier can 
be divided into factors, the product can be obtained by multi- 
plying by these factors successively. 

Let the numbers to be multiplied be 5 and 6. It is to be 
proved that 6 multiplied by 5 is the same as 5 multipUed by 
6. Let the figure 1 be written five times in a horizontal 
line, and let six such lines be written : then considering 
5 the multiplicand, we have it repeated six times, and the 
product equal to 30 ; but the number of units is the same, 
whether we consider the five units in the horizontal line re- 
peated six times, or the six units in the vertical line repeated 
five times ; but in this case we should have 6 multiplied 
by 6. 

1 1 1 1 1^ o 
1 1 1 1 1 p 

11111 ' ,^ 
. 1 ,1 1 1 1^2(6 

1 1 1 1 1 o 

1 1 1 1 ij "^ 

We may make use of the same diagram to prove the se- 
cond principle laid down. Let 6 be the multiplicand and 6 
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the multiplier, and suppose 6 divided into its factors 2 and 3. 
First we can represent the product of 6 by 3, by writing three 
lines with five units in each, and then repeat these three 
lines to represent the' multiplication by 2, which gives 6 re« 
peated six times. These same results would be obtained 
whatever numbers are used, and hence we are authorized to 
apply the principles laid down to all numbers. ** 

Rule I. 

When the multiplier is a single figure. 

(11.) Set the multiplier, under the right hand figure of 
the multiplicand, and, beginning at the right, multiply 
ea^ch figure of the m,ultiplicand by the multiplier. Set 
down, in the product, the excess above the tens, and carry 
(he tens as in addition, adding them to the product of the 
multiplier by the next figure of the midtiplicand. 

« 

Example. 

7835924678 
8 



62687397424 



Demonstration. — To repeat a number a given number of 
times is, to repeat the units, tens, hundreds, (fcc. which it 
contains ; but if we repeat eight units eight times, we shall 
have sixty-four units or six tens and four units. The tens 
belong to a higher order of units, and therefore must be car- 
ried one place to the left, as in addition. The same reason- 
ing will apply to any of the higher orders of units. 

Rule II. 
When the m,ultiplier contains more than one figure. 

(12.) Multiply the multiplicand by each figure of the mnl- 
iiplier, placing the right hand figure of each product di- 
rectly under that figure of the midtiplier by which it is 
produced^ and take the sum, of all the products. 

^ Note. — ^Wben there are Cs in either of the factors, since 
the product of by atiy number whatever, must be 0; it fol- 
lows, that there can be no partial product to correspond to the 
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place of io the product, unless some number is carried to 
this place from the preceding product. 

When there are O's at the right of the multiplier, the mul- 
tiplication commences at the first significant figure, and the O's 
must be written at the right of the product. 

Demonstration. — The demonstration of the preceding rule 
will best be understood My reference to an example. Suppose 
it required to multiply 43S2 by 654. When we multiply the 
units of the multiplicand by 4, the units of the multiplier, the 
product will be units, and therefore stands in the unit's place : 
but when we multiply 2 by 5 tens, or, which is the same 
thing, (10) multiply 5 tens by 2, the product will be tens, and 
must therefore stand in the ten's place. For a like reason, 
the product of hundreds by the units, must be hundreds, and 
must be put in the place of hundreds ; and in general, the 
product of the units by any figure of the multiplier will be of 
the same order as that figure, and is therefore to be placed 
directly beneath it in the product. 

4322 
654 » 



17288 
21610 ' 
25932 

2826588 



Rule III. 

When the multiplier can be divided into factors. 

(13.) Multiply first by one of the factors, and the result- 
ing product by the other^ the last will be the product re- 
quired. 

The reason for this rule will be understood by a reference 
to Art. (10). 
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Multiply 8321 by 56. 
^ 66 =7 X 8 therefore 



Examples. 

8321 

7 



6723x108 . 
5723 

9 108 ='9x12 



68247 
8 



51607 
12 



Pitxi. 465976 618084 

Proof of Multiplication, — Multiply the multiplier by the 
multiplicand, and if the result is the same, it may be inferred 
that the work is right. 



Examples FOE Exercise. 



1. Multiply 

2. Multiply 

3. Multiply 

4. Multiply 

5. Multiply 

6. Multiply 

7. Multiply 

8. Multiply 

9. Multiply 
10. Multiply 



123456789 

273580961 

82164973 

8496427 

390720400 

8057069 

3161471 

29753804 

31704592 

160430800 



by 7. Ana. 

by 23. Ans. 

by 3027. Ans. 

by 874359. Ans. 

by 406000. Ans. 

by 70050. Ans. 

by 10000. Anfl. 

by 72. Ans. 

by 36. Ans. 

by 108. Ans. 



864197523. 

6292362103. 

248713373271, 

7428927415293. 

158632482400000. 

564397683450. 

31614710000. 

2142273888. 

1141365312. 

17326526400. 



DIVISION. 

(14.) Division consists in finding how many times one 
number is contained in another ; or, how many times one 
number may be subtracted from another. Hence it bears the 
same relation to subtraction, that multiplication does to ad- 
dition. 

Were it required to find how many times 6 is contained in 
24, we might proceed by subtracting 6 from 24 successivelxj 
till nothing remained, thus : 
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24 
6 1st subtraction. 



18 
6 2d subtraction. 



12 . 
6 3d subtraction. 



6 . 

6 4ih subtraction. 





We sec, therefore, that 6 is contained Lur times in twenty- 
four, since it can be subtracted from it four times. !bi vision 
may also be considered the reverse of multiplication, for, as 
4x6 is equal to 24, it must follow, that 6 is contained' four 
times in twenty four. 

The Jiumber to be divided is called the dividend, the 
number to divide by is called the divisor, and the number of 
times it is contained in the dividend, is called the quotient 
If the dividend does not contain the divisot an exact number 
of times, what remains after the division is completed, is called 
the remainder. The sign of division is -*-, or a horizon- 
tal line with the dividend written. above and the divisor below ^ 
8 -«- 4 or I signifies that 8 is to be divided by 4. 

Rule. 

(15.) Write the divisor on the left of the dividend, 
and draw a curved line between (hem; draw also a 
curved line on the right of the dividend to separate it from 
the quotient. 

Then beginning af the left, find how many times the 
divisoj' is contained in as many of the left hand figures of 
the dividend as are necessary to contain it once, and place 
the result in the quotient ; multiply the divisor by this quo- 
tient, and write the product under the figures of the divi- 
dend before mentioned. 

Subtract this product from that part of the dividend 
under which it stands, and bring dovm the next figure of 
the dividend to the right of the rem^ainder. Divide this 
last number by the divisor^ in the same manner as before, 

3 
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and continue the operation till all the figures of the divi- 
dend are brought down. 

Note. — If the product of the divisor by the quotient is 
greater than the number from which it is to be subtracted, the 
quotient is too large, and must be ditpinisbed ; and if the 
remainder, after subtraction, is greater than the divisor, the 
quotient is too small, and must be increased. 

Example. 
Divide 937843 by 81. 

Dividend. 

- Divisor 81)937843(11578 quotient. 

81 



127 

81 

468 
405 



634 

567 



673 

648 

25 remainder.' 

Demonstration of the Rule. — The number of times one 
number is contained in another, is evidently equal to the 
number of times it is contained in the highest order of units 
in that number, plus the number of times it is contained 
in all the lower orders of units contained in that number ; 
for example, the number 4 is contained in 8484, 2121 times, 
that is, 2000 times in 8000, 100 times in 400, 20 times ii\ 
80, and once in 4. This may be shown by dividing the 
parts of 8484 separately, thus : . ' 

8000 H-4 = 2000 

400+4= 100 

80-f^4=: 20 

Adding together the results 4 -»- 4 = 1 

of these separate division^, 

we have 8484+4 = 2121 



J 
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In this example, where the divisor is contained without re- 
mainder in each of the orders of units which compose the 
dividend, the division might commence either at the right or 
left of the dividend ; but when this is not the case, the di- 
vision must of necessity commence at the highest order of 
uitits. To illustrate this, take 7852 for a dividend, and 4 for 
a divisor.' The highest order of units in iUe dividend is thou- 
sands, and the plumber might be written^ 7000+800+60+2. 
Now, 4 is contained 1000 times in 7000, and there is a' re- 
mainder of 3000, iu which it is contained only some hundred 
times. It is also contained some hundred times in 800, the 
hundreds of tfie dividend ; then in order to find the hundreds 
of the quotient, we must add the 3000 remainder and the 
hundreds of the dividend together; their sum is 3800, in 
which 4 is contained 900 times, with a remainder of 200, 
which must be added to the tens in order to get the tens of 
the quotient ; and, in like manner, the remainder, arising 
from the division of the tens must be added to the units, to 
find the units of the quotient. 

The division, as described, may be thus represented : 

Divisor. Diviflend. Quotient. 

4)7000 + 800 + 50 + 2(1000 + 900 + 60 + 3 = 1963 
4000 



3000 1st remainder. 
800 the hundreds. 



3800 
3600 



' 200 2d remainder. 
50 th^ tens. 



250 
240 



10 3rd remainder. 
2 the units. 

12 
12^ 



24 

Or thus by the rule i 
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4)7852(1963 
4 



38 
36 



25 
24 



12 

12 



The only difference in these methods is this: — In the 
first, the different orders of units are written separately, 
and in the second, they are written according to the prin- 
ciples of the decimal notation, each figure taking iTs value 
from the place which it occupies ; and in adding the next 
lower order of units to the remainder, resulting flom the division 
of a higher order, it is written at the right of that remainder, 
which is its proper place in the decimal notation. For ex- 
ample ; after the first division I find a remainder of 3, which 
stands in the place of thousands ; and in order to add 8 hun- 
dreds to this, I have only to write 8 in the next place to the 
right, which gives 3 thousand 8 hundred,, or 38 hundreds. 
The same principle will apply in passing from any order of 
units to the next lower ; and therefore we may conclude that 
the rule can be applied lo all numbers. 

Proof of Division, — Multiply the quotient by the divisor ; 
and if there be a remainder, add it to the product ; the result 
will equal the dividend. 



' Examples. 

1. Divide 570196382 by 12 Ans. 47516365t'V. 

2. Divide 137896254 by 97 Ans. 1421610^4. 

3. Divide 35821649 by 764 Ans. 46886^ Jf. 

4. Divide 4637054283 by 57606 Ans. 80496jVWV- 



. Note. — When there is a remainder, it should be written 
at the right of the quotient with the divisor beneath it. 
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Contractions in Division. 
Rule I. - 
When the divisor consists of a single figure. 

(16.) Set dmcn the number as before directed^ and draw a 
hne beneath the dividend. See how often the divisor is con- 
tained in as many of the left hand figures of the dividend 
as will contain it once, and place the quotient belmo the di- 
vidend; if there be a remainder, consider it as written be- 
fore the next figure of the dividend, and divide as before ; 
afid co7ttinue the operation in the same manner through 
the rest of the dividend. 

This rule is but an abbreviated method of dividing by the 
preceding rule ; the multiplication of the divisor by the quo- 
tient, and the subtraction of this product from the dividend, 
■ being performed mentally, instead of being written out at 
length. 

Examples. 
Divide 8834679 by 3, ' 
3)8834679 

2944893 the quotient. 

Divide 973624793 by 7. Ans. 139089266f 

Divide 17346235782 by 8. Ans. 2168279472f.. 

Divide 936237021 by 9. Ans. 104026336J. 

Divide 1333445563 by 4. Ans. 333361390|. 

Rule II. 

When ihere^are (fs at the right of the divisor. 

(17.) Cut off the (ysfrom, the divisor, and an equal num- 
ber of figures from the right of the dividend, and divide 
with the remaining figures according to the preceding 
rules ; if there be a remainder, write the figures cut off 
from the dividend on the right of this remainder ; this will 
give the true remainder. r 

3* 



^ . ARITHMETkC. 

RXAKPLE. 

Divide'3976478 by 63000. 
63)000)3976(478(63iiJ|T 

o7o 



19& 
189 



7478 

The reasons for this rule will best be understood by a re- 
ference to the proof of division by multiplication. For, since 
the dividend, when ir can be exactly divided, is equal to the 
.product of the quotient by i\}0 divisor, it will follow that there 
' can be no figures of a lower order in such a dividend than 
there is in the divisor ; for if the last significant figure in tne 
divisor be tens, the product of the divisor by the quotient can 
contain no significant figure less than tens (12). If the di- 
visor have none less than hundreds or thousands, then the pro- 
duct can have none less than hundreds or thousands. And 
therefore, if there be sis^nificant fio^ures in the dividend of a 
- less order of units than in the divisor; they must belong to the 
remainder ; inasmuch as no quotient whatever, multiplied into 
the divisor, could produce them. 

In the preceding example, the product of 63.000 by any 
quotient whatever, can contain no figure of a lower order than 
thousands ; and hence the number 478 cut off from the right 
hand of the divisor, will remain after the division is com- 
jdetBd. Moreover, in dividing the remaining figures, we are 
dividing thousands by thousands, and the remainder 7 is, 
therefore, 7 thousands, and to this 478 is to be added to make 
up the whole remainder, and. this isf done by writing 478 at 
the right of the remainder. 

Note.— To divide by 10, 100, 1000, 10,000, or any num- 
ber consisting of unity and a number of- O's, it is only neces- 
sary to cut ofi' from the dividend a number of figures equal 
to the number of O's in the divisor. 

Examples. 

Divide 137272 by 780D. Ans. 1'7||5|. 

Divide 236721 by 20000. Ans. IXi^JJi. 

Divide 1783426 by lOOOa Ans. 178^VifVt^ 

Divide 1932147 by 220a Ans. 878^VV 
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FRACTIONS. 

(18.) A fraction is an expression to denote a part, or parts 
of an unit. 

It is expressed by two numbers, placed one below the other; 
with a horizontal line between them. . The upper number is 
called the numerator^ and the lower the denominator. They 
are also called the terms of the fraction. 

hh h read, two-thirds, five-eighths, one-fifth, are fractions. 

The denominator of the fiction denotes the number of 
farts into which theuqit is divided, and the numerator the 
number of parts expressed by the fraction. 

ThuSyOf we consider one foot the unit of measure, the ex- 
pression I of a foot signifies, that one foot is conceived to be 
divided intp' five equal parts, and that the line expressed by 
the fraction, contains four of these parts. 

Fractions may also be considered vnexecuted divisions, or 
^s resulting from the ^remainders after division. Suppose it 
were required to divide a line nineteen feet in length into five 
equal parts. By dividing 19 by 5, we should have the value 
of each of these parts. But this division cannot I e executed 
in whole numbers ; for, since 5 is contained n ore than three 
times, and less than four time^t, in 19, the length, of each 
part is more than three feet, and less than four feet. 

The excess of each of these parts above three feet, must, 
therefore, be expressed by a fraction. Having divided 19 by 
5, we have 3 for a quotient, and a remainder of 4. We may 
now conceive each foot in this remainder to be divided into 
five equal parts ; and since there are four feet in the remain- 
der, we should have four of these parts, or | of a foot for the 
excess of the fifth part of nineteen feet above three feet The 
expression for thig part would^ therefore, be 3} feet. The 
fifth part of nineteen feet might also be written y, which 
would signify, that each foot is divided into five [laits, and 
nineteen of these parts are expressed by the fraction. This 
expression is equivalent to the former, for nineteen fifth parts 
is the same as 3 and f . 

(19.) A proper fraction^ is one which has its numerator 
I^ss than its denominator} and is, consequenUy, less than 
unity^ 
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An improper fraction, has its numerator greater than its 
denominator, and is therefore greater than unity. 

If the numerator is equal to the denominator, the fraction 
is equal to unity ; for, in this case, the fraction expresses all 
the parts into which unity is divided. 

h f r yi) ^"d 1^1, are proper fractions. 

f, f , y and f^lf , are improper fractions. 

A mixed number, is composed of a whole number and a 
fraction together, as, 3f , 2J, 7f , <fcc. 

A compound fraction, is the fraction of a fraction, f of f , 
§ of |, and \ of |, are compound fractions. 

A complex fraction, is one which has a fraction for its 

numerator, or denominator, a^ both ; — , j, -|, are complex 
fractions. ^ ' a 

« 
An integer, is a unit or whole number, and is'so called as 

distinguished irom a, fraction, which is a part, or parts, of an 
unit. . 

A prime number, is one which is not divisible By any 
number greater than unity ; 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 
(fee, are prime numbers. 

Two numbers are said to be prim^ to each other, when 
they have no common divisor greater than unity : tlius, 25 
and 32 are prime to each other. 

The prims factors of a number, arc such prime numbers 
as when 'multiplied together will produce that number, thus : 
3, 5 and 2 are the prime factors of 30 ; 2, 3 and 2, the prime 
factors of 12 ; and 2, 2, 2, and 2, the prime factors of 16. 



MULTIPLICATION AND DIVISION OF FRACTIONS. 

To multiply a fraction by a xchole number. 

Rule. 

(20.) Multiply the numerator of the fraction, or divide 
the denominator, by the given Jiiimher, 

Demonstration of the Rule. — Since the nun^erator denotes 
the number of parts expressed by the fraction ; as many times 
as the numerator is repeated, so many times the value of the 
fraction is increased ; and therefore, to multiply the numerator 
of a fraction by any number, multiplies the fraction by that 
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number ; thus, three times j\ is evidently j\, for the value of 
the parts remaining the same, three times as many parts are 
expressed, by the latter fraction. 

Dividing the denominator of a fraction by a \v hole number 
also multiplies tlie fraction by that number : for since the de- 
nominator of a fraction expresses the number of parts into 
which the unit is divided, if the denominator be divided by 
any number, it will be as many times le^-s, as ibat number 
contains units ; and hence the value o^ the [arts expressed 
by the denominator, just so many times greater; end conpe- 
quenlly the value of the fraction will be repeated vs many 
times as there are units in the given number. Thus, f X 2 = f , 
for f is dojiible f, inasmuch asllie number of parts expressed 
is the same, and the value of each part in the fust, is double 
that of each part in the second. 

Examples. 

1. Multiply 4 by 8.' Ans. V- 

2. Multiply j\ by 6. Ans. y\ or ^. 

3. Multiply V by 3: Ans. V- 

4. Multiply yVV by 9. Ans. || or 1, 

5. Multiply ^11 by 4. Ans. f||. 

6. Muhiply f ^ by 9. Ans. y/- 

' NoTjE. — When a fraction is multiplied by a number equal 
to its denominator, the numerator becomes a whole number, 
for iu that case the denominator becomes unity : 

Thus, I x5 = V =3, 11 X 12= V = 17'. 

To divide a fraction by a whole number. 

Rule. 

(21.) Divide the nvfneraior, or multijly tledevowivator 
-of the fraction by the given number. 

Demonstration of the Rttle, — Since the numerator ex- 
presses the value of the fraction, to divide the numerator, while 
the denominator remains the same^is to divide the fraction ; and 
since the denon^inator shows the number of parts into which 
the upit is divided, it is evident, that as many times as the 
denominator is lepeated, just so many times less each part 
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becomes ; and hence, the numerator remaining tlie same, the 
fraction is divided by multiplying the denominator. 

Thus f-^2=f,orJL, and J-i-2-f 
• Examples. 

* 

1. Divide j*y by 2. Ans. -f^ or 2V- 

2. Divide \ by 3. Ans. \ or y\. 

3. Divide V ^Y 8. Ans. if . 

4. Divide \\\ ^y 6- Ans. /^Ve- 

5. Divide f | by 11. Ans. /^ o'* jVa- 

6. Divide i-J-J by 12. Ans. ^VV ^ 

To inultiyly a fraction hy a fraction. 

Rule. 

(22.) Multiply the nnmerdtor of the multiplicand by the 
nvrnerator of the muI/ipUcr, and the denoniinalor of the 
multiplicand hy the denominator of the multiplier ; the 
resulting' fraction will be the product. 

Demonstration. — In multiplying the- numerator of the 
multiplicand by the numerator of the multiplier, the fraction 
is' multiplied (20) by a number as many times too large, as 
the denominator of the multiplier contains units ; and hence 
it is necessary to divide the product by this denominator ; and 
this divisidn is performed (21) by multiplying the denomina- 
tor of the multiplicand. 

Thus, in multiplying ^ by f , the product of -f by 4 is y , 
which is five times too large ; for each of the units in 4 is but 
the fifth part of the unit of which J is a fraction ; the product 
y must, therefore, be divided by 6, which is done by multi- 
plying the denominator, and the result is if. 

Examples. 

1. Multiply I by /t- An8. f f 

2. Multiply I by f . An8. ^J. 

3. Multiply il by H- Ans. ||f 

4. Multiply II by \. Ans. WV- 

5. Multiply m by ff- Ans. }^^. 
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To divide a fraction by a fraction. 

Rule. 

(23.) Multiply the denaminator of the dividend by the 
numerator of the divisor, and the numerator of the divi- 
dend by the denominator of the divisor; or, uhich is ihesame 
thing, invert the divisor, and proceed as in multiplication. 

Demonstration. — In multiplying the deaomitiator of the 
dividend by the numerator of the divisor (21), ihe^dividehd is 
divided by a number as many times too large as the denomi- 
nator of the divisor contains units;. and it is necessary to mul- 
tiply^ by this denominator to arrive at the true quotient ; this 
is done by multiplying the numerator of the dividend (20). 

Thus, in dividing |- by f , I begin by dividing J by 3, which 
gives /^ for a quotient ; but this quotient is too small, for in 
dividing by 3, I divided by a number four times too large, 
each of tlie units in 3 being only |^ of the unit of whicl> J is a 
fraction. I must, therefore, multiply this quotient by 4 to 
arrive at the true quotient ; and there results the fraction ||. 





KXAMPLES. 






1. 


Divide y by f 


Ans. 


w 


2. 


Divide ^ by \. 


Ans. 


V. 


3. 


Divide J by f i. 


Ans. 


• 2 
24T 


4. 


Divide 11 by 11. 


Ans. 


3 73 
34T 


5. 


Divide | by y. 


Ans. 


If 


6. 


Divide f by |. 


Ans. 


I 
2T* 


7. 


Divide ^ by ^-V- 


Ans. 


1-6 

8 > 


8. 


Divide |i by 11. 


Ans. 


3 72 
242 



OIF 2. 



REDUCTION OF FRACTIONS. 

(24.) Two fractions may be equal ^each otber when the 
terms of those fractions are unequal; %r example, | is equal 
to } ; for the denominator of the first fraction being doubly 
that of the second, the parts of unity expressed by the- first 
have but half the value of those expressed by the second ; and 
hence, six of Ibe former are equal to three of the latter^ A 
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fraction may be ezpresjed in a variety of forms, thus : i, f , 
h tVj ^**® ^^' ei]ual ; fjr, as the number of parts expressed by 
the fraction increases, the value of the parts decreases. 

A fraction is said to be reduced to its lowest terms when-, the 
vala3 remaining the same, its numerator and denominator are 
the least numbers that will express that value. Thus, the 
fractijn |, reduced to its lowest terms, is }, for its value e-mnot 
be expressed by less numbers. 

• To^r educe a fraction to its lowest terms. 

RULK. 

(25.) Divide the numerator and denominator by any 
number that will divide both without remainder^ a7id di- 
vide these quotients in the same manner^ till it isfoutjid 
that there is no number /greater than unity that roill divide 
thim. The fraction roill tken be in its lowest terms. 

Demonstration of the Rule, — By dividin ^ the numerator 
and denominator of a fraction by the sameliumber, the value 
of the fraction will not be altered, since the fraction is divided 
bydividingitsnuinerator (21), and multiplied by dividing its 
denominator (20), The fraction, therefore, having been first 
divided, and after »vards multiplied bythe same number, its 
value is not altered. 

Examples. 
. 1. Reduce ||f to its lowest terms.* 

1st Dlv. 2d Dlv. 3d Div. 
(4.) (3 ) (6.) 

Ill - H = U = i the answer. 

* Tha followini? rules will hs useful in reducing fractions by this rule. 

Ist. livery number ending in an even number or is divisible by 2. 

2d. Kvery number ending Jn 5 or 0, is divisible by 5. 

3d. Every number ending in 0, is divi&ible by 10 ; in 00, by 100 ; in 000, by 
1000 

4th. If tha sum of the figures, expressing any number, be divisible by 3 or 9, the 
number itself is-di visible by 3 or 9. 

5th. If the right hand figure be even, and the sum of the digits be divisible by 6, 
then the number itself is divisible by 6. 

6th. When numbers connected by the sigq of addition or subtraction ara to be 
divided by any number, eachoMose numbers must be divided by it.« 

Thiis: ii±±=i=5-|-4-«. 
♦ 2 

7th. But if the numbers are connected bythe sign of multiplication, only one is 
tobedividtodjthiist 

i0X8X3H-S«6><8X3,aiid6X8X3Hn4a^X8X3. 
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2. Reduce ||f to its lowest terms. 

(50 (3) (13.) 

tI I = tjV = if = i the answer. 

3. Reduce ^|f to its lowest terms. Ans. f . 

4. Reduce ||f to its lowest terms. Ans. |. 

5. Reduce ff^ to its lowest terms. Ans. ||. 

Rule II. 

(26.) Divide the terms of the fraction by the greatest 
number that will divide both without remainder^ and the 
fraction toill be reduced to its lowest terms by a single 
division. 

The greatest number that will divide two numbers with- 
out remainder, is called the greatest commoti divisor of those 
numbers ; and the application of ihe preceding rule involves 
the following problem : — 

To find the greatest common divisor ofttco numbers. 

Rule. 

(27.) Divide the greater by the less, then divide the di- 
visor by ihe remainder, and continue the operation in the 
same manner, always dividing the last divisor by the 
last remainder, till the division can be executed without 
remainder. The last divisor will be the greatest^omm^on 
divisor of the two riumbers. 

Demonstration, — To make the demonstration of this rule 
general, let any. two numbers be represented by the lines 
ABandDE; 

ad 

A 1 [ — I — i—B 

I) 1 1 i-i-E 

and let it be required to find a line which will divide each of these 
without remainder. First, it is evident that this line cannot 
l)e greater than D E. Beginning therefore with D E, let it be 
applied to A B, and cut on from A B a part equal to D £ as 
many times as possible ; suppose twice, with a remainder a B; 

4 
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then cutoff from D E a part equal to this remainder a B, as 
many times ^ possible ; suppose three times, with a remain^ 
der c E ; from the first remainder a B, cut off n part equal to 
c E, as many times as possible ; suppose twice with a re- 
mainder d B ; from the second remainder e E, cut off a part 
equal to d B, as many times as possible, and continue this 
process till a remainder is found, that will exactly divide the 
preceding one ; thid last remainder will be the greatest com- 
mon divisor of the two lines. 

For, let us suppose that the third remainder, d B, will di- 
vide the second, c E, without remainder ; it will also divide 
a B, for a B is equal to twice c E + ^ B ; and since it will 
divide both aB and cE, it will also divide D E, which is 
equal to three times aB+^E; and it being proved that 
d B divides both a B and D E without remainder, it will 
also divide AB, which is equal to twice 1>E + «1^; and 
hence rf B is the common divisor of the lines A B and D E ; 
and as we have taken, in each. division, the greatest line which 
would divide both lines, it is the greatest conmion divisor. 
This demonstration is independent of the length of the given 
lines, and consequently will apply to all numbers whatever. 

To apply this demonstration to a particular example, let it 
be required to find the greatest common divisor of 204 and 
468. 

204)468(2 1st division. 

408 



60)204(3 2d division. 
180 



24)60(2 3d division. 

48 



12)24(;2 4th division. 

24^ 



00 

It is evident, in the first place, that there can be no greater 
common divisor of the two numbers than 204, the less num- 
ber. I therefore divide by 204, which is contained ' twice in 
468, with a remainder of 60 ; and the problem is now reduced 
to finding the greatest common divisor of 204 and 60 ] for the 
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number that will divide both 204 and 60, wUl also divide 468, 
which IS equal to 2 X 204 + 60. 

By the next division, the problem is reduced to findine the 
greatest common divisor of 24 and 60- and by the last di- 
vision to finding the greatest common divisor of 12 and 24 • 
and since 12 will divide both itself apd 24 without remainder) 
It IS the greatest common divisor of these two numbers, and 
also of the given numbers, 204 and 468. For, since 12 di- 
vides 24, It will also divide 2 x 24 + 12, or 48 + 1 2 = 60 ; and 
as It divfdes without remainder both 24 and 60, it will also 

i'^or?. ^. ^^ + ^' ""^ ^^^ + ^ = 204 ; and dividing both 60 
and 204, it will also divide, without remainder, 2x204 + 60, 
or 408 + 60 =468 ; and therefore, 12 is the greatest common 
divisor of 204 and 468. 

Examples. 

1. Find the greatest common divisor of 1908 and 936. 

Ans. 36. 

2. Find the greatest common divisor of 246 and 372. 

Ans. 6. 

3. Find the greatest common divisor of 324 and 612. 

Ans. 36. 

4. Find the greatest common divisor of 327 And 932. 

5. Find the greatest common divisor of 462 and 743. 

Examples in Reduction op Fractions. 

1. Reduce ff-J to its lowest terms. Ans. |^. 

2. Reduce yVA ^<> ^^s lowest terms. Ans. f 

3. Reduce ^^ to its lowest terms. Ans. |}. 

4. Reduce |||f ta its lowest terms. Ans. |^J. 

To reduce a ivhole number to a fraction having a given 

denominator. 

Rule. 

(28.) Midtiply the whole number by the given denomi- 
nator ^ arid write the product with the given denominator 
beneath it. 

Demonstration, — A whole number may be considered a 
fraction having unity for its denominator ;«as the quotient of 
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any number divided by unity is equal to the number itself. 
Hence, if we would reduce a whole number to a fraction hav- 
ing a given denominator, we have only to write it in a frac- 
tional form with unity for its denominator, and multiply 
both terms by the given denominator. For example, let 
4 be reduced to a fraction whose denominator shall be 3 : 4 is 
the same as f , and multiplying both terms by 3, we have 
y = 4 Qf 4, Xhe fraction | having been both multiplied and 
divided by 3, the value remains the same. This method is 
evidently the same as multiplying 4 by 3, and writing 3 
beneath the product. 

Examples. 

1. Reduce 7 to a fraction whose denominator shall be 9. 

' 7 X 9 = 63. V the required fraction. 

2. Reduce 12 to a fraction whose denominator shall be 7. 

12x7 84 ^^ ,^ Q. 84 . 

-| — Y = -ST or 7 X 12 = 84. -y the answer. 

To reduce a mixed number to an i^nproper fraction. 

Rule. 

(29.) Multiply the whole number by the denominator of 
the fractional part, and to the product add the numerator, 
and write the sum over the denominator. 

This rule depends upon th^ same principle as the pre- 
cedir^ ; the whole number being multiplied and divided by 
the denominator of the fractional part, its value will not be 
altered. 

Examples. 

1. Reduce 23| to an improper fraction. 

^^ ^ 116 -f 2 117 , 

23 X 6 = — ^ — = -=r-3 the answer. 
5 5 

2. Reduce 12J to an improper fraction. 

3. Reduce 131§ to an improper fraction. 

4. Reduce 67y*j to an improper fraction. 



Ans. 


115 


Ans. 


3f«. 


Aus. 


vv- 
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To reduce an improper fraction to a whole or mixed 

number, 

» 

Rule. 

(30.) Divide the numerator by the denominator^ and the 
^otient will be the whole or mixed number sought. 

Examples. 

1. Reduce Y ^ ^ whole or mixed number. 

Ans. 27 + 4 =6i. 

2. Reduce VV ^^ a whole or mixed number. 

Ans. 9||. 

ft 

3. Reduce V/ to a whole or mixed number. 

Ads. 41. 

ft 

4. Reduce ''ff ^ to a whole or mixed number. 

Ans. 430 Ij. 

5. Reduce ^|' to a whole or mixed number. 

^ Ans. 14f. 

To reduce a compound fraction to a sim,ple one. 

Rule. 

(31.) Multiply all the numerators together for a nume- 
rator^ and all the denominators for a denominator ; the 
result will be the simple fraction required. 

Dem.onstraiion.--To show the correctness of this rule, let 
it be required to reduce the compound fraction, ^ of -|, to a 
simple one ; § of f is the same as twice ^ of | ; to take ^ of 
f , we should divide f by 3 ; |^ -i- 3 = 3^, and multiplying this 
result by 2, we have i|j or |^ x f = i|. It is evident tkat the 
same principle woulcl apply to any compound fraction what- 
ever. When the compound fraction consists of more than 
two single ones, we may at first reduce two of them, and 
afterwards reduce the resulting fractioa with the next, and so 
on. This would be the same as multiplying all the nume- 
ralors and all the denominators together. 

4* 
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Examples. 

1. Reduce ^ of } of ^ to a simple fractiqn. 

1x3x7 21 . . , . . . , 

9 — A ft "^ fiA» siniple fraction required. 

2. Reduce ^ of | of j^ to a simple fraction. 

Ana 3 — a 1 

3. Reduce J of f of 1 to a simple fraction. 

Ans. J. 

4. Reduce f of 13 J of 8 to a simple fraction. 

Anq' IvOv 8_i6oo--8oo 



To reduce a complex fraction to cc simple one. 

Rule. 

(32.) If the denominator he a fraction^ m,ultiply the nii-- 
merator of the given fraction by the denominator of the de- 
nominator ; if the numerator be a fraction^ m,\dtiply its de- 
nominator by the denominator of the given fra^ction ; if both 
numerator and denominator are fractions, multiply the 
numerator of the numerator by theHenominator of the de- 
nominator, and the denominator of the numerator by the 
numerator, oj the denominator. 

For an application of the rule^ take the complex fractions, 

-, J and 4- Tlie first has a fractional denominator, and re- 
s' q t. ' 

duced, by the rule, gives y ; the second has a fractional numera- 
tor, and reduced is ^V ; and the third, in which both terms are 

3x9 27 
fractional, becomes w-rpf = og- 

Demonstration of the I^ule. — Considering fractions as^ un- 
executed divisions, we shall have in a complex fraction the 
denominator of whicb is fractional, the numerator to be di- 
vided by a fraction, which is done by inverting the divisor and 
multiplying (23). This is the same as multiplying the nu« 
merator by the denominator of the fractional part. Thus, 

- might be written 3 -*- 1, or (23) 3 x f = V • When the nu- 

merator is fractional, it denotes that a fraction is to be divided 
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by a whole number, which is done by multipLying its denoni- 
inator (21) ; ^ raay be written 4 -*■ 9j which becomes, by per- 
forming the division, indicated j*-g. When both terms of the 
complex fraction are fractional, we have a fraction to be di- . 

3 

vided by a fraction ; | might be written | -*- J, or (23) | x^ 

= ||. This operation, though written in a different form, is 
evidently the same as that given in the rule. 

Examples. 



fi7 
1. Reduce — 1^ ^ simple fraction. 

"3 



. 57x3 171 



64- 
2. Reduce ^ to a simple fraction. 



Ans ^-i-?? 
^"^- 3 " 3 "" 12^ 



6 

3. Reduce j-t to a simple fraction. 

Ans. -K-. 

53. 

4. Reduce ^-|- to a simple fraction. 



'To 



6,^^ n 553- 



21 
5. Reduce ^ to a eimple fraction. 



20 10 
^"^^ 26 °' 13- 



6, Reduce tt to a simple fraction. 

a 



Ans. ^. 
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To r^uce the lower denominations of a compound ntim-- 
berj to a fraction of a higher denomination. 

Rule. 

(33.) Reduce the given quantity to the lotoest denomina- 
tion mentioned^ and reduce an integer of the higher deno- 
mination to the same. The latter will be the denominator, 
and the former the numerator^ of the proposed fraction. 

Examples. 

s. d. qrs. 
1. Reduce 16 . 4 . 2 to the fraction of a pound. 

1 
20 



16 . 4 . 2 . 20 

12 12 



196 240 

4 4 



786 numerator. 960 denominator. 

f If = If i, the fraction required. 

2. Reduce 4 hours, 16 minutes, and 12 seconds, to the 
fraction of a day. 

Ana 1S372— 437 

3. Reduce 3 furlongs, 36 rods, to the fraction of a mile. 

■Ans. g-^. 

4. Reduce 2 yards, 1 foot, 6 inches, to the fraction of a rml. 

Ans. y\. 

To find the value of a fraction of a higher denomination, in 
whole numbers of lotoer denominations. 

Rule. 

(34.) Multiply the numerator of the fraction by the parts 
in the next inferior denomination, and divide the product by 
the denom,inaior. Then if any thing remains, multiply 
it by the parts in the next inferior denomination, and di- 
victe by the denominator as before; and continue the ope- 
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ration in the satne manner as far as necessary. The se- 
veral quotients, placed in order^ will be the value of the 
fraction required. 

Examples. 

1. What is the value of § of a shilling. 

3 
12 



8)36(4 d. 2 qrs. the answer. 
32 



4 
4 



8)16(2 qrs. 

2. What is the value of j of a lb. troy? 

Ans. 9 oz. 12 dwts. 

3. What is the value of J of an acre ? 

Ans. 3 roods 20 rods. 

4. What is the value of y^ of a day ? 

Ans. 7 hours 12 min. 

5. What is the value of y^ of a rod ? 

Ans. 2 yds. 1 ft. 6 in. 

To reduce fractions of different denominators to equivalent 
fractions^ having a common denominator. 

Rule. 

(35.) Mfdtiply the denominators together for a common 
denominator^ and each numerator into all the denomina' 
forsy except its own, for new numerators. 

Demonstration. — The demonstration of the preceding 
rule depends upon the following principle, ij^ both terms of 
a fraction be mvltiplied by the same number, the valve of 
the fraction is not altered; for, by multiplying the nume- 
rator, the fraction is multiplied (20), and by multiplying the 
denominator, the fraction is divided (21) by the same num- 
ber. 

Let it now be required to reduce f , f and f to a common 
denominator. We have, for the common denominator, 
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4x7x3=84, and for the numerators respectively, 3x7x3=63, 
5x4x3= 60, and 2 x 4 x 7 = 66. The fractions, when re- 
duced to a*common denominator, are, therefore, f f , |f and f|. 
By writing these results in a different manner, it will be seen, 
that each fraction has been multiplied in both its terms, by 
the product of the denominators of the two others. Thus, 

63_ 3>^(7x3) 6Q_ 5x(4x3) 56_ 2x(4x7) ^. 

84~4x(7x3y 84~7x(4x3)^"^ 84 3x(4x7)- """^ 

value of each fraction, therefore, is not altered. Whatever 
be the number of fractions, the same reasoning will apply, for 
the operation will be equivalent to multiplying the terms of 
each fraction, by the product of the denominators of all the 
others. 

Examples. 

1. Reduce f , f and yV to a common denominator. 

■^"S* 5 6 0) sFo"'""56 0' 

2. Reduce f , | and f to a common denominator. 

Ans. If, If and f f. 

3. Reduce |, 2| and 4 to a common denominator. 

. 4. Reduce f , J and 2^ to a common denominator. 

Ans. ^If, //:f and |ff 

6. Reduce ^, « and ^ of ^ to a common denominator. 

Allb, YSSJI To7T """ TToF* 

(36.) When the less denominator of two fractions exactly 
divides the greater, multiply both terms of that which has 
the least denominator by the quotient, . 

Examples. 

1. Reduce ^ and /^ to a common denominator. 

Dividing 14 by 7, the quotient is 2 ; and if we multiply 
both terms of the first fiaction by 2, it becomes /y, and the 
two fractions have the common denominator, 14. 

2. Reduce |^ and ^\\ to a common denominator. 

Ans. Iff and iH- 
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3. Reduce t, f , \ and ^} to a common denominator. 

Ans. ^V, A, j\ and «. 

4. Reduce ^^, ^, and ^| to a common denominator. 

Ans. A- ii and ^. 

Tb reduce fractions of different denominators to the. least 

commoji denominator. 

(37.) To reduce fractions to their least common denomina- 
tor, it is necessary to find the least number which can be di- 
vided, without remainder, by each of the given denominators. 
Such a number being found, wq might divide it by eacli^ de- 
nominator, and multiply both terms of the fraction by the 
quotient. Take, for example, the fractions ^j and -^ ; 48 is 
the least number which can be divided by both denominators, 
dividing 48 by 12, gives 4, for the multiplier of the terms of 
tne first fraction, which, by performing the multiplication, be- 

5 X 4 20 
comes -Tci — j = -77S ; in like manner we obtain 3 for the nnilti- 

12 X 4 48 ' 

7x3 21 
plierof the second fraction, which becomes trrr — ?> =To' 
'^ ' IbXo 48 

The least n timber which can be divided, by several other 
numbers, without remainder, is called theZ^o^/ com moii mul- 
tiple of those numbers. 

To find the Ica^t common multiple of ttco or more num- 

hers. 

Rule. 

(38.) Write the numbers one after the other ^ arid draw a 
line beneath them ; then take any prime number which will 
divide two or more of them, wifhout remainder, aud divide 
all the numbers that it will so divide, writing the quotients 
beneathj and also all the numbers which are not divisible 
by it. Find ci prime number which will divide two or more 
of the numbers of this second line without remainder, and 
proceed as before ; and continue the operation till there 
are no two numbers left which, have a common divisor, 
The*4> m/idtiply together all the numbers remaining, and 
<dl the divisors ; the product will be the least common mnl- 
tiple sought. 
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Let it be required to find the least common maltiple of 
12, 16, 7, 18, 3, 5 and 35. 



7 


12, 
12, 


15, 


7, 18, 


3, 


6, 


35, 


5 


15, 


1, 18, 


3, 


5, 


5, 


3 


12, 


3, 


1, 18, 


3, 


1, 


1, 


^ 


4, 


1, 


1, 6, 


/. 


1, 


1, 


f- 


4. 


1, 


1, t 


1, 


1, 


I, 



2, 1, 1, I, 1, 1, 1, 

7x5x3x3x2x2 = 1260. 



First, dividing by the prime number 7, 1 find that it divides 
two of the given numbers, 7 and 35. The rest being written 
in the line below, 1 take 5, for the next divisor, which divides 
15 and 5. Continuing the operation in the same manner, I 
divide successively, by 3, 3 and 2, when the division can be 
carried no further ; then multiplying all the divisors to- 
gether, and that product by 2, (the only number greater than 
unity foun4 in the lower Une), the result is 1260. 

Now, to show that 1260 is a multiple of each of the given 
numbers, it is only necessary to observe, that among its prime 
factors, 7j 5, 3, 3, 2, 2, we can find three of the given num- 
bers, namely, 7, 5 and 3 ; it must, therefore, be divisible by 
each of these. Moreover, the prime factors of each of the 
other numbers, are found among the factors of 1260, and, 
therefore, it is divisible by each of those numbers; for exam- 
ple,3x2x^i = 12. And it is evident, that 3x2x2x5x7x3, 
or, 12 X 5 X 7 X 3 = 1260 is divisible by 12 ; and that 
3x5x7x3x2x2, or, 15 x7x3x 2x2 = 1260is divisible 
byj.5, and so of the others. 

It is also the least common multiple of the given num- 
bers ; for it has, among its factors, those *onIy, which are ne- 
cessary to make up the prime factors of the given numbers. 
It is also evident that the rule will apply to any numbers 
whatever, since it is nothing more than finding the prime 
factors of the given numbers, and taking their product. 
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12. 



Examples. 
1. Find the least common multiple of 9, 16, 36, 20 and 



9, 16, 35, 20, 12, 



9, 8, 36, 10, 6, 



3, 8, 35, 10, 2, 



3, 4, 36, 6, 1, 



3, 4, 7, 1, 1, 
2x3x2x6x3x4x7 = 6040, the least common multiple. 
2. Find the least common multiple of 3, 4, 9, 10, 21, 36 



and 12. 



Ans. 1260. 



3. Find the least common multiple of 2, 3, 4, 6, 6, 7, 8 
and 9. Ans. 2520. 

4. Find the least common multiple of 16, 11, 33, 27 and 
45. Ans. 23,760. 



To reduce fractions to the least common denominator. 

Rule. 

(39.) Find the least common multiple of all the denomi- 
nators ; this will be the common denominator. For the nu- 
merators, divide the common denominator by each par- 
ticular denominator^ and multiply the quotient by the 
numerator. 



Examples. 

1. Reduce ^, 4) ts ^^^ it ^ ^heir least common denomi- 
nator. 

2, 7, 16, 21, 



2; 1, 16, 



3, 



1, 1, 8, 3, 

7x2x8x3 = 336, least common denominator. 
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Denom'n. 


Quot's. 


Num'rs. 


New nu 


336 


-*- 


2 


= 


168 


X 


1 


= 


168 


336 


-*- 


7 


= 


48 


X 


4 


= 


192 


336 


-*- 


16 


= 


21 


X 


3 


= 


63 


336 


-*- 


21 


ZZ!Z 


16 


X 


2 


^^" 


32 



Ans. if#, ill, 3^, ^3^. 

2. Reduce ^j^ f , | and \, to their least common denorai- 

viat/\r Ana 6 01 3 31 352 J.5.4 

naior. iins. ^yf, ^y^, -^j^, ^yf . 

3. Reduce ^V> tVj ff ^^^ H) ^ ^heir least common deno- 
minator. Ans. yf 7, yVo, IU> HI- 

4.. Reduce J, /j-, f and 8, to their least common denomi- 
nator. Ans. iit, /A, iff, V^V- 

5. Reduce 6^, 7^ and 6f , to their least common denomi- 
nator. Ans. V> V> V' 

4 i 

6. Reduce f of J, - and |, to their least common denomi- 

nator. Ans. |i, V/j iV- 



ADDITION OF FRACTIONS. 

(40). Before fractions can be added together, they must be re- 
duced to a common denominator, so that the parts of an unit, 
expressed by each fraction, may be the same (18). For 
example, the sum of J and J can neither be expressed in 
thirds nor fourths. But, since J =yV) and J = y\, their sum 
can be expressed in twelfths, and will be equal to y\. Hence 
we have, for the addition of fractions, the following 

Rule. 

Reduce the fraciions to a common denominator, and 
write the sum of the numerators over the comm^on denomir 
nator. 

Examples. 

1. Find the sum of f , f and \. 

These fractions reduced to a common denominator become, 
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f ~ 

Taking the sum of the numerators, we hsLve for the sum 
of the fractions, |f or, 1||. 

2. Find the sum off and f . Ans. 1^|. 

3. Find the sum of |^, f and 4. Ans. 1|^|. 

4. Find the sum of |, | and 2^,. Ans. VV or 3i|. 

When mixed numbers are to be added, they may be re- 
duced to improper fractions ; or, the. fractional parts may be 
added separately, and the whole numbers added to the sum. 

5. Find the sum of 5^, 3^, I J and f . 

Here the sum of the fractional parts is 2/^ ; the sum of 
the whole numbers is 9 ; the sum of the whole is, therefore, 
11-^- 

6. Find the sum 3^, ^\ y, 6 J and 28. Ans. 39f|. 



SUBTRACTION OF FRACTIONS. 

Rule. 

(41.) Prepare the frcLCtions as in additicn^ and write the 
difference of the numerator over the common denomi- 
nator. 

Examples. 

1. Subtract ^ from |. 

I = yV and \ = T*y ; yV — tj = A> the answer. 

2. Subtract y^ from y\. Ans. jVV. ^, 

3. Subtract j\ from yj. ^^^- \9ir / ffit* 

4. Subtract f of 4^ from &|. Ans. 4JV- ' 

5. Subtract 3 J from 5^. Ans. 2^5. 

# 1 

- 6. Subtract | from « . Ans. f | or li|. 

Examples w Addition and Subtraction. 

1. Find the sum of J — i + 1 — i- Ans. |^. 

la examples like the preceding, all the fractions having the 
sign +, are to be collected into one sum, a»d all those having 
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the sign — , into another, and the difference between these 
sums taken. 

2. Find the sum off — f — J + ^f — 1^. Ans. j\\, 
^. Find the sum of tV + 3^ — f + I — 2V- -A^^s. 1. 

4. Find the sum of 4J + 6| — 5i — 3J. Ans. 1|^ 



CONTINUED FRACTIONS. 

(42.) A continued fraction is one which has a whole number, 
and a fraction for its denominator, the fractional part of which, 
has also a whole number and fraction for its denominator, 
and so on. 

For example, 1 

3 + 1 



2 + 1 



1 + J is a continued fraction. 

A continued fraction is formed from a simple fraction, the 
terms of which are prime to each other, by dividing both 
terms by the numerator. The denominator not being exactly 
divisible by the numerator, will become a mixed number, the 
fractional part of which is divided as before. 

In the example above, the original fraction was ^. Divi- 
ding both terms of this fraction by 11, it becomes ^-^; again 

dividing both terms of ^ by 4, we obtain ^ » ; and sub- 

^+f 

stituting this in the place of ^^ , the fraction becomes 

1 



3 + 1 ' 



2 + i 
Operating in the same manner upon J, we findf = ^ , , 

1 +i^ 

which, being substituted in the place of f in the continued 
fraction, it becomes 
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3 + 1 



2 + 1 



Here must the division stop, the numerator of the last frac- 
tion being unity. 

If it be required to reduce a continued fraction to a simple 
one, we have only to apply the rule for the reduction of com- 
plex fractions (32) ; for, by beginning at the last, and reducing 
the mixed denominator to an improper fraction, we shall have 
a series of complex fractions, the denominators of which are 
fractional. In the example given above, take the last fraction, 

^; by reducing the mixed denominator to an improper frac- 

1 

tion, it becomes j = f (32), and the continued fraction is re- 
s' 
duced to 



3 + 1 



2 + i. 



Taking now the fraction ^ o , we find it equal to — = j\y 

the fraction then becomes 5— ; — — =-rr = i4> ^^^ simple 

^-r rr it 

fraction required. 

In this way, any continued fraction may be reduced to a 
simple fraction ; but by inspecting the work, we can arrive at 
a more simple method. The denominator of the fraction 

f = YT> is formed by multiplying the integral part of the de- 

It 
nominator by 3, the denominator of the fractional part, 

and adding the numerator, which is unity. Again the de- 
nominator of the fraction A = 0,3 is formed in like maa- 

5* 
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ner, by taking the prodi^ct of the two denominators and add- 
ing 3 to the result So also the denominator of H = — — j-, 

is equal to 3 X 11 + 4. Hence it appears^ that the denomi- 
nator of the required simple fraction is found, by beginning 
at the last denominator of the continued fraction, and multi- 
plying successively by all the denominators ; adding unity to 
the first product, and to each of the others, always the last 
previous result. In the reductions, the same number becomes 
alternately the denominator of a complex fraction, and the 
numerator of the simple one ; and in the last reduction we 

1 1 

have ^ — ^ - Ti~ ii' ^^^^^^ ^^ appears, that the required 

numerator is the number obtained previous to the last multi- 
plication. For reducing a continued fraction to a simple one, 
we have, therefore, the following 

Rule. 

.Beginning at the last denominator, multiply succes- 
sively by all the denominators, adding unity to the first 
product, and to each of the others, always the last pre- 
vious result. This will give the denominator of the re- 
quired fraction, and the product immediately preceding ity 
' the numerator. 



Examples. 



1. Reduce 



2 + 1 



2+1 



3 + ^ to a simple fraction. 

2x2 + 1 = 5, 6x2 + 2=12, 12x2 + 5 = 29: 29 is the 
denominator, and l2, the result immediately preceding it, the 



numerator. 
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2. Reduce 1 



1 + 1 



1 + 1 



2 + 1 



1+1 



1 + 1 



7 -)- ^ to a simple fraction. 
2x7 + 1 = 15,15x1 + 2 = 17,17x1 + 15 = 32, 32x2 

Num. Denom. 

+ 17 = 81, 81x1 +32== 113, 113x1 + 81 = 194. |H is, 
therefore, the simple fraction. 

3. Reduce 1 



1 + 1 



8 + ^ , to a simple fraction. 

Ans. If, 



4. Reduce 



. X 



3+1 



1 + ^j- to a simple fraction. 

Ans. ||. 



6. Reduce 1 



2 + 1 



3 + 1 



4 + 1 



6+* 



to a simple fraction. 

jnnS. 'f'if'2'* 
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6. Reduce 1 



6 + 1 



6 + 1 



4 + 1 



3 + ^ to a simple fraction. 

Ans. m. 



7. Reduce 1 



1 + 1 



1 + 1 



I + I to a simple fraction. 



Ans. ^f . 



DECIMAL FRACTIONS. 

{43.) A decimal fraction is one which has for its denominator 
ait unit, with as many cyphers annexed to it as the numerator 
has places of figures. It is customary to write the numerator 
only, since by the number of places it contains, the value of 
the denominator is known. Thus, ^V is written ,4, /^V j24 
and fVVV >^^1' When the numerator does not contain as 
many figures as the denominator has cyphers, the deficiency 
is supplied by writing ciphers at the left hand ; thus, xf o is 
written ,05 rih ^032, and j^\\^ ,0011. 

A mixed number, made up of a whole number and a deci- 
mal firaction, is written with a point called the decimal pointy 
between the whole number and the fractional part ; thus^ 
4,67 is the same as 4^^Vj ^^ HI- 

Ciphers on the right hand of a decimal do not alter its 
value, for y*^, ^/^ and ^yo? ^^e the same, since they can each 
l)e reduced to |. But ciphers on the left hand do alter the 
value of the decimal; while ,3 represents \^^ ,03 is but ^1^^, and 
,003 is but x^^. 

From the method of notation adopted in decimal fractions^ 
it is evident that ddcimals, like whole numbers, decrease from 
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left to right in a tenfold proportion, each place, as we recede 
from the left, having but one tenth the value of that which pre- 
cedes it. Thus, if we commence atthe Ihft in whole numbers, 
we find each place representing a unit of a lower order, till we 
arrive at the lowest, namely, units. Continuing the same 
law of decrease, the first figure to the right of units becomes 
10th parts, the second, 100th parts, the third, 1000th parts, 
and so on. 

We have then only to apply the system of numeration for 
whole numbers, counting from the decimal point both 
ways ; — towards the left, units, tens, hundreds, &c. ; and to- 
wards the right, tenth parts, hundredth parts, thousandth 
parts, &c., as is represented in the following table : — 



a> 



TO 






no 






S 






a 


• 




m 


GO 




S 


^ 




o 







^ 


e:i 




-^ 


m 




S-i 


3 




o 


O 


• 

OQ 


£ 




^3 


^ 


OQ 


j3 


c 


P 


O 


a 


Z 


.Jd 


ffi 


Eh 


E^ 



^ tm ed 

^. i f g. ^ J= 
T3 »-• CO Cl« ^ ^ W 



g fl .9 .Jd ^ S O 
S S fl ^ S X r^ 

M ^ & S 2 S S 



2367431347 632 

The expression in the table is read, 2 millions, 367 thou- 
sands, 431, and 347 thousands, 632 millionths. 

(44.) Decimal fractions result from the division of one 
number by another in the following manner : — 

Let it be required to divide 63 by 8. 

8)63(7,875 . 
56 



70 
64 

60 
56 

40 
40 

I find 8 contained 7 times in 63, with a remainder of 7 ; I 
now conceive that each of the units in 7 is divided into 10 parts. 
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which gives me 70 tenth parts of a unit for a new dividend ; this 
is divisible by 8 ; and since this second dividend is tenth parts, 
the quotient will be tenth parts ; and hence the 8 in the quotient 
is written with the decimal point before it. I now find a remain- 
der of 6 tenth parts of a unit; each of these parts are also subdi-. 
vided into ten parts, or, which is the same thing, this remain- 
der is multiplied by 10, which gives 60 hundredth parts ; the 
quotient of which, by the divisor, is 7 hundredths, which is 
put in the place of hundredths in the quotient. The nexi 
remainder is likewise multiplied by 10, which gives thou- 
sandth parts for a new dividend, and a figure in the place of 
thousandths, in the quotient. 

Hence it appears, that a division may be executed in deci- 
mals, when it cannot be in whole numbers. In the preceding 
example, the quotient of 63 by 8 is 7,875. Expressed by a 
whole number and vulgar fraction, it would have been 7J. 
By inspecting the work, it will be seen, that the vulgar frac- 
tion J, is reduced to a decimal by adding cyphers to the nu- 
merator (for this is multiplying by 10), and dividing by the 
denominator. The following rule will now require no expla- 
nation. 

To reduce a vulgar fraction to a decimal. 

Rule. 

(45.) Annex ciphers to the numerator, and divide by 
the denominator^ and point off as many places for deci- 
mals in the quotient, as there are ciphers annexed to the 
7iumerator. 



Examples. 


m 


1. Reduce |^ to a decimal. 


• 


8)10(0,125 
8 




20 




16 




40 




40 




2. Reduce f to a decimal fraction. 


Ads. 0,75. 


3. Reduce ^ to a decimal fraction. 


Ans. 0,61 
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4. Reduce 4 to a decimal fraction. 

Ans. 0,57142857142, &c. 

5. Reduce y to a decimal fraction. 

Ans. 3,25* 

6. Reduce |J to a decimal fraction. 

Ans. 0,916666, &c. 

7. Reduce ^f to a decimal fraction. 

Ans. 0,14285714, &c. 

8. Reduce A to a decimal fraction. 

Ans. 0,0625, 

9. Reduce j^-g to a decimal fraction. 

Ans. 0,001001001, &c. 
10. Reduce i^f ^ to a decimal fraction. 

Ans. 0,0069832, &c. 

Tb reduce a decimal to d vulgar fraction. 

Rule. 

(46.) Write down the decimal with its denominator, 
and then reduce it to its lowest terms. 

Examples. 

1 . Reduce ,0625 to a vulgar fraction. 

2. Reduce ,532 to a vulgar fraction. 

Ann 13 3 

3. Reduce ,0078125 to a vulgar fraction. 

Ans. yiy. 



CIRCULATING DECIMALS. 

(47.) Circulating decimals are those, in which the same 
figures are repeated at regular intervals in the same order ; 

,324324, &c., and ,5454, &c. are circulating decimals. When 
a single figure is repeated as, ,3333, the decimal is sometimes " 
called a repeating decimal. Circulating decimals result from 
divisions in v^hich the divisor and dividend are prime to each 
other, and the divisor is such a number, that it is not con- 
tained without remainder, in any number expressed by I9 
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and any number of ciphers, as 10, 100, 1000, &c. Take, for 
example, 'the fraction ^j. If we attempt to reduce this frac- 
tion to a decimal by the preceding tules, we shall find the 
same numbers recurring in the remainders ; and hence the 
same numbers will be repeated in the quotient. 



Example. 

11)60(0,5454 
55 



50 
44 

60 
55 



50 
44 



60 



The numbers repeated are called periods. In this example 
two figures form the period. 

It is evident,"* that the true vq-lue of this fraction cannot be 
expressed in a decimal; and it is sometimes convenient, when 
such a decimal fraction occurs, to change it into its equivalent 
vulgar fraction. This may be done by the following 



Rule. 

Write under the figures which constitute one period^ cls 
many 9^ as there are /places of figures in the period. This 
will form the fraction from which the circulating decimal 
was tierived. 

> • 
For another example, reduce 324324324 to a vulgar 

fraction. Ans. |H=i^=H- 
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Proof. 

37)120(0,324324 
111 



90 
74 

180 
148 

120 
111 

90 
74 



160 
148 



12 

« 

The correctness of the foregoing rule will appear from the 
following considerations. 

The fractions which have for their denominators any 
number of 9s, can have no significant figures in their pe- 
riods, except 1. V. 

\ gives 0,11111, &c. 
^V " 0,010101. 
7^7 " 0,001001, &c. 

And so of any other ; for, each partial division of the num- 
bers 10, 100, 1000, 10000, &c. must always give 1 for a re- 
mainder. Now, a circulating decimal, with a period of one 
figure, must always be some multiple of |, since 0,33333 is 
the same as 0,11111 x 3, and 0,66666 is the same as 
0,11111 X 6. And, since 0,11111 = \, 0,11111 x 3, or, 
0,33333 ^ f or f So also, 0,66666 = i X 6, or, | = f . Again, 
0,646454 = 0,010101 x 54 = ^V X 54 = f f = A- For a period 
of three figures, we have, 0,324324324 = 0,001001001 x 324 

= ' V *\^A =* 3 2 4 — 13 
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Examples. 

1. Reduce 0,414141 to the form of a vulgar fraction. 

Ans. ||. 

2. Reduce 0,571428571428 to the form of a vulgar frac- 
tion. Ans. 4* 

3. Reduce 0,864864 to the form of a vulgar fraction. 

Ans. If. 

Note. — If the period of the fraction does not begin with 
the first decimal, we can change the place of the point, and 
put it before the first figure of the period ; and then find the 
value of the fraction, as if the figures to the left were units. 
The result must then be divided by 10, 100, 1000, &c., ac- 
cording to the number of places the point was moved to the 
right. 

Examples. 

1. Reduce 0,8333 to the form of a vulgar fraction. 

Moving the point one place to the right, we have, for the 
value of the circulating decimal, ^ ; and considering 8 as a 
whole number, the expression for the fraction would be 8J ; 
but 8 is in the place of lOths. We, therefore, divide by 10, 
which gives yV + sV? or |J + ^V =* If = f j which will repro- 
duce the decimal. 

■' . . 

For another example, reduce 0,6214545 to the form of a 

vulgar fraction. 

621,45 = 621f f , or 621 x t\, and dividing by 1000, ^f^ + 

5 flJ3J_J 5 JLSJLfi- 1 7 » 

• 

2. Reduce 0,9123123 to the form of a vulgar fraction. 

Ans. Hlf. 

3. Reduce 0,999090 to the form of a vulgar fraction. 

Ans. tH*- 

4. Reduce 0,2418418 to the form of a vulgar fraction. 

Ans. iiii. 
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ADDITION OF DECIMALS. 

Rule. 

(48.) Set down the numbers (according to their vcUue^ so 
that tenths may be under tenths^ hundredths under hun- 
dredths, ^c, and proceed as_ in addition of whole numbers ; 
and point off, in the sum, as m,any places of figures for 
decimals, as were contained in the number having the 
greatest number of decimal places. 

Since in decimals, as in whole numbers, the value of the 
places increases from right to left in a tenfold proportion (44^, 
it is evident, that the same rule will apply to both ; and it is 
only necessary in the former to have regard to the position of 
the decimal points, that it may be evident where the whole 
numbers terminate, and the decimals begin. 



Examples. 

I. Find the sum of 29,0146, 3146,5, 2109, 62417, 

and 14,16. ,, ., . , > 

29,0146 r .'^/' . . 
3146,5 

0,62417 "'- . ^^^l . • : 

14,16 /'/ • ^ ^ 



5299,29877 the sum. . 

2. What is the sum of 276, 39,213, 72014,9, 417, and 
5032,17 ? 

3. What is the sum of 312,09, 71,0003, 92,1134, 0,76, and 
0,003? 

4. What is the sum of 1 tenth, 2 hundredths, 9 ten thou- 
sandths, and 1 ? Ans. 1,1209. 

5. What is the sum of 416 millionths, 312 thousandths, 
13 hundredths, 8 tenths, and 18 ? ' Ans. 19,242416. 
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SUBTRACTION OF DECIMALS. 

Rule. 

(49.) Set down the numbers according to their values, 
and subtract a^ in whole numbers, placing the decimal 
point in the remainder, directly under the place it occupied 
in the subtrahend. 

Examples. 

1. Find the difference between 91,73 and 2,138. 

91,73 
2,138 



89,592, the difference. . 

Note. — If the minuend does not contain as many decimal 
places as the subtrahend, we may conceive the places to be 
filled out with O's, since O's at the right of a decimal do not 
affect its value. 

2. Find the difference between 387,92461 and 33,4672. 

Ans. 354,45741. 

3. Find the difference between 28 and 0,9289. 

Ans. 27,0711. 

4. Find the difference between 1 tenth and 99 thou- 
sandths. Ans. 0,001. 

6. Find the difference between 1 and 1 millionth. 

Ans. 0,999999. 



MULTIPLICATION OF DECIMALS. 

Rule. 

(60.) Place the factors, and multiply, as in whole num- 
bers ; and point off^ in the product, as mariy figures 
for decimals as there are decimal places in both the /ac- 
tors. But if there be not so m^any figures in the product, 
supply the defect by prefixing ciphers, 

Dem^mstration. — ^This rule follows directly from the sys- 
tem of notation in decimals, A denominator, expressed by 1, 
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• 

and as many O's as there are places of figures in the decimal, 
being always understood (43), it is plain that if we multiply 
two decimal fractions together, the product will have, for its 
denominator, 1, and as many O's as there are in both denomi- 
nators ] that is, as many O's as there are places in both nume- 
rators ; and hence, in the resulting decimal, as many figures 
must be taken for decimals, as there were in both the factors. 

Let it be required to multiply 0,361 by 0,12. These deci- 
mals are equivalent to yVoV ^^^ xVo J multiplying these by the 
rule for vulgar fractions (22), we have ^VoV X ,Vo = jUf |y =j 
by the decimal notation, to 0,04332. 

The same would be true of a niilnber consisting of a whole 
number and a decimal, since it may be reduced to an improper 
fraction, which must always have for its denominator 1, and 
as many O's as there are places of figures in the decimal pan ; 
thus, 9,113 is the same as QjWo or, m^. 









Etamples. 


1. 


Multiply 


by 


0,321096 
,02465 




1605480 


■ 






1926576 




- 




1284384 




Multiply 


by 


642192 




0,00791501640 Pro 

• 


2. 


79,347 
23,15 








1836,88305 Proc 


3. 


Multiply 


by 


0,385746 
0,00464 



0,00178986144 Product. 

4. Multiply 9 by 0,00007. Ana. 0,00063. 

6. MulUply 0,000031 by 6,000002. 

Ana. 0,000155000062. 

Note. — To multiply by 10, 100, 1000, &c., remove the de- 
cimal point as many places to the right as there are (Fs in th* 

6» 
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muIUplier. Thus, 23467 x 10 = 234,67, 6,7234 X 100 » 672^, 
aud 6,71x1000 = 6710. 



DIVISION OF DEaMALS. 

Rule. 

(61.) Divide as in whole numbers^ and point off^ in the 
quotient^ as many figures for decimals^ as the decimal 
places in the dividend e:i^eed those in the divisor. 

The reason for this rule is evident, for the quotient multi- 
[Jied by the divisor, must produce the dividend ; and hence 
the number of decimal places in the dividend, must be equal, 
to those in the divisor and quotient taken together ; and, con- 
sequently, the quotient must contain as many decimal places 
as the places in the dividend exceed those in the divisor. 





Examples. 


» 




1.-1,78)0,48520998(0,272589 
356 




1292 
1246 


I 




460 
356 






1049 
89Q 






1599 
1424 






1758 
1602 






156 


" 


3. 
3. 
4. 


Divide 123,70636 by 54,26. 
Divide 12 by 0,7854. 
Divide 4Id6,68 by 100. 


auo. 2,2802. 
Quo. 16,278. 
Ouo. 41,056a 
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6. Divide 0,8297592 by 0,153. Quo. 5,4232. 

6. Divide 27 by 0,2639. Quo. 102,3114. 

Note. — To divide by 10, 100, 1000, <fcc., remove the de- 
cimal point as many places to the left as thece are O^s in the 
divisor. Thus, 

167,364 ^ 10 = 16,7364, 9217,3719 h- 100 = 92,173719. 



CHAPTER III. 



INVOLUTION AND EVOLUTION. 

(52. Involution is the multiplication of a number one or 
more times by itself. 

The product of a number thus multiplied by itself, is called 
the power of that number. 

The number of times the given number is a^ factor in a 
power, is called the degree of that power. 

Thus, 2 = 2, is the 1st power of 2. 

2 X 2 - 4, is the 2d power of 2. 

2x2x2= 8, is the 3d power of 2. 

2 X 2 X 2 X 2 = 16, is the 4th power of 2. 

2 X 2 X 2 X 2 X 2 = 32, is the 5th power of 2. 

The number itself, with reference to its powers, is caSed the 
root ; thus, 2 is the 2d or square root of 4, the 3d or cube root 
of 8, the 4th root of 16, &c. 
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The degree of the power to which a number is to be raised, 
is indicated by writing to the right of the given number, and 
a little above, a small figure expressing the degree. Thus, 
2^ = 8 is the 3d power of 2. This figure is called the index 
or exponent of the power. 

4^* = 16 is the 2d power of 4. 
^ 2® = 64 is the 6th power of 2. 

13* = 28561 is the 4th power of 13. 

(53.) When two or more powers are multiplied together, 
their product is that power whose exponent is the sura of the 
exponents of the powers multiplied ; or, the multiplication of 
the powers, answers to the addition of the exponents, as will 
appear from the following example of the po\A ers of 2 : — 

1st. 2d. 3d. 4th. 5th. 6th. 7th. 8th. 9th. 10th. 
2, 4, 8,- 16, 32, 64, 128, 256, 512, 1024, 

or, 2», 2^ 23, 2\ 2% 2«, 2\ 2^ 2», 2'\ 

By multiplying the 2d and 4th, we have 4 x 16 = 64, and 
adding the exponents from the second line, 2^ x2* = 2* = 64. 
We have also, * 

8x 32 = 256,and23x25 = 2« = 256, 

4 X 256 = 1024; and 2^x2^ = 2^° = 1024, 

16 x 64 = 1024, and2*x2«.= 2^»= 1024, 

8x 128 = 1024, and 2^x2^ = 2''= 1024. 

To involve a number to a given power. 

Rule. 

(54.) Multiple/ the given number by itself a number of 
times less I, than the exponent of the required power ; 
or take two or m,ore powers of the given number the sum 
of whose exponents is equal to the exponent of the required 
poioer, and multiply them together successively , 

Examples. 

1. Involve 67 to the 2d power. 

67 X 67 = 4489, the answer. 

2. What is the 3d power of 93 ? 

93 X 93 X 93 = 804357, the answer. 
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3. What is the 8th power of 4 ? 

4x4x4x4x4x4x4x4 = 65536; 

or, 4* X 4^ = 4« ; that is, 256 x 256 = 65536 ; 

or, 4« X 43 X 43 = 4« ; that is, 16 x 64 X 64 = 65536, the ans. 

4. What is the square of 4,16 ? 



Ans. 17,3056. 

Ads. 42,875. 

Ans. 0,00000625. 

Ans. 808201. 
Ans. 308915776. 



5. What is the 3d power of 3,5 ? 

6. What is the 4th power of 0,05? 

7. What is the 2d power of 899 ? 

8. What is the 6th power of 26 ? 

9. What is the 2d power of f ? 

|. X f = ^, the answer. 

10. What is the 4th power of J? 

. ixixJxi=TVjtheanswer. 

11. What is the 3d power of f ? 

^ns. If If 7* 

12. What is the 5th power of J ? 

Ana a 4 3_ 

13. What is the. 3d power of 3i ? 

31 = V and (V)' = \%V, or, 32tV5, the ans. 

14. What is the 2d power of 4^ ? 

Ans. V) or, 20 J. 

15. What is the 4th power of 2|? 

Ans. *HSor,604f. 



EVOLUTION. 

(55.) Evolution is the reverse of involution. It is the ex- 
tracting or finding the roots of any given powers. 

The root of any number, is such a number as multiplied 
into itself a certain number of times, will produce that num- 
ber ; thus, 

5 is the square or 2d root of 25, since 5*, or, 5 X 5 = 25 ; 
4 is the cube or 3d root of 64, since 4^, or, 4 x 4 x 4 = 64. 



N 
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The root of a number is denoted by writing the character 
V< before the number, and the degree of the root is shown by 
writing a small figure, expressing the degree directly over the 

8 3 

sign; V4or V4 is the square root of 4 ; V4 is the cube 
or 3d root of 4 ; VT, the 4th root of 4, &c. 



EXTRACTION OF THE SQUARE ROOT.* 

Rule. 

(56.) Divide the given number into periods of ttco 
figures each, . by placing a dot over the unit figure^ and 
another over every second figure to the left. 

Find the greatest square in the left hand period, and 
set its root on the right, after the manner of a quotient in 
division. 

Subtract the square, thus found, from, the said period, 
and to the remainder annq^ the figures of the next period 
for a dividend. 

Double the root, already found, for a divisor, and find 
how m>any times it is contained in the dividend, exclusive 
of the right hand figure, and place that quotient figure 
both in the quotient and divisor. 

Multiply the divisor, thus increased, by this quotient 

figure, subtr.act'the product from, the dividend, and annex 

the next period to the remainder,for a new dividend. Find 

a new divisor, by doubling all the figures now found in 

the root, and proceed as before through all the periods. 

* The demonstration of the rules for extracting roots will be given in Al- 
gebra. 
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Examples. 

1. What is the square root of 29506624 ? 

29506624(5432, the root. 
26 



104(450 
416 



1083)3466 
3249 



10862)21724 
21724 

Note I. — There are many uumbers the square root of 
which cannot he extracted exactly ; but we can arrive very 
nearly at the root by continuing the operation in decimals ; 
and this is done by adding periods of two ciphers after the 
whole numbers are all brought down. 

2. For example, let it be required to find the square root of 
312. 

312(17,6635, the root. 
1 



27)212 
189 



346)2300 
2076 



3526)22400 
21156 



35323)124400 
105969 



353265)1843100 
1766325 

76776 
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3. Find the square root of 2. 

2)1,41421 &c., the root. 
1 



24)100 
96 



281)400 
281 



2824)11900 , 
11296 



28282)60400 
56564 



282841)383600 

282841 



100769 

Note II. — If the number consist of a whole number and 
a decimal, it is necessary to divide the decimal part into pe- 
riods, beginning at the decimal point, and counting two 
figures to the right for each period ; and if the right hand pe- 
riod of the decimal should contain but one figure, a cipher 
must be aimexed to it. 

4. Let it be required to find the square root of 220,768 

226,7580(14,85 
1 



24)120 
96 



288)2476 
2304 



2965)17180 
14825 



2355 
6. What is the square root of 2025 ? Ans. 46. 

6. What IS the square root of 17,3056 ? Ans. 4,16 

7 



1 
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7. What is the square root of 0,000729 ? Ans. 0,037. 

8. What is the square root of 3 ? Ans. 1,732060 &c. 

9. What is the square root of 343396 ? Ans. 586. 

10. What is the square root of 300304 ? Ans. 548. 

11. What is the square root of 220900 ? Ans. 470. 

12. What is the square root of 10 ? Ans. 3,162277 &c. 

13. What is the square root of 1883,66 ? Ans. 43,4. 

Note III. — The square root of a vulgar fraction is found, 
hy extracting the roots of the numerator and denominator. 
But, if either the numerator or denominator should not be a 
perfect square, the fraction should be reduced to a decimal, 
and the approximate root extracted. 

• 

Examples. 

« 

1. What is the square root of ^f ? Ans. J 

2. What is the square root of /y\ ? 

yYy = yV, hence f is the square root. 

3. What is the square root of j'^ ? 

Ans. T«y = 0,41666666, and V 0,41666666 = 0,6464. 

4. What is the square root of 17| ? ' Ans. 4,168333. 



EXTRACTION OF THE CUBE ROOT. . 

Rule. 

(57.) Divide the given number into periods of three 
figures eachy beginning at the right ; arid if there be de- 
cimalsy point off the decimals in a contrary/ direction from 
the decimal point / observing^ that if the last jteriod of 
deeim^als does not contain three figures^ the deficiency is to 
be supplied by annexing ciphers. 

Find the greatest cube in the left hand period^ and 
place its root at the rights after the manner of a quotient 
in division. Subtract its cube from, the aforementioned 
period^ and to the remainder bring down the next period I 

for a dividend, % 

Multipiy the square of the root already found hy 300, 
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for a divisor. Seek haw often the divisor is contained in 
the dividend, and place the result in the root. 

Complete the divisor hy adding to it thirty times the 
product of the root before found by this last figure, and 
also the square of the last figure ; then multiply the di- 
visor, so increased, by the same figure, and subtract the 
product from the dividend. 

To the remainder bring down the next period, and pro- 
ceed as before ; and continue the operation in the same 
manner, through all the periods of the given number. 

Note I. — If the last mentioned product should be greater 
than the dividend, the last figure in the root must be dimin- 
ished. 



Examples. 



1. Find the cube root of 178834180,104. 

178834i80,104!563,4 
125 

divisor. — 

5« = 25 X 300 = 7500 

5x6x30+36 936 



53834 1st dividend. 



Divfeor completed, 8436 

Sd divisor. 

(56)2 = 3136 X 300 = 940800 
56x3x30 + 9= 6049 



50Q16 Ist subtrahend. 



3218180 2d dividend. 



2d divisor completed, 945849 

3d divisor. 

(663)" = 316969 x 300 = 95090700 
663 X 4 X 30 + 16 = 67576 



2837547 2d sabtral«ead. 



380633104 3d dividend. 



3d divisor completed, 95158276 380633104 3d subtrahM. 

0~~ 

2. Find the cube root of 970299. Ans. 99. 

3. Find the cube root of 7645373. Ans. 197. 

4. Find the cube root of 14,348907, Ans. ^43. 

5. Find the cube root of 179406144. Ans. 564, 

6. FiAdtbecuberootof53341>,731. Ans. 81,1. 
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Note II. — To find the cube root of a fraction, apply the 
same principles as in the square root, thus : — 



/8 _ V g ^^. 
27 V5i7 ^ 



V J = V 0,875 = 0,9564, &c. 



Vl5f = V>|* = f ; 



or, V 15f = V 16,625 = 2^. 
Find the cube root of ^^. 

Find the cube root of f f 

A nwin>l 2,843 &c. 

Ans. 0,77194, or gjggj-^ 



CHAPTER IV. 



RATIOS AND PROPORTIONS. 

(68.) Any relation which subsists between two numbers is 
called a ratio. 

An arithmetical ratio is the difference of two numbers, 
and is expressed by writing the less number after the greater, 
with the sign of subtraction between them. Thus, the arith- 
metical ratio of 7 to 3, is written 7 — 3 ; that of 9 to 4, is 
written 9 — 4. 

A geometrical ratio is tlie quotient of one number divided 
by another, or the number of times one number is con- 
tained in another. The particular value of this quotient is 
called the index of the ratio. The geometrical ratio of 12io 4, 

is written 12 : 4, or -j-; and 3, the quotient of 12 divided by 

4, is the index of the ratio. 

Ratio can only exist between numbers expressing quantities 
of the same ^ind ; as it would be absurd to enquire, how 
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jxiiich more than a rod is two pounds ? or bow many times 
five yards of cloth is contained in forty dollars ? 

Two ratios maybe equal to each other^and such ratios, when 
written together, with the sign of equaUty between them, 
constitute a proportion. Thus, the arithmetical ratio 9 — 4, 
is equal to the ratio 12 — 7, and from these two ratios, the 
proportion 9 — 4 = 12 — 7, may be formed. 

12 

The geometrical ratio, 12 : 4, or -j-, is* equal to the ratio 

18 
18 : 6, or -^ ; and these two ratios fofm the proportion, 

12:4 = 18:6,ori^=^. 

4 6 

The first term of a ratio is called the antecedent, and the 

second term the consequent. The first and last terms of a 

proportion are called the extreme terms, the second and third 

the mean terms ; or simply, the extremes and means. 



ARITHMETICAL PROPORTIONS. 

(59.) An arithmetical ratio being the difierence of two 
numbers, and an arithmetical proportion expressing an 
equality between two ratios ; it follows, that an arithmetical 
proportion shows that the difference of two given numbers is 
equal to the difference of two others. Thus, 12 — 7 = 9 — 4, 
shows that the difference of 12 and 7 is equal to the differ- 
ence of 9 and 4. Another propriety of arithmetical propor- 
tions, and one on which most of the calculations relating to 
them are based, is the following : — 

Ifi every arithmetical proportion, the sum of the means is 
* equal to the sum of the extremes. 

To prove this, take the proportion 12 — 7 = 9 — 4. Since 
equals added to equals make equal sums, the quantities on 
each side of the sign of equality will still be equal, if 7 be 
added to each ; and we shall have 12 — 7 + 7 = 9 — 4+7:. 
adding also 4 to each, w^e shall have 

12^7+7+4 = 9—4 + 7 — 4. 

But since a quantity both added to, and subtracted firom, 

another, can neither increase nor diminish it, we may ex- 

puage 7 from the finst, and 4 fi»m the second, and there re- 

mains 12+4 s 9 + 7; that is, the sum of the extremes e<|ual 

taihe sum of the neans. We haTeiiow{n>v«dtluspiopsitf 

7» 
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to belong- to the particular proportion 12 — 7 = 9 — 4f but 
to show that it is general and independent of the particular 
numbers used, let a, 6, c, and «/, represent any numbers what- 
ever which have this property, namely, that the differenop 
between the numbers represented by a and 6, is equal to the 
difference of those represented by c and rf. They will evi- 
dently form the arithmetical proportion, 

a — b = c — rf. 

If we now add d to each of these equal quantities, we shall 
have 

a — 6 + d = c — d + d ; 

and adding b to each, 

a — 6-frf + 6 = c — rf-j-d + 6; 

and as b is both added to, and subtracted from, the first, and 
d added to, and subtracted from, the second, b may be omitted 
in the firsts and d in the second, and we have 

a + rf = c + &; 
or the sum of the extremes, equal to the sum of the means. 

The letters of the alphabet are here introduced to accustom 
the pupil to their use, preparatory to his entering upon the 
study of Algebra. He will easily perceive, that they are here 
subjected to the same arithmetical operations as the numbers 
in the preceding proportion, and will see how, by means of 
signSy we can apply the rules of arithmetic to letters as 
the representatives of numbers without giving to the letters 
any particular numerical value. Thus, in the proportion 
a — b = c — rf, any numbers whatever which have such a 
relation to each other, that the second shall be as much less 
than the first, as the fourth is less than the third, may be put 
ID the place of the letters ; and all that we have proved of 
the letters, will be true of the numbers. * 

Suppose a = 21, 6 = 12, c = 19, and rf = 10 ; then 

21 — 12=3 19—10; 

and since we had a-^d = c + b, we shall have 

21 + 10 = 12+19. 

Again, let a = 11, A = 6, G = 18 and d = 13, then 

11 — 6 =.18 — 13, 

and 11 + 13 = 6 + 18. 

(60.) From the property which has just been demonstrated^ 
it follows^ that if three terras of an arithmetical proportion be 
giyen^ the fourth can always be found by the fdlowiog rule^ 
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Rule. 

If the unknown term he one of the extremes, add together 
the mean terms, and subtract the other extreme ; if it be 
a fnean term, add the extr&mes and subtract the given 
mean. 

Let there be the arithmetical proportion 

19 — 7 = 23—, 

and we shall have for the fourth terra, 

7 + 23 — 19 = 30 — 19 = 11. 

In the proportion 13 — 5 = . — 12, the third term is found 
by adding the extremes, and subtracting the known mean 
terms; thus, 

13 + 12 — 5 = 25 — 5 = 20, the third term, 

and we have the complete proportion, 

13 — 5=20 — 12. 

When the consequent of the first ratio is the same as the 
antecedent of the second, the proportion is called a continued 
arithmetical proportion. 18 — 15 = 15 — 12 is a continued 
arithmetical proportion; the number 15 being the consequent 
of the first ratio, and the antecedent of the second. 

To such a proportion another ratio, or any number of ratios 
may be added, all having this same property, and this series 
of ratios is called an arithmetical series, or progression : thus^ 

18—15= 15 — 12= 12 — 9=^:9 — 6=6 — 3 = 3 — 0, 

is an arithmetical progression. 

It is usual in arithmetical progression, to omit one of the 
mean terms of each proportion, and also the sign of equality. 
The progreasion above would be written, 

18 — 15 — 12 — 9 — 6 — 3 — 0. 

Arithmetical progressions are usually written without the 
sign — between the terms. When the numbers increase from 
left to right, the series is called an increasing arithmetical 
progression ; when they increase in a contrary order, a de- 
creasing arithmetical progression. 

1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 
is an increasing progression ; 

21, 19, 17, 15, 13, 11, 9, 7, 5, 3, 1, 

is a decreasing prqgression. 
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The numbers that enter into an arithmetical progression, 
are called the terms of the progression. The first and last 
terms are the extremes^ and the number by which each term 
is greater or less than that which preceded it^ is called the 
common difference. 

We proceed now to give certain properties of arithmetical 
progressions, without demonstrations.* 

(61.) 1st. In every arithmetical progression^ the sum, of 
the extremes is equal to the sum of any two terms equally 
distant from them ; or, equal to double the middle term, 
when there is an odd number of terfns. 

Thus, in the progression, 2, 4, 6, 8, 10, 12, 14, we have, 
2 + 14 = 4 + 12 = 6 + 10 = 8 + 8, or 2x8. 

(62.) 2d. In an increasing arithmetical progression^ the 
last term is equal to the first term, plus the common dif- 
ference m,ultiplied by the number of term^ less 1 ; and in 
a decreasing arithmetical progression^ the last term is 
equal to the first, minus the coTnmon difference m^uitiplied 
by the number of terms less 1. 

Thus, in the progression 3, 7, 11, &c., the 12th term is 

3 + (4x11) = 3 + 44 ^'47. 
In the progression 82, 79, 76, (cc, the 25th term is 
82 — (3x24) = 82 — 72 = 10. 

Examples. 

1. The first term of an increasing arithmetical progression 
is 6, the common diflTerence 6, what is the 10th term ? 

•Ans. 69. 

2. The 10th term of an arithmetical progression is 34, the 
common difference 3, required the first term ? ** 

In a question like this, we may consider 34 the first term 
of a decreasing progression, and find the 10th term, which 
would correspond to the 1st term in an increasing progression ; 
whence, 34 — (3 x 9) = 34 — 27 = 7, the ans. 

3. The 1st term of a progression is 2, the coinmon diflTer- 
ence ^, what is the 27th term ? Ans. lOf . 

4. The 12th term of a progression is 3, the common diflei^ 
ence \, what is the 1st term ? Ans. |. 

* The demoiiibmtioiif will be gmn in Alfibm. 
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(63.) 3d. In every arithmetical progression, the common 
difference is equal to the difference of the extreme termSj 
divided by the number of terms less 1. 

Thus, if the extremes of a progression are 3 and 58, and 
the number of terras 12, we have for the common diSerence, 

58 — 3 55_ 

11 "~ U""^' 



Examples. 

1. If the extremes are 1 and 21, and the number of terms 
11, what is the common difference ? Ans. 2. . 

2. The extremes of an arithmetical progression are 5 and 
23, the number of terms 25, what is the common difference ? 

Ans. f . 

(64.) 4th. In every arithmetical progression, the stim of 
all the terms is equal to the sum of the extremes, multi- 
plied by the number of terms and divided by 2. 

Thus, if the extremes of a progression be 7 and 82, and 
the number of terms 16, 



Examples. 

1. What is the sum of the first 7 terms of the progression 
6, 10, 14,&c.? ' " 

^ 6 + 4 X 6 = 6 + 24 = 30, the 7th term. 

mu 30 + 6 . 144 ^^ . 
Then, — ~ — x 4 = -^ = 72, the sum. 

2. The first term of a progression is 3, the common differ- 
ence f ; required the sum of the first 21 terms. 

Ans. 141i. 

3. Find the sum of the progression 2, 5, 8, 11, &c. to 31 
terms, Ans. 1457* 
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GEOMETRICAL PROPORTIONS. 

(65.) In every geometrical proportion, thf product of the 
means is equal to the product of the extremes. 

Take the proportion 12 : 4 = 18 : 6, or -^= -g-. Now, if 

12 18 
we reduce the fractions -y and -5- to a common denominator, 

4, 6 X 

we shall not alter their values, and we shall have 

12x6 _ 18x4 

- 4x6 4x6* 

The numerators of these fractions must be equal, since 
their denominators are equal, and the fractions themselves 
equal ; but the numerator of the first is the product of the ex- 
treme terms of the proportion, and the numerator of the se- 
cond is the product of the riiean terms ; hence, in every ge- 
ometrical proportion, the product of the means is equal to 
the product of the extremes. 

The proof is indepeadent of the particular numbers which 
enter into the proprtion,as maybe shown by the use of let- 
ters, which may stand for any numbers whatever. Let a, 6, c 
and d, represent any numbers whatever, which have such a 
relation to each other that the first divided by the second, 
shall be equa^ to the third divided by the fourth. They will 
give the proportion 

a : 6 s= e : o, or T- = -7. 

b d 

Indicating by means of signs, the same arithmetical opera- 
tions as were performed upon the proportion above, we have, 

a c 

by reducinff the fractions -^ and -^ to a eoramon denomi- 
tor, ^ b d 

ax d _ cxb 
b X rf'~ bxd' 

In this, as in the former case, the fractions being equal, and 
the denominators the same, the numerators roust also be 
equal ; and hence, the product of the means equal to the pro- 
duct of the extremes. 

(66.) The property of geometrical proportions which has 
just been proved, is the fundamental principle of proportions ; 
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and any changes may be made in a proportion, provided that 
the equality of the products of the means and extremes be 
not destroyed. 

We may, in the proportion 1 2 : 4 = 18 : 6 ; 

transpose the mean terms, as 12 : 18 = 4 : 6 ; 

transpose the extreme terms, as 6 : 4 = 18 : 12 ; 

change consequents for antecedents, as 4 : 12 = 6 : 18 ; 

the product of the means being equal in each, to the product 
of the extremes. 

(67.) We may also multiply by the same number, 

the two first terms, as 12x2:4x2 = 18:6; 

the two last terms, as 12 : 4 = 18 x 3 : 6 X 3 ; 

the antecedents, as 12 X 5 : 4 = 18 x 5 : 6 ; 

the consequents, as 12:4x6 = 18:6x6; 

all the terms, as 12x3:4x3 = 18x3:6x3. 

(68.) We can divide by the same number, 

12 4 
the two first terms, as -^ : ^ = 18 : 6; 

the two last terms, as 12 : 4 = -^ : oj 

the antecedents, as -s- *• 4 =-^ : 6; 

4 6 

the consequents, as 12 : ^ = 18 : ^ J 

11 .u * 12 6 18 6 

all the terms, as -r • t = t- • t 5 

' 4 4 4 4' 

(69.) We may also make the following changes by means 
of additions and subtractions of the different terras : — 

1. By adding the antecedents to the consequents, and com- 
paring the sum with the antecedents, as 

12+4:12 = 18+6:18; 

and comparing with the consequents, 

12 + 4:4=18 + 6:6. 
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2. By subtracting the consequents from the antecedeatSi 
and comparing with the antecedents, as 

12 — 4:12=18 — 6: 18; 
and comparing with the consequents, as 

12 — 4 : 4 =18— 6:6. 

3. By comparing the ^um and difference of antecedents 
and consequents, as 

12 + 4:12—4 = 18 + 6:18-6. 

(70.) One proportion may be multiplied or divided by 
another, term by term, and the result will also be a proportion. 

L...he.wop,.p<«i». J 1? ; ^ r {| : I i S'ySiS!'*"""" 

The result is, 

12x10:4x5 = 18x16:6x8, 
or, 120 : 20 = 288 : 48, 

in which it will be perceived, that the product of the mean 
terms is still equal to the product of the extremes.* 

(71.) A proportion may also be multiplied by itself, term by 
term, any number of times ; or which is the same thing, each 
term may be squared, or cubed, or raised to any power what- 
ever, and the resulting numbers will be proportional, as will 
be seen from the following examples : — ■' 

4 : 3 = 12 : 9. 
The square, 16 : 9 = 144: 81. 

The cube, 64 : 27 = 1728 : 729. 

The fourth power, 256 : 81 = 20736 : 6561. 

(72.)* When the mean terms of a proportion are the same, 
it is called a continued proportion. 

16:8 = 8:4, 

is a continued proportion ; and 8 is called a mean proportional 
between 4 and 16. .• 

* The same thing may be proved in a different way ; for if the proportions he 
written in a fractional form, we shall see that the multiplication of one proportion 
by another, is nothing more than the multiplication ot equal fractions by equal 
fractions. The products must also be equal fractions, and consequently, their 
terms proportional. Thus, ^^ = y and ^ = y » being multiplied together, 

12X10 1 8X16 uv*!. 
term by term, give V X V= V X V>WTX6"= "exT'^^^"*^ 

same as 12 X 10 : 4 X 5 r= 18 X 16 : 6 X 8. The same demonstration will, evi- 
dently, apply to the squares, cubes, &c. of proportions. 
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Such a proportion may be continued by the addition 
of successive ratios, all equal to edcb other. This forms a 
geometrical series, or progression. 

32:16 = 16:8=8:4 = 4:2 = 2:l = l:i=i:J, &c. 

is a geometrical progression. 

It is usual, in writing a geometrical progression, to omit 
one of the mean terms of each proportion, and connect the 
terms by the sign :, in the following manner : — 

32 : 16 : 8 : 4 : 2 : 1 : i : i (fee 
1 : 3 : 9 : 27 : 81 : 243 : 729 : 2187 &c. 

The first of these is called a decreasing progression, alid the 
second an increasing progression. v 

The first and last terms of a progression are called the ex- 
tremes. The quotient, arising from the division of any term 
by the one which precedes it, is called the index of the ratio, 
or simply the ratio of the progression. In the above ex- 
amples, ^ is the ratio of the first, since each term is ^ of that 
which precedes it : and in the second, 3 is the ratio, each 
term being three times that which precedes it 

We proceed to make known some other properties of geo- 
metrical progressions, which cannot be demonstrated without 
the aid of Algebra. 

(73.) 1st. In every geometrical progression^ the product 
of the two extremes is equal to the product of any two 
terms equally distant fro^n them>^ or equal to the square of 
the m,iddle term, when there is o^ odd number of termi^. 

For example, in the progression 

2 : 6 : 18 : 54 : 162 : 486 : 1458, we have 
2x1458 = 6x486 =^18x162 = 54x 54 = 2916. 

(74.) 2d. In every geometrical progi^essionj the last term 
is equal to the first, m,ultiplied by, such a power of the 
ratio as is denoted by an exponent 1 lass than the number 
of terms. 

For example, in the progression, 

3 : 6 : 12 : 24 : 48 : 96 : 192. 

2< = 64 X 3 = 192, the seventh term, 

8 
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arithmetic. 
Examples. 



1. In a geometrical series, the first term is 3, the ratio 4 ; 

what is the sixth term ? 

45 = 1024 X 3 = 3072, the sixth term. 

2. In a geoinetrical series, the first term is 1, the ratio 3 ; 
what is the tenth term ? Ans. 19683. 

3. In a geometrical series, the first term is 4, the ratio 2 ; 
what is the 22d term? Ans. 8388608. 

4. If the first term be 64, and the ratio ^, what is the 9th 
term? Ans. t-sjt' 

(75.) 3d. The sum of a geometrical progression is equal 
to the product of the last term by the Tatio minus the first 
term,, divided by'the ratio less 1. 

Hence, the sum of the series ;• 

2 : 6 i 18 : 54 : 162 : 486 : 1458, 



. (1458x3)— 2 4374 — 2 _ 4372, _ 4372 _ 
^ 3 — 1 " 3 — 1 "^3—1 ~ 2 



= 2186. 



Examples. 

1. The last term of a geometrical progression is 729, the 
ratio 3, and the first term 1, what is the sum ? 

Ans. 1093.. 

2. The first term of a series is 2, the ratio 4, the number of 
terms 13 ; what is the sum ? Ans. 44739242. 

3. The first term of a series is 288, the ratio ^, the number 
of terms 10 ; required the sum. Ans. 431 f m. 

4. The first term of a progression is J, the ratio \, and the 
number of terms 7 ; what is the sum of the terms? 

Alia 5 4 8 1 

(76.) 4th. The ratio of any geometrical progression is 
equal to the difference between the sum, of the terms and 
the first term,, divided by the diff'erence betu>een this sum 
and the last term. 

The first term of a geometrical series is 2, the last term 
1458, and the sum of all the terms 2186 ; what is the ratio ? 

2186—2 _ 2184 _ o ,», . 
2186— 1458 ' rar ~ "^^ ^^^ '^^^' 
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Examples. 

1. The first term of a geometrical progression is 4, the laai 
term 62500, the number of terms 7 ; what is the ratio? 

Ans. 6. 

2. The first term of a geometrical prc^ression is ^, the last 

term -^-r , and the sum of the terms -;rr ; what is the ratio ? 
64 64 ' 

Ans. g. 



RULE OF THREE. 

{T7.) In any geometrical proportion, if three terms be 
given, the fourth can always be found ; for, if it be one of the 
extremes, it is equal to the product of the means divided b^ 
the other extreme. If the unknown term be a mean, it is 
equal to the product of the extremes divided by the other 
mean. This principle is the foundation of what is termed, 
in arithmetic, the Rule of Three.* 

Suppose it be required to find the fourth term of the pro- 
portion 12 : 4 = 18 : — . 

Putting X in the place of the unknown term, the proportion 

becomes 12 : 4 = 18 : or ; and since the product of the 

means is equal to the product of the extremes (05), we have 

12x^ = 18x4, or 12:ir = 72 ; and as 12 times x =3 72, itia 

' 72 
evident that 5;, the unknown term, is equal to -r^ j ory^^^of 78, 

that is, equal to 6. 

Again, let it be required to find the 3d term of the propor- 
tion 6 : 9 = z : 12 : we have as before, 

9x^ = 6x12, or9x:p = 72; 



* We shall now introduce an unknown quantity, denoted by a letter of tbe al> 
phabet, and perfonn upon it by means of tho sis^ of arithmetic, all the operatioiie 
which we should perform upon the number itself were it known. Suppose such 
a number be represented by the letter x, and it is required to multiply it by 5, we 
should indicate the multiplication, precisely in the same way, as if it were a num- 
ber to be pultiplied by 5. For the number we should write 5X1^ And for the 
mdmown quantity 5 X «, or simply 5 x, without the sini. Suppose 10 X 21 is to 
be divided by 2, the operation would be performed by dividing 10 by 2, and 
the lesult is 5 X 21. Were it 10 X « to be divided by 2, or simply lOx, the 
result would be 5 X a?« or 6a:. On the same principle,5 a -♦- 5 = 1«, or »\ and 

« ^ 8 =s |, written am a Iraction. 
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and dividing these equal quantities by 9, the quotients must be 

equal, and we have*, ^ = -^ = 8, the requited term. 

For another example, find the 2d term of the proportion 
12 ; a: = 9 : 36. 

9x:r = 12x36 
dividing by 9, 9 x a: = 432 

X = 48, the 2d term. 

In each of these examples, the unknown term might, by 
the changes allowed in proportions, have been put in the fourth 
place : 6 : 9 = or : 12, is the same as 9 : 6 = 12 : ar, and 
12 : ^ = 9 : 36, might be written 9 : 36 = 12 : :r. It is 
usual, in stating a proportion, to put the unknown term al- 
ways in the fourth place. '' 



Application of the Principles of Proportion, . 

(78.) In all questions which admit of solution by propor- 
tion, we have given, the ratio between two quantities, and one 
term of an equal ratio between two other quantities. 

Take for an example, the following problem : — 

What is the price of 4 yards of cloth, when 12 yards are 
gold for 18 dollars? 

Here the ratio is given between the length of the two 
pieces of cloth, and one term ©f the ratio of the corresponding 
prices; and it is evident that the ratio of the prices should be 
equal to the ratio of the lengths ; or, in other words, that if 
one piece is twice, three times, or four times as long as the 
other, the price should be twice, three times, or four times as 
great. In stating a proportion from this problem, we have 
only to put these ratios equal, and arrange them so that the 
unknown term may be the fourth. We have, therefore, as 
12 yards^is to4 yards, so is the price of 12 yards, namely, 18 
dollars, to the price of 4 yards ; or putting x for the unknown 
term, and writing it in the form of a proportion. 

12:4 = 18:^; 

12xz=z72 

72 
a? = Y^ = 6, the price of 4 yards. 

2. If 21 men build 18 feet of wall in a given time, bow 
many feet of wail will 31 men build in the same time 1 . 
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Here, the ratio between the number of men must, evidendy , 
be equal to the ratio between the quantities of work accom- 
plished, and the problem gives the proportion, 

men. men- feet. feet. 

21 : 31 = 18 : ar 

21ar = 18x31 = 558 

558 ^^ 
X = -^ = 26jf , the answer. 

Note. — In stating a proportion, it is necessary to observe, 
that as the known term of the second ratio is always put for the 
antecedent, the corresponding term of the first ratio must also 
be the antecedent. In the first example, 18, the known term 
of the second ratio corresponds to 12, the antecedent of the 
first ; 18 dollars being the price of 12 yards : and in the se- 
cond example, 18 and 21 correspond to each other ; 18 feet 
of wall being the work that 21 men will perform in the given 
ti^ie. 

3. If I buy 368,21 acres of land for 12020,25 dollars, and 
sell 112,5 acres of the same land at the same price per acrci 
how much am I to receive for it ? 

acres acres. dolls- dolUt. 

368,21 : 112,6 = 12020,25 : a; 

368,21 X — 112,5 X 12020,25 
368,21 X a: = 1352278,125 

1352278,125 „«.roK-r a 
^= 368,21 =3672,57. Abb. 

4. What is the wages of a man for 311 days, at 16 dollars 
per month of 30 days ? Ans. $165,866. 

5. How many yards of matting that is 3 feet broad 'will 
cover a floor that is 27 feet long and 20 feet broad ? 

Ans. 60, 

6. The joiirt stock of two merchants is 13,150 dollars ; they 
gain in trade .2600, what part of this belongs to A, whose 
capital is 8300 ? 

13150 r 8300 = 2600 : x. 
This proportion can be simplified by dividing the two first 
terms by 50(68),which gives, 263 : 166=2600 : x; a?=1641,06, 
the answer. 

8* 
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Inverse Proportion, 

(79.) duantkies arasaid to be in inverse proportion, when 
they are of such a nature that the ratio of any two of them 
diminishes, when the ratio of the other two increases. 

For exam pie; the greater the number of men engaged in 
a piece of work, the sooner it will be accomplished, and the 
faster a man travels, the less time will it Jake him to go a 
given number of miles. 

For an example of this kind of proportion, 

1. Let it be required to determine in what time 16 men 
will do a piece of work which 11 men can do in 24 days. 

Evidently, the more the men employed, the shorter the time^ 
and hence instead of stating the proportion, 

U : 16 = 24 :j:; 
the first ratio must be inverted, for since, from the nature of 
the pioblem, x must be less than 24, the consequent of the 
first ratio must be less than the antecedent, and the proportion 
must be written 16 : 11 = 24 : a:. Reducing this proportion 
. we find fi>r tlie foucth term x = 16 J. 
Take for another example ; 

2. Two men starting at the same time, walk a certain 
distance, A walks at the rate of 3 miles an hour, and arrives 
in 13 hours ; in what time will B arrive who walks A miles 
an hour ? 

4 : 3 = 13 : J7. . 

a; = 9| hours. 

3. An engineer having raised 100 yards of a certain work 
in 24 days, with 5 men ; how many must he employ to finish 
a like quantity of work in 15 days? Ans. 8. 

4. A garrison of 53S men have provision for 12 months ; 
how long will these provisions last if the garrison be increased 
toU24men? Ans. 1745^/r days. 

Promiscuous Examples. 

6. What is the interest of 275J dollars for a year at 5 J per 
cent? 

100 : 276i = 5i : :r. 

Reducing the fractions to decimals, 

100 : 275,75 = 5,26 : x. 
Dividing the first ratio by 25, 

4 : 11,03 = 6,25 : ;r. ^:i=: 14,47a8r6. 
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6. What length must be cut off a board 7f inches wide to 
contain a square foot? Ans. 18^f. 

7. A wall that is to be built to the height of 36 feet, was 
raised 9 feet by 16 men in 6 days ; how n^Any men must be 
employed to finish it in 4 days at the same rate of working ? 

Ans. 72. 

8. The circumference of the eartli is about 24877 miles ; 
at what rate per hour is a person at the equator carried rounds 
one whole revolution being made in 23 hours 56 minutes ? 

Ans. 1039if f miles. 



COMPOUND PROPORTION. 

(80.) A required quantity may be so related to other quan- 
tities, that in order to determine it, we are under the necessity 
of making use of two or more proportions. The following is 
a question of this kind : — 

If the wages of 4 men, for 7 days, be 42 dollars, what will 
be the wages of 14 men for l^days ? J * 

This question involves two proportions. Allowing the same 
number of men, the wages must be proportional to the num- 
ber of days. This gives the proportion ; 

days. days. 

7 : 10 = 42 : a: 

7x^ = 420 

X = -=- = 60, the wages of 4 men 

for 10 days. In the" next place, the wages must be propor- 
tional to the number of men employed ; and from this con- 
dition we have the proportion, 

men. men. dolls. 

4 : 14 = 60 : or 

4X3: = 840 

840 j,,^ . 
X = T- = 210, the answer. 
4 

(81.) This method may be abbreviated by the following 

Rule. 

Place thai quantity which is of the same kind as th% 
required quantity^ in the 3d term of a proportion^ and ^ 
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to denote the unknown term, in the Ath. Arrange above 
one another the several given ratiosy according as they 
may he direct or inverse when compared with the ratio of 
the 3rf term to the required term. Multiply these ratios 
together, term by term, continually. The result will be 
a simple proportion, which reduced, gives the answer. 

For an example, take the. preceding problem ] 42 : s will 
be the second ratio. The given ratios are, 1st, the ratio of 

days. days. 

the time, which is 7 : 10 ; 2d, the ratio of the number of 
' men, which is 4 : 14. Arranging these according to the rule, 
we have , 

4 : 14 ) 

Multiplying term by term, 

the first ratios give 28 : 140 = 42 : :r. 

Dividing the first ratio of this last proportion by 28, we 
have (68), 

1 : 5 = 42 : a:, 
. whence,' x = 210, the answer. 

■ Take for another example,* the following, in, which several 
ratios are given, some direct, and some inverse. 

If 180 men, in 6 days, when the days are 10 hours long, 
can dig a trench 200 yards long, 3 wide, and 2 deep ; in how 
many days of 8 hours long, will 100 men dig a trench 360 
yards long, 4 wide, and 3 deep ? 

f"No. of men inverse, 100 : 180^ 

I length ofthe trench direct, 200 : 360 
Ratio of the*^ width of the trench direct^ 3 : 4 
I depth of the trench direct, 2 : 3 
\^ length of the days inverse, 8 : 10 ^ 

Multiplying according to the rule, 96000 : 777600 = 6 : x. 

By dividing both terms of the first ratio of this last propor- 
tion by 1200, we have, 

80 : 648 = 6 : X. 
Dividing antecedenta by 2, 

40 f 648 =:2:x 
or, 40xiP = 1944 

T = . Q- =: 48,6 days, the ans. 



>. = 6 : r. 
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Note. — The first ratios may be reduced before multiplica- 
tion, by dividing their terms by the same numl)er ; or since 
the two vertical columns, by tl^e successive multiplication of 
their terms form a single ratio, we may divide by any num- 
ber that will divide one term in each column, whether these 
terms belong to the same ratio or not. Reduced according 
to these principles, the foregoing example becomes, 



5:9 
1 :9 
1 :1 
1 :1 
2: 1 



> = & : X 



10 : 81 — 6 : :ir 
or, 5 : 81 = 3 : a: 

whence, &xx = 243 

243 
and, ar = -g- = 48f , or 48,6. 

(82.) It will be observed in the first of the foregoing ex- 
amples, that the answer or fourth term of the first proportion, is 
made the third of the second ; and if the problem was of such 
a nature as to require another proportion, the fourth term of the 
second would be the third term of thie next, and so on. To 
demonstrate the rule, therefore, it is only necessary to show, 
that in a*ny series of proportions having this property, viz. that 
the 4th term of one becomes the third term of the next ; the 
product of the first terms, will be to the product of the second 
terms, as the third term of the first proportion, is to the fourth 
term of the last. 

To prove this, take first the numerical proportions, 

2:4 = 3:6 

and 5 : 10 = 6 : 12. 

Multiplying these proportions term by term, we have, 

5x2:4x10 = 3x6:12x6; 

and dividing the second ratio of this last proportion by 6, wa 
obtain 

5x2:4x10 = 3: 12. 



90 ARITHMETIC. 

Again, take the proportion 9 : 3 = 12 : 4, and multiply 
the last proportion by it, term by term, we shall have 

5x2x9:4x10x3 = 3x12:4x12 

dividing the last ratio by 12, we have, 

5x2x9:4x10x3 = 3:4. 

^Multiplying by the proportion 16 : 20 = 4 : 5, and dividing 
the last ratio by 4, we have, 

5x2x9x16:4x10x3x20=5:5. 

Thus we might proceed with any number of proportions, for 
if the principle be true of two .proportions, it must also be true 
of three, since the first two can be reduced to one, and compared 
with the third. If true of three, it must, for a like reason, be 
true of four, and so on. 

To make this dqmonstration general, suppose we have, 

a : ft = c : rf, 

e:/=rf:g, 

h : i=zg : ly 

m : n=il : o,we shall always have, 

axexkxm: bxfxixn=ic : o. 

For multiplying the first two proportions, term by terni, we 
have, 

axe:bxf=^cxd: dxg 

and dividing the second ratio by rf, 

axe : bxf=c : g. 

Multiplying this proportion by the third, and dividing the last 
ratio by g, we have, * 

axexh: bxfxi = cxl 

Multiplying by the fourth, and dividing the last ratio by I, 
we obtain the result, 

axexhxm : bxfxixn=: c : o. 

By proceeding in the sanu3 manner with any number of 
proportions, we should evidently obtain a like result. This is 
the same as taking the products of all the proportions which 
will give the same result. ' Taking the products of all the 
proportions, term by term, we have, 

axexhxm: bxfxixn = cxdxgxl: dxgxlxo; 

f 
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and divididg the last ratio by dxgxl,we have as before, 
axexhxm: bx/xixn=zc : o. 

Examples for Practice. 

1. If a footman travel 130 niiles in 3 days when the days 
are 12 hours long, in how many days of 10 hours each, may 
he travel 360 milea? Ans. 9|| days. 

2. If 100 dollars, in one year, gftin 5 dollars interest^ what 
will be the interest of 750 dollars for 7 years ? 

Ans. 262,60. 

3. The interest of 2400 dollars for 5 years, at 6 per cent, is 
720 dollars ; at what rate of interest will 3000 dollars produce >• 
816 dollars in 4 years. Ans, 6| per cent. 

4. If 60 men can build 160 feet of wall, 6 feet thick, and 

8 feet high in 6 days of 8 hours each, how many feet of wall 

4 feet thick, and 6 feet high, will 25 men build in 7 days, each ,y.^^ 

9 hours long? Ans. 185 feet. //^ 

General Application of the Principles of Proportion. 

(83.) 1. A sum of money is divided between two persons, 
so that the ratio of their shares is as 7 to 8, but the share of 
the one exceeds that of the other by $21 ; what was the- 
amount of the whole sum, and each of the shares ? 

Let X represent the share of the first ; 'then, since the other 
share exceeds it by $21, it will be a: + 21 ; then by the con- 
ditions of the question, we shall have the proportion, 

^ 8: 7 = 0? + 21 : a?. 

Then, by subtracting consequents from anteceSents, and com 
paring with consequents, we have {69), 

8 — 7:7 = x + 2l — x:x,^ 

or, 1 : 7 = 21 : x, 

whence, x = 147, the share of the first 

147+21=168, the other share, and 147+168 = 315, the sum. 

2. Two persons^ A and B, travel the same road, A has 29 
miles the start, and travds 3| miles an hour ; B travels 4^ 
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miles an hour ; how many miles must B travel before he 

overtakes A ? 

Let X be the distance that B travels ; then the distance 
that A travels before B overtakes him will be x — 29. But 
the distances must be proportional to the rate of traVeUing, 
hence, 

^:^=:x:x — 2% 

13 15 OQ 

Reducing the fractions of the first ratio to a common denomi- 
nator, the proportion becomes, 

52 45 ^^ 

12 • 12 

Multiplying the first ratio by 12 (67), we have, 

52:45 = a:!a? — 29. 

'Comparing the difference of antecedents and consequents 
with the antecedents, the proportion becomes (69), 

52 — 45 : 52 = a?-^a? + 29 : x, 
or, 7: 52 = 29: a?, 

whence, 7 X a? =1508, 

- 1508 r^^,^„ 1 

and, «= — y- = 215^, the answer. 

3. Two numbers have such a relation to each other, that 
if 4 be added to each, they will be to each other as 3 to 4 ; 
and if 4 be subtracted from each, they will be to each other as 
1 to 4. What are the numbers ? 

Let X be on^ of the numbers, and y the other, then we shall 
have the proportions, 

a? + 4:y + 4 = 3:4, 

and, X — 4:yT— 4 = 1:4. 

Taking the fiist proportion and comparing the antecedents 
with the difference of the antecedents and consequents, we 
have (69), 

a? + 4:y + 4 — x — 4 = 3:1 

or, « + 4:y — a: = 3:l. 
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Prom the second, bj a Uke ^ocees^ wo obCaini 

« — 4 : y— 4— a? + 4=l : 3, 
or, X — 4:y — «=1:3. 

And dividing these results, term by -term, we have (70), 

a? + 4 ^ 3 1 
X— 4-^ — 1 • 3' 

Multiplying the first ratio by a: — 4, and the second by 3 (67), 
we have, 

x + 4k : X — 4 = 9 : 1. 

And comparing the sura and difference of antecedents and 
tJonsequents (69), . ^ 

« + 4_a?4-4:aj + 4 + a; — 4 = 8: 10. 
Reducing 8 : 2 a: = 4 : 6. • 

Dividing the antecedents by 4^ 

2:2tc = 1:5- 

Dividing the first ratio by 2, 

I : a?=:l : 5; 
wherefore, a? = 5. 

To find the value of y, put this value of « in the first pro* 
portion ; it wiQ then become, 

5 + 4:y + 4 = 3:4, 

or, 9:y + 4 = 3:4. 

Changing extremes, 4 : y -p4 = 3 : 9, 

and, 4:y + 4— 4 = 3:6, 

or, 4 : y=3 : 6 

4:y = l:2, 

whence, y=8. 

The numbers are therefore 6 and 8. 

The sum of the- two numbers, and their difference, are to 
each other in the ratio of 4 to 1, and their difference is to, 
their product in the ratio of 1 to 15. Required the numbers, 

■um. diiCi 

« + y:* — y = 4:l 

* — y :«Xy=:l : 16* 
9 



« 
* 
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From the first proportion we obtain (69) 

x + y — JB + y :x + y+x — y=:3 : 6 
or, 2y:2»=3:6 

y : a;=3 : 6 
y:a:^y=3:2(69), 
or, a — y iry=2: 3(66). 

Then dividing the secoild proportion by this last, 

X — y ^ XX J/ 1 , 15 

X — y ' y 2*3 

l:a?=J:6 

l:a?=l:10 

a;= 10, the greater number. 

To find Pf we take the proportion, I 

y : a?=3 : 5, 

or, y : 10 = 3 : 5 

y :2 = 3:1 

y=6| the less number. 
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CHAPTER I. 



DEFINITIONS. NOTATION, AND ALGEBRAIC OPERATIONS. 



DEFINITIONS AND NOTATION. 

(1.) Algebra is that branch of mathematics, in which 
the letters of the alphabet, and other symbols are used, for 
the purpose of abridging and generalizing the reasoning re- 
quired in the resolution of questions relating to numbers. 

In the solution of algebraic problems, there are always cer- 
tain quantities whose values are known, froni which known 
quantities, it is proposed to determine others which are un- 
known ; and it is usual to express known quantities by the 
first letters of the alphabet, as a, b, c, <f, &,c., and unknown 
quantities by the last, as a:, y^ z, t, u, &c. i 

The signs which denote algebraic operations and conditional 
are the same as in arithmetic, with the addition of the fol- 
lowing : — 

The sign of inequality^ >, which is used to denote that one 
quantity is greater than another. The opening of the sign is 
edways put towards the greater quantity, thus a> 6 signifies 
that a is greater than 6, and a<6 shows that a is less 
than 6. 

When quantities multiplied together, are represented by 
letters, the sign of multiplication is omitted. Thus, axbxc 
is written a,b,c: but when numbers are used, the sign is re- 
taidedy for 5 x 6 is a very different thing from 66, on account 
of the local value of the figures. 

For division, the sign r, or writing the numbers in a fr ac 

tional form with the divisor beneathi is miost commonly used. 
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The coefficient is a number written before a letter, to denote 
how many times this letter i^ taken in the expression, or how 
many times -f one, the quantity it expresses is added to itself. 
Instead of writing a + ft + a + a? we write 4 a, to denote that 
a is taken 4 times ; or which is the same thing added to itself 

3 times : ab -^ab + ab, is the same as 3ab ; 'abc + abc is 

the same as 2a6c, and Va + Va is the same as 2Va. 
When no coefficient is written, 1 is always understood. 

The exponent is a number written to the right of a letter, 
and a little above, to denote the number of times it is taken 
as a factor ; or how many times + one it is multiplied by 
itself. Instead of writing axaxaxaxa^ or aaaaa, we 
write a®, which is read a^ fifth 'power ^ and signifies that a is a 
fiictor 5 times in tlie quantity ; or that It is multiplied by itself 

4 times. When no exponent is written, 1 is always under- 
stood. 

(2.) Every quantity written with algebraic signs, is called 
an algebraic quantity. Thus, 3a, 3a* — 6, 46*c* — a®, and 
6 j — 2c + a are algebraic quantities. * ' 

When an algebraic quantity is not connected \ijth any 
other by the sign of addition or subtraction, it is called a mxh 
nomial : 3a, 26^, and 3c are monomials. 

When it consists of 4wo terms, it is a binomial^ as 3a — 6, 
4a' + 6«. 

When it consists of three or more terms, it is Called a palp- 
nomial. 

The i}nmerical value of aij algebraic expression, is the 
number which would be obtained by giving to each letter that . 
enters into it, its particular numerical value. Thus, the nu- 
merical value of the expression 3a + 26, if we suppose a = 4, 
and6 = 7, is 3x4+2x7, or 12 + 14=26, Onthesame 
supposition, 4a' — 6* + 2ab is equal to 

4x4« — 7« +2x4x7=64 — 49 + 56 = 71. 

The numerical value of a polynomial is not altered by chang- 
ing the places of its terms. Thus, 

4a* + b — 3a*c — ft* + ITabc, is the same as 
17aftc — 3a«c + ft + 4a* — ft'*. 

In any polynomial, the terms which have the sign + be- 
fore them are called additive terms, and those -which have the 
flign — J subtractive terms ; when no sign is written, + is al- 
ways understood. Additive terms are sometimes called posir 
tivBf and subtractive terms^ negative <]iuaptitiea, 
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The number of literal factors which enter into any term, is 
the degree of that terra ; ab is of the second degree^ a^b of 
the third, ab^c^ of the fifth. In general, tlie degree of an 
algebraic terra is found by taking the sura of the exponents 
of the letters which enter into that terra. An algebraic quan- 
tity which has all its terras of the same degree, is said to be 
homogeneous: 4a® + 2a*6^ — 3abc^ + b*Cj is therefore ho- 
mogeneous, and of the 5th degree. 

Similar tentis are those which contain the same letters in 
the same powers, 2c^b and 5a^6 are sirailar. But, 3a6^ 
and 3a& are not similar terms, for the letters, although the 
same, are not in the same power. 

If an algebraic quantity contain sirailar terms, it may be 
simplified or reduced. Thus, the quantity 7a^b^ — 4a'6* 
is evidently equal to 3a^6' ; 2ab -f- 6a& is equal to Sab ; 
and 16a«6 — 853 + 86»+8a«6 — 21a«6 + 3c« is equal to 
3a«6 + 3c2 ; since l^a^b + 8a«6 = 24a«6, and 24a«6 
— 2la''b = 2a^b. 

A parenthesis ( ), indicates that whatever arithmetical ope- 
rations are. pecformed upon one of the letters contained with- 
in it, are to be performed upon the whole: thus, (a — 6)xc 
shows that both a and 6 are to be multiplied by c ; a — (6 + c) 
shows that b and c are both to be taken from a ; (a -f- 6 + c) 
{d + e) ignifies that a + b + c is to be multiplied by rf -f c; 

(c c'\ 
r 1 indicates that a + ftj 

abc^ and , are to be raised to their 2d, 3d and 4th 

b a 

powers, respectively. A vinculum or bar drawn over any 
number of letters, indicates the same as a parenthesis ; thus, 

Vq. +x indicates the square root of the sum of a and Xy 

Va — x^ the square root of the diflference of a and x> 

(3.) The following practical rules and exercises in alge- 
braic notation will be of great use to the pupil before proceed- 
ing farther. , 

To write a^ quantity algebraically, express by means of 
algebraic symbols all the arithmetical operations and con 
diiions belonging to that quantity. 

9* 



z' 
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EXAMPI^S. 

I. From the difference of the products of three times a 
multiplied by b, and 4 times a multiplied by the third power 
of c, subtract the quotient of b divided by c. 

3^6 — 4ac' is the algebraic expression. 



2. Write the following in algebraic language : — 4 times 
the square root of the difference of a and c, added to the sum 
of twice a of the second power and b of the third power, is 
equal to ^ the cube root of the fifth power of a, added to the 
third power of c. 

Ans. 4l/a — c + 2a? + 6«== ^Va^+cK 

" 3. Express in algebraic language, the quotient of 8 times 
the product of a and s subtracted from 9 times a of the third 
power multiplied by b of the second jx)wer, divided by the dif- 
ference between a* and a. 

9a»6« — Sax 

Ans. ; . 

a* — a 

4. Write the following : — 

6 a diminished by Xj the difference increased by the square 
root of 2 a*, diminished by the cube root of 16, is equal to 
twice the product of 3 a' by fe«, diminished by tho, cflkotient of 
«21, divided by the square root of 6. 

8 _ 21 

Ans. 6a— x+ V2a*— Vl6 = 6a»i« — -"i^' 

VD 

5. Write the difference between the square root of the sum 
of the squares of a and 6^ and the square root of the differ- 
ence of the squares of a and 6. 

Ans. Va« + 6« -— Va*— 6«, 

To find the value of an algebraic quantity* 

(4.) Substitute the numbers which the letters represent^ 
and perforfn upon them all the arithmetical opercLtums in^ 
dicated. 

Examples* 

1. Let a=6, ft=6, e=4, and<l=l, then w3I 
a»—2a6+c—3rf=6»— 2x6x6+4— 3x1 
ss:216— 60 + 4— 3=157, the numerical value. 
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2. The nomerical value of 

o»+3a6—c*=36+90— 16=110. 

4. " « V2ac + c*= V64 = 8. A/l*^^ 
6. " " v6'>—ac + V2ac + d' = 3. 
6. " « 9a6 — i06''+c=16.fe/^;V>i^. 

2a— V6* + ac 

Let a=8, 6=; 4, c=2and<2=^. 
Find the numerical value of 

8. a « VeF+ 3a6« + -^ 

Ans. 1656. 

9. « M (a'-6*)x(c«-fP) c*+(4d)« 

Sabcd abc 

'AD8. 1. 

10. « « (26»^ — Va") X -|^ — 2d*. 

Ana. 63f 

a/" " ^-^3 v/4^+116c»— ^. 

Ans. 90^. 

To reduce the similar terms of an algebraic expression to 

a single term. 

(6.) Add together the coefficients of all the culditive 
quantities.^ and also the coefficients of the subtr active quanr 
iitieSf and take the difference between the sums : affect this 
difference with the sign which belonged to the greatest 
sum : this difference, written before the letters common to 
all the similar terms, will be the single term required. 

Examples. 

1. Reduce 12a»6« — 3a6» — 2a»6« — 6« V — 4a6» + 2ai» 
-h a^V. In this example we have 4 terms containing 
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the letters a^b^, the same letters and the same powers of 
these letters. Two of these terms are additive, and two sub- 
tractive. The sum of the coefficients of the additive terms 
12a'fe* and a^b^, is 13. The sum of the coefficients of the 
subtractive terras 2a^b^ and 6a^fe*, is 8 ; the difference of 
the sums is 5 ; and since the sum of the additive terms is 
greatest, the single term will have the sign -{-> and is 5a^b\ 
There are also in this example, other terms, containing the 
literal quantity ab\ These, reduced by the same rule, give 

— 5ab\ because the coefficients of the subtractive terms ex- 
ceed those of tlie additive terms. The expression reduced 
becomes 5a^b^ — Bab^. * 

2. Reduce 4a«6 — 8a^b — 9a^b + lla*6. 

Ans. — 2a^b. 

3. Reduce 7abc^ — abc^ — 7ubc^—9abc^ + 6ab<^. 

Ans. — 3a6c% 

4. Reduce 4a*c — 66« + 18a*c — 96'^— 13a«c + 116» 

— I6a'b^ + b*. 

Ans. 9a«c — 46» — 16a»6«+6*. 

6. Reduce a« + a«6 + a6» — a'b — ab* — b\ 

Ans. a' — 6". 

6. Reduce 10a* — I5a^x + 20aV — 12a^x -f ISa'^a^ 
— 24a«« — 4aV + 6ax^ r— &c*. ' * 

Ans. 10a* — 27a3« + 34<4««« — 18a«»— ac*. 



ADDITION OF ALGEBRAIC QUANTITIES. 

Rule. 

(6,) Write down the quantities with their proper signs 
and reduce similar terms, 

EXAIIP^ES. 

1. Fmd the sum of 3a«6-^46» +6ic»— 8a% and56» + 
9a«c + 4a*6 — 106c«. 
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The sum is 3a»ft — 4J» + 66c» — 8a»c + 56» +9a\c + 
4a«6 — 106c«. 

Reducing we have, 7a" 6 + ft' + a*c — 46c". 

Note. — It is convenient, in finding the sum of several po- 
lynomials, to write the similar terms one above another, as in 
the following example : — 

2. Add together 15 a" — 86"c + 32a^c^ — 126c, 196"c— 
4a»+ lla2c»+26c,a«.— 29a"c3 — 126"c + 56c, and ^a'c^" 
" — 146c + 62c. 

15aa_ 862c + 32a"c3 — 126c 

— 4a" + 1962c + lla^c' + 26c 

a"— 1262c— 29a2c'+ 56c 

+Jf^c + 9a^c^—Ubc 



12a2 • * +23a2c3 — 196c, the ans. 

3. What is the sum of Gab + 126c — 8crf, 3crf — 7ab — 96c 
and 12crf — 2a6 — 56c ? 

Ans. 7cd — 3a6 — 26c. 

4. What is the sum of 5\/«6'— 7\/6c + 8rf, 3Va^+ 
S Vbc — 12d and 7 Vab + 3 V6c + 9d 1 

Ans. 15 Vab + A Vbc + 6d. 

5. What is the sum of 2a2 + 3ab}+ Sc"" + d^'joa^ — lab 
+ 5c2 — d^ and 4a6 — 2a2 + 3c2 + 30 ? 

Ans. 5a2+16c2+30. 

6. What is the sum of 2a2— 3a6 + 26^— 3a2, 36' — 2a2 
+ a«— 5c^ 4c3— 263+5a6 + 100 and 20a6 + IGa"— 6c— 8? 

Ans. 13a2 + 22a6 + 36^ + a» — c^ + 92 — 6c. 

8. What is. the sum of 

3a2-|-9 + Vi — 4 
2a — 8 + 2a2— 3a; 
4ra_2a2+18 — 7 
a— 12 — 3a?2_2y 

Ans. 3a2 +3a+«2 — 3r — 2y— 4+ v£ 
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What is the sum of lAax — 2«*, 5ax — 3ay, 8y^ — 4a« and 

Ans. I6ax -f-x^ —Sxtz + St/^ + 26. 

Addition in algebra does not exactly correspond to. addition 
in arithmetic. The operation sometimes includes both ad- 
dition and subtraction ; though in fact, it is only taking the 
sum of two quantities. Suppose it be required to add together 
the sum of 3a^b and 2b^j and Aa^b, diminished by 2bc. 
The first quantity would be written 3a^b + 2b^ ; adding to 
this ia^b, we have, 3a^b + ^b^ +4a^6; but this quantity 
is too large, since 4a^6 was to be diminished by 2ftc; we 
have, therefore, to subtract 26c from the sum, which gives 
3a^6 + 2ft^+ 4ta^b — 2bc, or by reducing, 7aH +26»— 2fcc. 
This operation is in fact addition, though we both add and 
subtract; inasmuch as da^fi — 24c is an expression for the 
difierence of two quantities, which^difference was to be added to 
another quantity. Suppose a = 2, 5 = 4 and c = l : then 
3a^b + 2b^d^80, and 4a2A — 2i6c=56, and the sum of 
the numerical values, is 136. But if c have such a value that 
2ic > 4tabj the algebfaic addition of two quantities, corres- 
ponds to the subtraction of the numerical values. For, if we 
suppose c=9, the other values remaining the same,4a^j6 — 2bc 
= 64 — 72 = — 8 ; and hence, 81) — 8 would be the nu- 
merical value of the algebraic sum, corresponding to an arith- 
metical difference. 

This is the same as adding a subtractive quantity to an 
additive quantity. It is in effect subtraction. For example ; 
adding — 6 to a gives a — A, a quantity evidently less thau*a. 



SUBTRACTION OF ALGEBRAIC QUANTITIES. 

Rule. 

(7.) Change all the signs of the quantity to be sub- 
tracted, and then proceed as in addition, reducmg similar 
terms to a single term,. 

' Suppose it be required to take 3a^ + 3b from 16ai6 : it is 
evident that the signs of 3a^ -f 35 are both to be changed ; 
for if we take awdy 3a^, it will give for a remainder 
16ai^ — 3a^, but we have 36 also to take away from this 
remainder; since it was the sum of 3a^ and 3£, that was to 
be taken from 16a6" ; and this gives 1606^ — 3a* — 36. 
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Let it be required to subtract 3a • — 3b from 16ai«. 
Here it will be observed, that if we take 3a* from 16a5», 
the remainder will be too small ^ by ,35 ; for the expression 
3a* — 3b shows that 3a^ is to be diminished by 3b before 
it is taken from 16ab^ ; 36 added to this remainder, will 
therefore give the true remainder. 

This will evidently hold true whatever be the number of 
subtractive terms in the polynomial, since, in taking away 
the additive terms, we take away too much by the sum of all 
the subtractive terms, and hence, these must be added to the 
result. 

Examples. 

1. From 12a' — 26c + 3c, take 6a' + 4Bc — 2c», 

Remainder, 6a' — 6bc + 3c + 2c*. 

2. From I3a*ft' + 11a — 5a* + 6A, 
Take 7a— 5a* + 66 — 10a*i'. 

Remainder, 23a* fi' +4ak 

3. From3a + i + c— d— 10, 

Takec + 2a — d. 

Remainder, a + 6 — 10. 

4. Prom 3a+i + c— rf— 10, 
Take i — 19 + 3a. 

Remainder, c — d + 9. 

5. From 2ab +** —Ac + bc — b, 

Take 3a*— c+A^ 

Remainder, 2ai6 — 3c + ic — 3a* — b. 

6. Froma' + 3i*c + ai* — aAc, 
Take 5* + aA* — aic. 

Remainder, a' + 3A*c — i6*. 

7. Froml2a: + 6a— 4i6+40, 
Take 45— 3a +4ar + 6d — 10. 

Remainder, 8a? + 9a-^8i — 6d + 60. 

8. From'2« — 3a + 4A— 16, 
Take 7« — 4A + 3a — 16. 

Remainder, — 6a? — 6a + 8i. 
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9. Prom6a«5 + 768_aai«, 
Take 13a^b + l7b^ — 2la^bK 

Remainder, 20a^b' —Ja^h — 10 fc«. 
Prom27ax + 2163a? — 3a6 + 4&3a?3 +16afta +211, 
Take 19aj? — 2¥x+ Gab + ib^x^ + ITab^—. 1. 

(8.) Note. — ^Wheii one quantity is to be subtracted from 
another, the operation is sometinies indicated by writing this 
quantity incKided in a parenthesis, after the other, with the' 
sign — before it, without changing the signs. Thus, 
6a' — {7a^ +3ab — c) indicates that 7a^ -f Sab — c is to be 
subtracted from 6a\ If the parenthesis be removed, the 
signs must be changed, since, in that case, the subtraction is 
actually performed. The quantity above would then become 

6a» — 7a^— 3a6+c. 

On this principle, polynomials may be made to undergo 
many transformations by including a number of terms in pa- 
rentheses, changing their signs, and writing the sign — before 
them. 

Thus, 6a» — 7a^ —3ab + c — 2ab^ , 

may be written, Ga' — {7a^ + 3ab — c + 2ab^ ), 

or, 6a' — 7a» — (3a6 — c + 2a6^ ), 

or, 6a' — 7a^ _ 3a& — (— c + 2ab' ). 

By changing the order of the terms, we might have 

c -^ 7a5 + 6a' — 2aft^ — 3a6, 

which might again be subjected to a Series of* transformations, 
different from the former. 

Let the pupil exercise himself in these transformations by 
writing the following polynomials in as many different forms 
as possible. 

16a' -j- bc^ —3a — 4bc + ab. 

12a — 2& + 3ac* — 4a + c. 
19a2_36a4.7ft_i7a62 

a — b + 2d — c + a6. 

(9.) Subtraction in algebra, does not always imply dimi- 
nution, for if we take b — c from a, we shall Jjave for a re- 
mainder, a — b + c. Now, if c be greater than 6, the ex- 
pression a — b + cia evidently greater than a. But when c 
is greater than 6, thfe quantity b — t^ is a subtraotiv^ quantity ; 
for, is w6 give b and c numarictl values agreeing with thb 
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supposition, for example, 6=6, and c = 8, we shall ha^ for 
the value of 6 — c, 6 — 8 = — 2. Let d be the difference be- 
tween b and c, and let c be the greatest, then b — c = — c^ 
and — 6 4- c == d, and hence, a — b +« = a + d (by putting 
d in the place of its equal — 6 + c)f but a — 6 + c results from 
the subtraction of b — c= — d from a; hence, — d being 
subtracted from a, the result is a + e/, by which it will be 
seen, that the subtraction of a subtractive quantity, is the 
same as the addition of an additive one. 

The ^ign — ^ before a monomial, shows that it is to be sub- 
tracted from some other quantity, and is easily understood 
when the monomial is preceded by a quantity greater than 
itself. But when this is not the case, or the subtractive quan- 
tity stands alone, as in the expressions — 6 and — 6. It 
may be well to inquire how it has been derived, and what is 
to be understood by it. 

To illustrate this by numbers, let 5 be subtracted succes- 
sively from 15; we shall have, 15-^5=10, 10 — 5 = 5, 
'5-^5=0, and here the actual subtraction must stop, for the 
number 5, considered as the expression of a real quantity, 
cannot be taken from nothing. But, by means of the alge- 
braic sign, we carry the subtraction still farther, and taking 5 
from 0, we have for the result of the next subtractiqn, — 5, 
or simply, — 5. 

From the manner in which — 5 has been derived, it is 
sometimes called a quantity less than nothing. But as no 
quantity can be essentially less than nothing, it is better 
to consider it only with reference to its algebraic sign, that is, 
such a quantity as is always to be subtracted whenever con- 
nected with other quantities, and which becomes 0, by the ad- 
dition of an equal additive quantity. 

Moreover, it is evident, that no error can arise from the in- 
troduction of such quantities into algebraic operations, in- 
asmuch as their relation to other quantities may always be 
known : thus, — 5 is such a quantity, that + 5 being added 
to it, the sura will be ; and as four successive subtractions of 
5 from 15 give — 5, so four successive additions of 5 to — 5, 
will reproduce the number 15. 

Subtractive quantities are often used to express conditions, 
or relations, opposite to those expressed by additive quantities. 
Thus, if we express a man's property in additive numbers, we 
can represent his debts by subtractive ones ; for instance, if 
he have property worth $500, and owes $400, he is worth 
500 — 400 = 100 dollars ; but if he owes |600, he is worth 

10 
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600 — 600 = — 100 dollars, and may ia some sense be said 
to be worth $100 less than nothing ; for if he were worth 
$100 more, the value of his property would be nothing. 

For another illustrationf, we might express a man's incomie 
by additive numbers, and his expenses by subtractive num- 
bers. For, if we would know how much is added to his 
capital in a given time, we should subtract his expenditures 
from his^income. If we suppose the latter $1000, and the for- 
mer $900, there would be 1000 — 900= 100 dollars to be 
added to his capital ; but if his expenditures were 1 100, we 
should have 1000—110)=;— 100 j or 100 dollars to be 
subtracted from his capital. ^ 



^f» 



. MULTIPLICATION OF ALGEBRAIC QUANTITIES. 

multiplication op monomials. 

Rule. 

( 10.) Multiply the coefficients together^ and write after 
their product all the letters which are common to both mul- 
tiplier and multiplicand, affecting each letter with an ex- 
ponent equal to the sum,, of the exponents of this letter in 
both factors. Letters not common to both factors, are to 
be written in the product with the sam,^ exponents with 
which they were affected in the factor to which they be^ 
longeSj 

The reason for this rule will be evident from the principle 
laid down in arithmetic, that the product of one number by 
another may be obtained by multiplying it successively by all 
the factors of the multiplier (Arith. 10). For, let it be re- 
quired to multiply 3a^b^ by Sab^c, Uy multiplying the co- 
efficients together, we multiply by the fsfctor 8, and we in- 
dicate the multiplication by each of the literal factors of the 
multiplier by writing them after, or with those of the multi- 
plicand. As regards the exponents, let it be remarked, that 
3a^h^ is the same as Saaabb, and 8ab^c is the same as 
8abbbc] and, as has been shown, the product of these two 
quantities will be 2iaaaabbbbbc ; or, since aaaa is equiva- 
lent to a^ and bbbbb to b^, the product may be written 24a^6®c, 
which is evidently the same result as would be obtained by 
adding the exponents according Oo the rule. 
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EXAMPXSS, 

1. Multiply ISa'h^c by 2ab. Prod, 2^a'b*c, 
. 2. Multiply 19a^bcx by 7a'b(^. Prod. IdSa'b^'c'x. 
a Multiply 72b'c^x by ^a'bd'xK Prod! 18a'6V:r^ 

4. Mijltiply 9a^x by 4jr. Prod. 38a«2-«. 

5. Multiply IZa'fe^c' by 7ac. Prod. Il9a'b^c*. 

. 6. Multiply II a^feV by 10a5ft«c^ Prod. Il0a''b''c'\ 

7. Multiply 1216 V:r by 6a*fea:y^ Prod. 605a*6VarY- 

8. Multiply 77a^c^ by 61a*i. Prod. A697a'bcx*. 

9. Multiply 11 7a6Vjr by 2a362c. Prod. 23ia'b*c*a:. 

10. Multiply a^b^cx"" by i^cir. Prod. a'b'd'xK 

11. Multiply 7a^:ry by 2ac'ar. Prod. 14aV:rV 

12. Multiply 5a6:ry by a*6^y. Prod, ^a^b^xy^. 

13. .Multiply 15aV6i:yby9a3c6 y. Prod. 135 a^c^b'xy\ 

MULTIPLICATION OF POLYNOMIALS. 

IluL£. 

(11.) Multiply all the terms (^ the multiplitand by each 
term of the multiplier separately, observing that the pro- 
duct of any two term^s which have like signs^ that is, both 
+, or both — , m^ust be affected with the sign +, and the 
product of any two term^ having unlike signs, that is' one 
+, and the other — , m^ust be affected toith the sign — . 
The sum of all these partial products will be the product 
of the given polynomials. 

r. Let it be required to multiply « + ft +/ by c + rf. The 
multiplication is indicated by writing the quantities in the 
following manner, {a + b +/) (c + d). 

Now, in multiplication, we propose to repeat the multipli- 
cand as many times asxthere are units in the multiplier ; and 
hence, in this example, we are to repeat a + ft +/ as many 
times as there are units in c + rf. • 

By taking each term c times, we repeat the multiplicand 
as many times^s there are units in c: this gives ac + ftc+/c. 
In like manner repeating it d times, we obtain, ad -H bd +fd. 
Now, since the multiplicand was to be repeated c + <^ times, 
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it is evident, that (^he eum of these two partial products will 
be the whole product, and we have, 

(a + 6 +f) ic + d) = ac+bc '\^fc + arf + 6d! +/d. . 

Hence it is evident, that to multiply polynomials, all the 
terms of which are additive, we are only to multiply all the 
terms of the multiplicand by each term of the multiplier, and 
take the sum of the products. 

2. When some of the terms are additive and some sub- 
tractive, regard must be had to the signs ; and we are next to 
prove, that like signs give a product affected with the sign +, 
and unlike signs, a product affected with the sign — . 

To take the most general'case: let all the additive terms 
of a polynomial be represented by a, and all the subtractive 
termsby — h ; and let all the additive terms of another po- 
lynomial be represented by c, and the subtractive terms by 
--^d^'itis proposed to multiply these polynomials together. We 
shall have, (a — h) {c — d):=ac — be — ad + bd, by the 
rule. 

The correctness of the rule may be shown in the following 
manner : — when we multiply a by c, we take the multipli- 
cand too great by 6, we must, therefore, diminish the result 
by the product of b by c. This would give ac — be for the 
product of a — b by c. But this product is evidently too 
great, for, in taking c for the multiplier, we have taken a 
quantity too great by d ; hence^ it is necessary to multiply 
a — 6 by d, and subtract the product. • Now the product of 
a — b by d, according to what has been before shown, is 
ad — bd. Subtracting this product from ac — be, we have 
ae — be — ad + bd, the signs of the latter product being 
changed according to the rule for subtraction. 

It is, moreover, evident that the same reasoning which ap- 
plies to a . — b and c — d, will apply to the polynomials, the 
additive and subtractive terms of which they represent. 

To illustrate this, suppose we have the polynomials 

2a«6-f 36*-.2ac— c^ 
and 46» + a«c — 4c« — ac. 

We have taken a= to the additive, and ft = to the subs 
tractive terms of the multiplicand, c == to the additive, and 
rf = to the subtractive terms of the multiplier. The product 
of the additive terms of the multiplicand by those of the mul- 
tiplier will therefore correspond to ac, and will have the sign 
+; the product of the subtractive terms of the multiplicand 
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by the additive terms of the tmilrifrfier, will corr^pond to be, 
and will have the sign — ; the product of the additive terms 
of the multiplicand by the subtractive terms of the multiplier, 
will correspond to a(2, and will have the sign — ; and the 
product of the subtractive terms of the multiplicand by those 
of the multiplier, will correspond to ftrf, and will have the 
sign +. This will give, throughout the product of terms of 
like signs, -j- and of terms of unlike signs, — . By perform- 
ing the multiplication according to the rule, and separating 
he several products corresponding to ac^ be, ad^ and bd^ we 
shall have the following results :-«• 

Multiplicand 2a^b + Sb"" ~ 2ac — c^ 
Multiplier Ab^ + a^c — 2c» — ac 



^ . +8a^b^ + 12b* 
"^ ^ +2a'bc+3a^b^c 



_ 2a V — a«c8 ^ ®^ 



{—8a^bc^ — 
I -- 2a'bc — 



, . — 8a^bc^ — l2bV 
^^^ " " 3ab'c 



+ 8ac^+Ac* .,, 



It will be seen by inspecting the work, that the four pro- 
ducts which correspond to £i6, have each the sign + ; those 
which correspond to be, the sign — ; those which correspond 
to ad, the sign — , and those which correspond to bd, th^ 
sign +. 

In the multiplication of polynomials, it is usual to begin a(. 
the left, and write the first term of each partial product di- 
rectly under^the partial multiplier. 

Examples. 

1.— Multiplicand, 3a^ — 2ab — ¥ 
Multiplier, , 2a — 46* 



6a' — ia^b — 2ab^ ^ 
— 12a'6+8aft2-f46' 

Product, 6a' — 16a^b + &g.b^ + ib\ 

10* 
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2a* + 4a^6 + Sa^b"" 

— 2a»6 — 4a4^ — 8a63 

+ a«fe« + 2a6» + 4&^ 



Prod. 2ar + 2a»6 + 5a«6^ Gaft^ + 46* i 

3. a' + 6* + c^ — ab — ac — be 

a + b + c * 

a' + «ft^ + etc* — a^b — a^c — abc i 

a«fe + 6 3 + fee* — afe* —abc — bH - ' 

a^c + fe^c + c3 — afec — ac* — fee* 

^ <% 

Prod, a^ + fe3 + cv_ 3afec 

4. a3 + 2a*6 + 2a6* + fe'' 
a^ — 2a*fe4-2a6* — fe3 

a« + 2a56+2a*fe» + a3fe» 

— 2a«fe — 4a*fe* — 4a3fe^ — 2a*fe* 

+ 2a*fe« + 4a'6» + 4a*6* + 2ab^ 

— a^b^ — 2a*6* — 2afe5 — fes 



Prod, a* — 6* 

5. 14ac ^ Safe + ^ 
«c — afe + 1 



14aV — 3a*fec+2ac 

— 14a«fec+ 3a«fea — 2a6. 
+ 14ac^3afe + 2 



Prod. 14a V — 17a«6c + 16ac +3a«6« — Safe +.2. 



-i-23r»— x + l 

Product, i^^+y^— }^ + f 

7. Multiply a' + Sa'^i + 3a6« + b^hy a+b. 

Prod, a* + 4a«6 + 6a«6« + 4a6« + 6*. 

8. Multiply 4r»y + 3xy — 1 by 24:« — x. 

Prod. Sar^ + S^'y — 2ar« — 32rV + ^- 

9. Multiply 3r« — 5:2 + ar — 6 by 22r« -=1-3:+ 1. 

Pfod. 2x' — X* +2x^ — ]0x^ —is— S. 

10. Multiply 3a*+7a'a:+13£i«^«+air^— 4r* by a»^a:r+ar». 

Prod. 3a«+4a527+9a*2r*— 5a'i:3+8a*27*+5a:r5— 4^. 

11. Multiply 8aV—l2a'x'+24:ax—8 by 4a«272+8a2:+4. 
Prod. 32a'x^+16a*x*+32aV+n2a^a;'+3'2ax—32. 

12. Multiply ar^ + ar^y + jry^ + y' by 2r — y. 

Prdd, x* — y*. 

13. Multiply 2r* — 12? + 1 by 2r« — i^:. 

Prod. X* — ^x^ + V ^ — i^'- 

14. Multiply 4ar« — 2:r + J by 4^:2 4 227 + 1. 

Prod. 16^:* -- 22r« + tV- 

15. Multiply a^—Aa+ 16a — 64 by a« + 4a + 16. 

Prod. a« + 16a' — 64a«— 1024 

16. Find the first four terms in the product of 

a"^ -\- a'^^x + a'^-^x^ + oT-'^x^ + &c. and a-+ x. ' 

oT + oT-'x + a'^x^ + oT-^x^ + &c. 
a + ar 



a"^* + a^'x + qT-'x^ + cT^x^ + &c. 
+ a*ar + a"^'^ + a"^^' + &c. 

«"^* + 2a*ar + 2a"^»ar« + 2a"^ar« + &c 
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17. Multiply oT + 6" by a« + b* 

ar + b"^ 
a} + 6« 



a^+^ + a^fe' + a't' + t"^ 

18. Multiply a" + a^^x + a"-^:r'^ + dT^x^ &c. by a — x. 

oT + a"'*z + a-^x^ + aT-^x^ + &c. 
a — X 



«"+! + a^'a; + a"-*2:^ + a"-*:^-^ + &c. 

— ax — a'^'x^ — a"-^2-« + a*^ V + (fcc. 

a"+' " " " +a"-V 

(12.) It is sometimes convenient to have the product of 
two algebraic quantities arranged according to the powers of 
some particular letter, so that the highest potver of this letter 
may stand at the left, and the next highest, one term to the 
right, and so on. The following is a polynomial arranged 
with reference to the powers of a. 

a* + ia^x + 6a V + 4:ax^ + x*. 

We might also arrange it witli reference to the powers of x, 
and then it would stand thus, 

X* + iax^ + 6a^x^ + ia^x + a*. 

When more than one term of the polynomial contains the 
same power of the leading letter^ it is customary to write 
these terms, one above another, on the left of a vertical line, 
and the letter on the right, as in the following example : — 

The polynomial Ua'b— 19 abc+l0a^ — Ua'c + 3ab'' 
+ I5bc^ — 5b% arranged with reference to the powers of 'a, 
is written tlius : 



10a« + 116 
— 15c 



a« + 36« 
— 19ftc 



a— 56«c + 156c». 



19. Multiply a+x + x^ + T^ + x^hj a'+ x^ and arrange 
the product ivith reference to the powers of x* 
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a + x 

a^ +ax+ aa;^ + ax^ + ax* 
ax + x^ +x^ +x* + x^ 



a^ *+ ^aa: + ax* +x^ + ax^ + x^ -\- ax* + ar* + 2;* 
Product arranged, 



x^ '\-a 

+1 



X* + a 

+ 1 



x^ -\-a 
+ 1 



a:' + 2a5: + a' 



20. Multiply 4a2& — Sa'c + 5a62 — 3ac« by 2ab — Zac 
+ 26^, and arrange the product with reference to the powers 
of a. 

Product arranged, 

a 



126» 

296c 

+ 15f» 


a» + 236' 
316'c . 
96c» 

H-15c» 

s 


a« + 1 Oft* 



DIVISION;, OF ALGEBRAIC QUANTITIES. 

(13.) Division is the opposite of multiplication, for its ob- 
ject is, when the product of two factors, and one of these fac- 
tors, are given, to find the other factor. We have, therefore, 
only to reverse the rule for multiplication. 

For the division of monomials, we have then the fol- 
lowing 

Rule. 

Divide the coefficient of the dividend by the coefficient of 
the divisor J and to the quotient annex the letters common 
to both, each affected witk an exponent equal to the differ- 
ence of the exponents of this letter in the dividend and 
divisor^ Letters found only in the dividend, are to be 
tvritten with the same exponents in the quotient. 

Examples. 

1. Divide ^^a^b*c^ by 12a''6. 

Here 4 is the quotient of the coefficients, and taking the 
exponents of the divisor from the exponents of the same let- 
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ters in the dividend, gives a6V; hence, Aab^t^ k the re< 
quired quotient. 

2. Divide 66a^6«c by 6o&«c/ Quo. 11a'* 

3. Divide llTo'^:^ by 39a:r. Quo. Sax* 

4. Divide 75a'b^c'd by Sab^'c. Quo. 15a Vrf*" 
6. Divide 256a«6*crf' by l6b'c(P. Quo. 16a«6rf. 

(14.) When the coefficients are not divisible, when the di- 
visor contains letters not in the dividend, or when the expo* 
nentof any letter of the- divisor is greater than the exponent 
of the same letter in the dividend, the division cannot be per- 
formed, and must be indicated by writing the quantities in a 
fractional form. 

Thus, 27a6^c^ divided by 15a^bd, must be written 

27abV 

15a'bd' 

This fraction may be reduced by dividing both numerator 
and denominator by any quantity, that would divide both 
exactly ( Arith. 25). In the example above, Sab is the com- 
mon divisor of both terms of the fraction, and dividing both 
, terms by this gives 

5ad' 

This satne operation may be performed more conveniently by 
the follojving 

Rule. 

Reduce Ihe fractional coefficient to its lowest termSj and 
take the difference of the exponents of letters common to 
both terms of the fraction ; affect each of the common let- 
ters with a7i exponent equal to this difference, and write it 
in that term of the fraction in which it had the highest 
exponent. 

Examples. 

1. Divide 4tSa%cH by 20a¥c\ 

. ASa^bcH _ \2aH \ 

^^' 20a6«c^ ~ 56c ' 

*' Since ftoand c^ are each equal to unity, they are omitted in the product, for 
llaSis the same as lla^X ^X c», or Ua^ X 1 X L 
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2. Divide U7a«6*c» by 78a«6c*, 



3. ^Divide 96a5c by I2u'bc^d. 

4. Divide a*6c' by a^b^c*r 

5. Pivide 27a^b'cd^ by 21a6crf. 

6. Divide Uab'cd by eo'ic*. 



3*» 

Am, ^, 

Ans. " „ jf 
a^ca 



Ans. 



9 
Ans. ^a^b^d. 

Ans. .7 — • 
oac 



DIVISION OF POLYNOMIALS. 

To divide a Polynomial by a Monofnial, 

Rule. 

(15.) Divide each term of the dividend by the divisor, 
according to the' preceding rnle, observing^ that when the 
signs of the divisor and dividend are alike, the quotient 
must have the sign + ; but if they be unlike^ the quotient 
must have the sign — . 

Let it be required to divide 12a*6« + IGa^Pc + 24a6^c« by 
4abK 

Since in multiplication each term of the multiplicand is mul- 
tiplied separately by the multiplier, it is evident, that if we 
have the product and multiplier, which, in the case of division, 
become the dividend and divisor, we are only to reverse the 
process to find the multiplicand, or quotient ; and hence, 
each term of the dividend is to be divided by the divisor ; 
therefore, 12a*&^ + 16a^i'c + 24a6*c' -*- 4a5*, gives, for a 
quotient, 3a + ia^bc + 66'c'. 

With regard to the signs, let it be remarked, that the signs 
of the several terms of the quotient must be such, that if it be 
multiplied by the divisor, the signs of the product will be the 
same as those of the dividend ; for the quotient multiplied by 
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the divisor should reproduce the dividend. We shall have, 
therefore : — 

+ ab -h -\-b=z + a, for + a X + b = + ab ] 
— a5-+- — b = + a,{or + ax — 6== — ab] 
— ab-*- + b = — a, for — ax + b = — ab] 
+ ab-t- — 6= — rt, for — ox — 6= + a6 ; 

from which it will be seen, that in division, as well as in mul- 
tiplication, like signs give +} ^nd unlike signs — . 

Examples. 

1. Divide I30a«5'c + 15ft V — 25a6«c' — 306c« by 56c. 

56c) iSOa^b^c + 156 V — 25a6«c« — 3Q6c« 

26a»6* + 36^0 — 5a6c* — 6c the quo. 

2. Divide I75a^x^ — llOa^^:^ — 15aar« by 5axK 

auo. 35a«A' — 22o:r» — 3^:^ 

3. Divide 12a*:r« — 9a'6ar + 14a«6« — 4a6« by 4a6. 

^ 3a'a;^ 9aH' .7. ., 
duo. — T— J 1" o ^* — * • 

4. Divide 22a*6^c — 33a^6«c« + 41a6*c3 — 65a65c* by 

— lla«6«c. 

n o^Q 2 416V ^ 56V 

/ duo. — 2 + 3a*c — . 

11a a 

5. Divide 15o*6c — 15ac:r' + 5fld* by — 5ac. 

duo. — 3a6 + 3ir^ . 

' t c 

6. Divide lOa^x — 15:?;* — 25:r by 5x. 

duo. 2a' — 3x — 5. 

7. Divide — 20a6 + 60a63 by —6 ab. 

duo.yjl06«. 

8. Divide 6a6c + 12a6:2; + 90^6 by 3a6. 

9. Divide 16a^b^x — 6^a*Pc^ + 25&a'b*c^ by Sa^bc. 
10. Divide 212aa:y + 39a»2r=y — 5d*xy^ by Ala^xy. 
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To divide one Polynomial by another. 

Rule, 

(16.) l^^. Arrange the dividend and divisor according 
to the powers of the same letter, 

2. Divide the first term of the dividend by the first term 
of the divisor^ arid set the remit in the qiiotient,' 

3. Multiply the whole divisor by the quotient thus found, 
and subtract the product from the dividend. 

The remainder will form a neto dividend, with which 
proceed as before, till the fi.rst term of the divisor is no 
longer contained i?i the first term of the remainder. 

The divisor and remainder, if there be a remainder, 
are then to be written in the form of a fraction, as in di- 
visimi of numbers. 

Examples. 
1. Divide a* — 4.a^b-\-^a^¥--4Lab^ + ¥ by a'^ — 2a&+6«. 

Dividend. ' pivisor * 

a^ — Aa% + Ga^^^ _ 4a63 + b' \ a^ — 2ab + b^ 
a^^2a'b+ d'b'' ]~^F^2W^^ aflo. 



1st Rem. 


2a^b-^bd'b'' - 4ab^ 
2a'b + Aa^b^ 2a¥ 


2d Rem. 


a^b^ 2ab' -rb' 
a^b^ 2ab' -\- b' 



The reason for the rule given above will appear from an 
examination of the example. The dividend being the pro- 
duct of two factors, one of which is (he divisor, and the other 
the quotient, soughf 5 we may consider it as having been pro- 
duced by their multiplication. Now, since the dividend is 
arranged with reference to the powers of a, it is evident, that 
the first term, which has the highest power of a, must have been 
produced by the multiplication of the terms having the highest 
powers of a in the divisor and quotient ; and for this reason 
could be similar to no other term in the product, and could 
have been reduced with no olher. It is, therefore, the product 
of the first term of the divisor by the first term of the quo- 
tient, when arranged with reference to the powers of a. The 
first term of the quotient will therefore be found by dividing 
the first term of the dividend by the first term of the divisor. 

11 
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2. As the dividend is the sum of all the partial products 
formed by multiplying the divisor by each term of the quo- 
tient, if we multiply the divisor by the term of the quotient 
thus found, and subtract the product from the dividend,^ the 
remainder w^ill be the sum of the partial products formed by 
the divisor and the remaining terms of the quotient. We 
have therefore a new dividend, the first term of which, hav- 
ing the hig*hest power of a, must have resulted from the mul- 
tiplication of the first term of the divisor by the first term of 
the remaining part of the quotient. It is evident, therefore, 
that the second tftrm of the quotient will be found by dividing 
the first term of the new dividend by the first term of the di- 
visor. The same reasoning will apply to all tlje remaining 
terms of the dividend. 

If the divisor, in the given example, be multiplied by the 
quotient, it will be seen that the first term in each of the par- 
tial products, corresponds to the first terms of the several divi- 
dends or remainders. ^ ^ 

or^ — 2a6 + 62 



~2a'b+Aa'b^ — 2ab' 

+ a'^b'' — 2ab' + b' 

a' —Aa^b -^ ea^'b^ — Aab^ + b- 

If, instead of arranging the given polynomials with refer- 
ence to the powers of a, they had been arranged with refer- 
ence to 6, the result would have been the same, except in the- 
order of the terms of the quotient. 

b* —iab^ + 6a^b'' — ia^b '+ a' { b^ — 2ah -h a^ 
b'—2a¥+ a'b' lh^^2ab^a' 



2a¥ + oa^b^ — 4a^b 
2ab^ + 4.a^b^ — 2a'b 

a^h^ — 2a^b -f- a* 
a'b'' —2 a^b + a* 
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2. Divide a« — ¥ by a' — 2a'6 + 2a6« — h\ 

«« b' \ a« — 2a^6 + 2a6« — 6 ' 

a«— 2a56 + 2a'b^^a^b^ S «' + 3a^6 + 2a6« + 6^ quotient. 

+ 2a^6 — 2a^62 + a^b^ — b' 
+ 2a'b — Aa*b'' + Aa^b^ — 2a^b' 



2a'¥ — 3a^b^ + 2a''b* — ¥ 
2a'b^ — 4a363 + i.a'b' — 2a¥ 



a%^ — 2a^b' + 2a¥ — b* 
a^b' — 2d'b' + 2ab' —b' 

~~6 



3. Divide x^ — x* +x^ — x^ + 2x — 1 by ar' + ar — 1. 

x^ — x*+x^ — x^ + 2x~rl }x^ + x — 1 

X^ +X''' X* 



I ^^+3: 1 

\ X* — x^4-x^ ^ + 1 





X^ 

x' 


x' 


■ 


+ 

* 


x' 

X* 


x^ 


+ 2x 



— :c3 + 22r— 1 

— x^ — x^ +x 

-\-X^ y\- X 1 

X'''-\'X — 1 

4. Find four terms of the quotient of a"*+^ + 2a'^x 
+ 2a"-''x^ + 2ar-^x' + &c. divided by a + :r. 

a"+^ +2a'x+2ar-^x^+2ar-'^x'+(kc. ) a+:r_[+a^2&c. 
oT-^' + oTx \ oT + oT-'x H-^Cfc^ 

oTx + 2a:^'x'' ^ ^ 

arx+ dr-^x^ 



^--1^2 + 2dr^x^ 

ar''x^+ oT^x^ 



oT^x^ + (fee. 
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5. Dividea"— 6«bya — 6. 



a^ — ah\ a +h quotient. 



ah — h^ 



6. Divide a' — h^hy a — b. 

ti' — a^b ^ d* ^ ^J^ L ?x2 



+ ab+b' 



/ 



a^b — b' 

a^b — ab^ 



ab^ — b^ 
ab^ — b^ 



7. Divide a* — 6* by a — b. 
a* — b* ) a—b 



a^—a^h ) a^ + a'b + a6* + 6^ 

a^b — ¥ 
a^b — a^b^ 



a'b^—b* 
a^b^ — ab^ 

ab^—b' 

ab^ — 6* 



8. Divide a® — b^ hy a — b. 
a^ — b^ ) a — b 



a^ — a'b^a'^- a'b + a^b^ +ab' + b' 

a'b — b' 
a^b — a'b' 



a^b^ — ¥ 



a^b^ — b' 

ab* — ¥ 
a¥ — ¥ 
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9. Divideo"— i-byo — 6. 
a — o f a — o 



oT—ar-^b ) a"-' + oT^b +ar'-'b^+ oT'^b' + a^'b* + oT'-'b' 



ar-'b — aT-^b^ 



Lflt 



oT-^b^ — oT-^b^ 



oT-^b^ — a"^*b* 



.*» 



aT-^b' — V 
aT-^b' —dr-^b^ 



dr^b^ — b"^ 

dr-^b^ _ oT^b^ 



10. Divide 



lOa' + lib 
— 15c 



a« + 36' \a — 5b^c + 156c« by 5a^ + 3ba—5bc. 
— 196c 



10a3+116aH362 
—15c —196c 



a—5b^c+15bc^ S 5d^+3ba—5bc 

2a + b — 3c 



lOa^ + 6b\a^—10bc\a 



1st Rem. 



2d Rem. 



+ 56 
—15c 



a^ 4- 36^3 — 56^c + 156c« 
— 96c 



+ 56|a2 + 36> — 56«c 
_15c|a2_96c!a + 156c2 
— 15c|a2 — 96c|a + 156c« 











11* 
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' 11. Divide 1 2a'5* — 29a^bc + l&a^c^ + 23a''b^ — 31a«6*c 
— 9a*6c« + 16aV + 10a6*56a62c2 by 3a6 — 5ac + 26«. 

Dividend arranged 



126» 

— 296c 

+ 15c« 



a^ + 236» 

— 3\b^c 

— 9bc^ 
+ 15c' 



a« + 105* 



a 



3b 

-6c 

I 46 

J— 3c 



Divisor arranged. 

a + 2b' 




— 3c^ 



a 



quotient. 



^ Product of the divisor by the first 



term of the quotient. 



1st Rem. 



156 

— 256«c 

— 96c= 
+ 15c3 



a" + 106 
— 66 V 



156 

— 256«c 

— 96c« 
+ 15c^ 



a' 



106 



a 



a 



Product of the divisor by 
the 2J term of the quo. 



2d Rem. 







In this example, when we wish to find the quotient of the 
first term of the dividend by the first terra of the divisor, we 
finst consider that a^ divided l>y a, gives a^ ; we then divide the 
quantities which stand at the left of the vertical line in the 
dividend, and are understood to be multiplied by a', by the 
quantities multiplied into a in the divisor ; the quotient is that 
part of the general quotient which is multiplied by a^. The 
partial quotient so obtained is then multiplied into the whole 
of the divisor, and the product subtracted from the whole di- 
vidend. 

In the preceding example, wc take the quantity 126^ — 296c 
-f- 15c^, which is multiplied by a^, and divide it by 36 — 6c^ 
which in the divisor is multiplied by a. 

126^ — 296c + 15c2 36-5c 
126^ — 206c 



16 — 3c 



— 96c+15c« 

— 96c + 15c« 

Performing the operation, we have 46 — 3c ; and since a', 
divided by a, gives a*, this quantity is to be multiplied by 

a' ; and hence the first term of the quotient is ^r ' 
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♦ • 

After the muUiplication.of the divisor by this term, and the 
subtraction of the product from the dividend, we have, for the 
first term of the new dividend, certain quantities muUiplied 
into a^ ; a^ divided by a gives a ; and dividing the quanti- 
ties multiplied by, a* by those multiplied by a, we have, 

\Wl^^SiWc—9h& + 15c3 C 3ft — 5 c 
155«L_ 256^0 ' )56*^ — 3? 



— 9fec2 + 15c3 

— 9h& + ISc^ 



o a'^ is therefore the second term of tlie quotient. Mul- 
tiplying this into the whole divisor, and subtracting the pro- 
duct from the second dividend, remains ; and hence the dir 
vision is completed. 

12. Divide \2a'h — 26a'b^ + lOa'b^ + ISa'b' — 19a% 
— 30a'¥ + 25a'b^ + 8a' 4 9a^b' — I5a^b' + 12a^b^ — 10a« 
+ 6ab^ by 3a^b — 5aH^^ + 2<<^ 

Dividend arranged. Divisor arranged. 



12ft 


a*+ 18b' 


266« 


196 


+ 106' 


30b' 




+ 256' 




+ 8 



a^ + 9-6^^ 
— 155^ 
+ 12-6'^ 
-^10 



a'+Gab^ ^ 



3b 
5b' 



a' 



+ 2a 



4 aH6ft^ a 



{—2b —5 I +3i' 



\2b 

— 2m 
— w 



a' + 8 
--46 



a' 



{ 



1st Rem. \ 



186^ 
156 
306^ 



^3 _ 15/,4 

+ 1262 
+ 96^ 
— 10 



a' + ea62 



18 r 

— 306^ 

— 156 

+ 256= 



— 10 



a^ 



2d Rem 



■1 



— 156* 
+ ^b' 



a» + 6a6' 



96^ 
— 156* 





a" + 6a6' 
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13. Divide 12^:^ — 192 by 3:r -^ 6. 

Quo. A3;' + Sx'' + l&x+Z2. 

14. Divide a' — 5a'b + lOa^Z^" — lOa^b'^ ha¥ — b' by 
a'''—2ab+b\ 

Quo. a^—3a^b+3ab^—b\ 

15. Divide &«—3Z;^ 2:^+36 V—:r« by b^—3Vx+3ba;''—x\ 

' Quo. &3 -t- Sb^a; + 3ba;^ + x\ 

16. Divide a^ + ^a^x + Sai:^ + ^^ by a + ^' 

Quo. a^ + iax-\- x^. 



17. 


Divide 1 
1 
1 c 


byl 
( 1- 


— a. 

— a 












i( 1 +a-- 


a'-t 


a' + 


a* 


+ (fcc. 






a 










• 




• 


u — 


a^ 














a» 












o" 


o' 






- 


- 




a' 










« 




a' 


a^ 










a* 
















a^ 


a' 


" 




, 


* 













18. Divide. 1 by 1 + a. 

Quo. 1 — a + a^ -^-a^ + a* — &c. 

19. Divide 25^« — ^* — 22:^ — 8^^ by 6x^ — ix\ 

Quo. 5x^ + ix'' + 3x + 2, 

20. Divide a' + Sa^^r + 24a'^:r2 + 32ax^ + 16x* by a+2x. 

Quo. a^ 4- 6a2:r + 12a2r'^ + 8x^ 

21. Divide x* — ^x + \^x^ — ^x by x^ — ^x. 

Quo. x^ — ^x + 1. 

(17.) We shall now proceed to show some of the applica- 
tions of algebra, in investigating the properties of numbers. 

1. Suppose we have two numbers, the sum of which is 48, 
and their difTerence 10, and it is required to find those num- 
. ihers. 
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By making use of the letter x^ to represent an unknown 
quantity, we shall have the following solution : — 

Let X = the less number, then since the difference is 10, 
07 + 10 will be the greater ; and adding these numbers to- 
gether, they will evidently equal the sum, so that we shall 
have, 2o: + 10 = 48 ; and if we tal e away 10 from each of 
4hese equal parts, the repaainders will be equal, and we shall 

have, 2o: = 48-^ 10, and hence, x= ^ — - =24 — 5 

= 19. • 

If we make x = the greater, then x — 10 will equal Uie 
less, and we shall have, ''2x^10 = AS ; and adding 10 to 
each of the equal quantities, we have, 

2o: = 48 + 10, 

, 48 + 10 ^. , . ^Q 
and X =: ^ — = 24 + 5 =: 29. 

By inspecting these results, it will appear, that the less 
number is equal to half the sum, minus half the difference ; 
and the grea^ter equal to half the sum, plus hal/ the differ- 
ence. 

We might infer that this property belonged to all numbers, 
but strictly we-have proved it to belong only to the numbers 
under consideration. Now, to show that this property is uni- 
versal, we may take a for the sum of two numbers, and h for 
their difference, and performing the same operations, we shall 
have, first, 2x + b = a 

2x = a — ft, 

, a — b a b 

and :r = — ^,crg— g. 

Taking x for the greater number, 

2x — b = a 

2x=ia + b, 

. a+b a . b 

and a:=— ^, or^ + g. 

It is manifest, that whatever values le^aseigned to a and ft, 
the form of the result will net be altered ; and hence, the pro- 
perty demonstrated belongs to all numbers. 

2. If we take any two numbers, for example, 10 and 16, 
and multiply their sum by their difference, the product will 
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be equal to the difference of their squares, as may be found 
by trial. 

10 + 16 = 26 
16_10=rr 6 



156, product of the sum and difference. 
162 _ iQ2^ Qj. 256 — 100 = 156, difference of the squares. 

To prove this property general, let a be one number, and h 
another, a -\-hU their sum, and a — h their difference. Mul- 
tiplying these (ogetfier, we have 

a -\- b* 
a — h 



a^ -{-ah 
— ah 



And, as any numbers whatever may be substituted in the 
place of a and 6, it follows, that this property is general. 
This property may be thus enunciated : — 

The product of the sum and difference of two quantities 
is equal to the difference of their squares. 

Having demonstrated this pro{>erty, we can make use of it 
to shorten the operation of multipHcation or division. 

Let it be required to multiply ^ab — 2cfl^c by ^ab -\-2(j/^. 
Since the multiplicand is the difference of two quantities, and 
the multiplier the i?ui!i of the same quantities, their product 
will be equal to the dilference of their squares ; and hence, 
without performing the multiplicaiiion, we can come directly 
at the result by taking the difference of the squares of the 
two terms.* 

Wherefore, {ouh — 2fic) X (5a6 + 2oc) = 25a^6^ — 4aV. 

We can also reverse this operation. Let it be required to di 
vide ^ia^b^ — 36a^Z»^ by Sab'^ — ^a^'b, Since the divisor is 
the difference of two quantities, and the dividend the difference 
of the squares of the same quantities, the quotient must be 
the sum of these quantities ; and hence the quotient may be 

■■■■■!■ ■ .■-■■■■ , ■__!■ I ■■■ I ,1 „ ,^ ^ ■^■- —.._■■■_ ■■ .- -I..— - !■■ - ■ -' ■ ■ ■■ 

* The square of a monomial is found by squaring the coefficient, and doubling 
the exponents of the letters ; and the square root i8%>imd by extracting the lootof 
tlie coefiicient, and taking half the exponent of each letter. 
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I 

-, written without going through the operation of division. We 

" have, therefore, 

By tlie application of the same principle, we are able to find 
the factors of any quantity, which is tlie diu'orence of the 
squares of two quantities. > 

If it were required to find two binomial factors of the quan- 
tity ^iOd^b-— Wa^b^ ; by tlio applica;i)n of the principle de- 
monstrated, we shojLild find tlie factors by takin<>- I ho square 
roots of the terms, and connecting thnn by the sijiii + and 
— severally. The factors are therefore, 

7ab — Aab\ and 7a^b -|- AaO\ 

Since, {7a'b — lah') x ija'b + Aab") ^ AOa^b' — Wa'b'. . 

The following properties are also of great use : — 

1. 7'Ae square of the sum of two quandie.^, is equal to 
the sum of their squares plus twice their j^rodnct. 

Let a and b be the quantities, then a + 6 is their sum, and 
we have, 

(a + by = (a + i) X (a + 6) = a^ + 2-^b + b\ 

This property admits of like applications with the forjr»er, for 
if wc wish to take the square of any binomial, the terms of 
which are connected by the sign +> ^ve are only to take the 
squares of each term separately, and add to them twice the 
product of the two terms : thus, 

{5a^c + Aaby = 25a'c'' + iOa'bc -\- Ifju'l^ 

Were it required to divide Km' -f 48«=c + rSc"' by 4a^ + 6c, 
we should have for a quotient, 4a^ + 6c, since the first and 
last terms of the dividend are, respectively, the squares of the 
terras of the divisor, and the, other twice their product ; the 
terms of the dividend being connected by tlie sign +. 

If we have any quantity consisting of three additive terms, 
having this property, viz. that one of the terms is twice the 
product of the square roots of the other two, we may infer 
that it is the square of the sum of two quantities ; and the root 
may be found .by taking the roots of the first and last te\;ms 
separately, and adding them together : thus, 

64a^6' -f leOa^i'+lOOa^ft^ = (8o«6+10aft)« = (8a^&+10ai6) 

X (8a^A + lOaft), 
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and 36aV + 60a^x^ + 25a*^ = (6ai;' + 5a=:x)S or 

. 2. 7Vie square of the difference of two quantities is equal 
to the sum of their squares, minus twice their product. 

Let a be the greater of two quantities, and b the less^ then 
a — b will be the differen<:ej and 

{a — hf = {a — b)x{a—h)=a^ — 2ab + b\ 

The same applications may be made of this property as of the 
precediniT.one, with this difference only, that tlie sign con- 
necting the terms of the root is always — . Tlie sign of the 
second term of the product wifll always determine, whether it 
is the square of the sum, or difference of two quantities, for in 
the square of the sum it is +, and in the other -^. Thus, 

> (5a — 36)2 = 25a« — ^Oab + 96^ 

(IGa^or^ — l^a^xf = 26Mx^ — 320a^^* + 100««^-% 

^^d:'b^—14.a¥+S)b'' , ^ or 
and -r—r- ^— = 4a6 — 36. 

(18.) We can make use of the preceding results promiscu- 
ously, when we wish to find the factors of which a quantity 
is composed. For example; if it be required to decompose 
the quantity 8a^ — 8^6*^, into as many factors as possible ; we 
first find thtit 8a will divide both terms ; we have then the 
factors 8a, and a^ — 6^ the latter of which is equal to 
(a-f 6) (a — 6). We have therefore decomposed the quantity 
into three factors, 8a, a + 6 and a — 6, and it may be written 
8a (a + 6) X (a — 6). In hke manner, 

7a'x''—2Sa'x'=7a\a''x^—ix')=z7a\ax-\-2x''){ax—2x^\ 

or 7a''x\a + 2x) (a — 2x,) "/ 

Examples. 

1. Decompose 6a^6 — I2a^b^'\^¥ into as many factors as 
possible, 

6a*6 — 12a«63 + 66^ = 66 (a* — ' 2a*62 -f 6^) 
= 66 {a^—h^) (a^-^b^) = 66 (a + 6) (a— 6) (a + 6) (a— 6). 

2. Decompose 6a^x — 10a6x + 5b^x into three factors. 

Ans. 5x{a — 6) (a — 6). 
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3. Find the factors of 26a^ — 30a*b + 9ab* 

Ans. a(5a— 36)(6a — 36). 

4. Find the fectors of 9a* + 12a«6 + 4b\ 

Ans. (3a« + 26) (3a« + 26). 

5. Divide 196a«6V + SSQa^b^c'^+lUabh* into its factors. 

Ans. Aab (7a«6c + 66c*) (7a*6c + 66c«). 

or, 4a63(7a«c+6c»)(7a»c+6c«), or iab'c^ (7a«+6c)(7a^+6c). 

The reasoning applied to binomials may be extended to 
polynomials, so as ofleu to shorten the process of muUiplica- 
tion. For e][(amp]e ; if we wish to multiply a' — a6 + 6* — c 
by a' — ab — 6* + c, we observe that the first of these quan- 
tities is the sum of a* — ab, and 6* — c, and the second is the 
difference of these same quantities, since a* — ab — (6* — c) 
= a" — ab — 6' + c. 

We shall have, therefore, their product equal to the differ- 
ence of their squares, that is = (a* — aby — (6* — ef 
= a* — 2a'b + a^b^ — (6* — 26«c + c«), or a* — 2a'6 
4.a«6« — 6* + 26«c — c«. 

If it were required to multiply 2a + 3ab + 56 by itself, we 
should have, by considering it the sum of the two quantities 
2a -K 3a6 and 56, (2a + 3a6)« + 2 x 56 (2a + 3a6) + (66)» 
for the product ; or, performing the operations indicated, 

4a« + V2a^b + 9a«6» + 20a6 + 30a5« + 256». ' 

Again,(3a«— 2a6— 46c)«=(3a«— 2a6)«— 2x46c(3a«— 2a6) 
+(46c)^ = 9a* — 12a*6 + 4a»6^ — 24a«6c + 16a6«c+ 166»c». 

(19.) By applying the principles demonstrated in the pre- 
ceding pages, we may change the form of polynomials by 
decomposing them into factors, and then uniting these factors 
in a different way. Thus, 

2a«c — 4a«6«c -f 2a*^c = 2oe (a* — 2a»6« + 6*) 

= 2ac (a« — 6«) (a«— 6») = 2ac{a + b) (a— 6) (a4-6) (a— 6) 

= 2ac(a + 6)(a+6)a — 6(a — 6) = 2ac(a-f6)«(a — 6)« 

= 2ac (a« + 2a6-f 6«) (a«-,-2a6-f6*). 

For another example, take the quantity. 

a«-f 6« — tf» + 2ai. 
This may be written, 

a« + 2a6+6« — c». 
12 
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The first three terms being the square of a + 6, we change 
the expression to 

(a + 6)« — c». 

But this last expression is the diflference of two squares ; and 
hence we may substitute for it, the product of the sum and 
difference, and we obtain, 

{a + bY—c^ = {a + b+c){a + b — c). 

For a third example of the mutations which an algebraic 
quantity may be made to undergo, take the following, which 
becomes successively, 

a* — ja — js* — 2bXf 

{a — b){a + b) — a:^ — 2bxy 

(a — a;) (a + ar) — 6« — 26ir, 

a« — (a^ + 2bx + 6«), 

a^ — {x + bf, 

(a — X — b) (a + ^ + 6). 
In like manner, a* — 6* — or* + 2bx, may be written, 

a* — {b'^2bx+T'), 
or, ' a* — (6 — xfj 
or, (a — b+x) (a + 6 — x). 



FRACTIONS. 

(20.) Since algebraic fractions represent unexecuted di- 
visions^ and are in all respects similar to arithmetical fractions, 
the same rules will apply to both. 

REDT7CTI0N OF FRACTIONS. 

To reduce fractions to their lowest terms. 

Rule. ^ 

Divide both terms of the fraction by any quantity that 
wiU divide them without remainder. Divide these quo- 
tients affain, in like manner, till it appears that no quan- 
tity can be found which will exactly divide both; or, which 
is the same thing, suppress all the factors common to both 
terms of the fraction. 
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Examples. 

« 

14a'&'c 

1. Reduce ^^ ,^ *to its lowest terms. 

Here 7a&c is the common divisor, and dividing according to the 
rule, gives -q~"> ^^^ fraction reduced. 

33^8^ 3 

2. Reduce g, » „ . Ans. -» — . 

ooarx^ ox 

3 Reduce "^"'^y Am. ^^ 

/ „ , 51a»6 — 63o»6» . 17a» — 21a* 

*• ^""^ 36a^y - 9ab ' ^^ 12««6-K;--3 

_ P , Ud'x — 28 o V + 7a« x* 

^- **^"'^ 49aV-66a»x * 

2 — 4aar + g*J?* 
"*^ 7*- 8a • 

6. Reduce . .. . Ans. 



a' — b*' a+b' 

7. Reduce j — Uj -5! 

f 

Decomposing each term of this fraction into its fectors, we have, 

10aar(g« + 2aar + x^) _ lOaxja + x){a + x) ^ 

a{a* — x^) a{a — x){a + x) ' 

and suppressing factors common to both, 

10x(a + x) lOax + lOa^ ^ ^ . ... 

— ^^ -, or , the fraction m its lowc^ t^rms. 

a — X a X. ; ,- y, 






8. Reduce — 4.9 . oA^ * ^ 

a*6* + 2d&* "^ 



c* 



5a^6'' — 2Qab^ _ 6ab\a'—U*) _ 5(a» — 2b*) (a» + 26«) 

6(a« — 26) . 

= -i^ ^ the answer. 

a ' 

8a« — 32a6* 



9. Reduce 



2a* _ 8a«6 + 8a«6*" 



Ans ^(^+^) or ^^ + Q^ 
^^' a(a — 26y ""^ a« - 2ab' 



\ 
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10. Reduce 



a^+2o«ca:»+c*jr* 



Ans. 



a* + CT* 



6a^cx + 5ac^x^ ' 5acx 

It is sometimes the case, that the terms of the fraction are 
S0 complicated, that it is not possible to reduce them by the 
preceding rule, and it then becomes necessary to find their 
greatest common divisor, and divide each term of the fraction 
by it, in order to effect the reduction. 

Tt^find the greafest common divisor of two polynomials. 

Rule. 

(81.) 1st. Arrange the polynomials vnth reference to the 
powers of the same letter. 

2d. Divide the polynomial^ which has the highest ex- 
ponent of this letter^ by th6 other; and if there be a re- 
mainder, divide the divisor -by this remainder, and con- 
tinue the operation in the sams manner, always dividing 
the last divisor by the last remainder, till the division "can 
be executed without remainder ; the last divisor is the 
greatest common divisor of the two polynomials. 

Note. — If, in the course of the operation, it happens at any 
time, that any foctor is contained in all the terms of one po- 
lynomial, and not in all the terms of the other : this fector 
may be expunged from the polynomial containmg it ; for, " 
since it divides one of the polynomials, and will not divide the 
other, it cannot be a &ct6r of their common divisor. 

EXABIPLBS. 

1. Find the greatest common divisor of a^ -^ ax*, and 
a' 4- a*x — ax^ — x\ 

In this example, a!^ — ax* contains a in all its terras, and 
the other does not : a therefore cannot be a factor of the com- 
mon divisor; foe if it were, it must divide a* + a^x — ax^ — x^ ; 
we can therefore expunge it from the first ; and the problem 
is, to find the greatest common divisor of a* — x*, and 
a* + a^x — ax* — x^» 
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IrtdlTldend. Utdivlidr. 

o* + a^x — a V — ax* 

— a*x + a^(x^ -{■ ax* — a?< 

— a*x — a*ar* + a^3 -f a:* 

2a V — 2a:* = ar«(a« — a?») 

The division can be carried no farther, since the first term 
of the divisor is not contained in any term of the dividend • 
we therefore take the divisor for the dividend, and the re^ 
mainder for a new divisor, expunging from it the fector ar*, 
which is not found in all the terras of the new dividend. 

2d dividend. 2d divisor. 

a* + a^x — aa^ — x* )a* — :r* 
a*—a3^ \ a-\'X 

a^x — X* 
a^x — X* 




a* — a?* is therefore the greatest common divisor. 

2. Find the greatest common divisor of 12a* — 24a'6 
+' 12a«6«, and Sa^h^ — 24a«6» + 24a6* — Sb\ 

Expunging factors not common to J)oth, these quantities 
become a* — 2a6 + b\ and a* — 3a*6 + 3a6» — 6». 

Dividend. Divisor. 

a» — 3a*6 + 3a6» — 6» ; a» — 2a6 + y 
a»— 2a»6 + a6« \ a—ff^ 

— a^bf+2ab^ — b* 

— a^b + 2ab* — b* 




c? — 2a6 + 6* is therefore the greatest common divisor. 

Note 2. — If the letter with respect io which the quantities 
are arranged, have the highest exponent in the dividend, and 
the coefficient of the first term of the dividend be not divisi- 
ble by the coefficient of the first term of the divisor, the divi- 
dend must be multiplied by such a number as will make 

12* 
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this coeflScient divisible. This will not affect the correctness 
of the result, fiw the fiictor thus introduced into the dividend, 
and not into the divisor, can form no part of the greatest 
common divisor, 

3. Find the greatest common divisor of 3a* — 6a^6 
4-5aa6« — 5a6« + 26*, and 6a' + Sa^ft — 11 aft* + 26». 



Ist diTTslon* 



2 X 3a* — ba% + 6o«t»— 5afe»+2ft* ) 6a'+8a^fe— lla6'+2ft' 
6a*— lOa^ft+lOa'fc*— 10a6«+4t* \ |a — 36 
6a* + 8a«6 — lla»6«+ 2a6' 

— ISa^b + 21a«6« — 12a6i + 46* 

— 18a'6 — 24a«6« + 33a6« — 66* 



, 45a'*6^ — 45a6' + 106*, or 
562^9a«_9^6+26*) 

2d division. 

3 X 6a»+8a»6 — lla6' + 26' ) 9a" -^ 9a6 + 26« 
18a* + 24a«6 — 33a6« + W \ \2a + 146 



» 



18a«— 18a«6+ 4a6 



3 X 42a«6 — 37a6« +66* 

'l26a«6— llla6« + 1863 
126a«6 — 126a6« + 286' 

16a6»— I06», 
or 5h\3a,—2b). 

3d division. 

9a« — 9a6 + 26« P 3a — 26 



9a« — 6a6 S 3a — 6 



; 3a — 26 
\ 13a-. 



— 3a6 + 26* 

— 3a6 + 26« 



3a — 26, the last divisor, is the greatest common divisor 
required. 

We now propose to find the common divisor of these same 
polynon^als by arranging them with reference to the powers 
of 6. 



\ 
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Ut division. 

2b*— 6o4»+5o»6»— 5a'b+Za* ) ^*—llab*+8a*b+6a' 
2b*—llab'+8a'>b*+ 6a»6 ] \b + 3a 



6a6» — 3a«6» — lla»6 + 3o« 
606*— SSo'i' + 24o'6 + 18a* 

30o«6« _ 35a'fr— 15aS 
or 5a»(66» — Tab — 3a'). 

Sd division; 

3 X 26' — llaft * + 8a«6 + 6a* ) 66' — 7a6 — 3o» 

66» — 33a6« + 24a»6 + 18a' \ \b — l3a 
66" — 7ab*— 3a"6 



3 X — 26a6» + 27o»ft + 18a» 

— 78a6» + 8lo»6+54a» 
— 78ah'+9ia'b + 39a» 

— 10a«6 + 15a» 
or 6a«(— 26 + 3a) 

3d dlvtsion. 



66» — 7a5 — 3a« ^ — 26 + 3a, or 3a— 26, the gr'st com. div. 
66«_9a6 



}_26+3c 
5_3ft_a 



+ 2d6— 3a« 
+ 2a6 — So" 



4. Find the greatest common divisor of a^ — a6^ and 
a«+2a6 + 6«. Ans. a + 6. 

a^ — a^6' 

5. Find the greatest common divisor of — ^7- . 

® a* — 6^ ♦ 

Ans. a* — 6^ 
o. Keduce — g ' ^^ . — , g , ^ to its lowest terms. 

A ^'^' + g^' + ^^ 
6a* + 6a'a? 



2x^ 16^ 6 

7. Reduce ^ 9 ' oa q ^ ^^ lowest terms. 



Ans. K* 
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8. Reduce ^ aT-n ro-5 to its lowest terms. 

. 3a — X 

Ans. ^ — ; — -. 

oa +ar 

To reduce a mixed quantity to an improper fracti/on. 

Rule. 

(22.) Multiply the quantity to which the fraction is an- 
nexed by the denominator of the fraction^ and connect the 
product, by its proper sign,- with the numerator. 

Examples. 

2x 

1. Reduce 3a + -^-^ to an improper fraction. 

(3a X Sa'*) + 2i7 = 15a» + 2x. 
Hence, g~ — is the fraction required. 

2. Reduce &x — 51 — to the form of a fraction. 

dbx 

. llbx' Ux 
Ans. -KT — or -jT-. 
obx o 

. 3. Reduce 6x = — to the form of a fraction. 

The sign — before the fractional part, shows that the 
whole fraction is to be subtracted from 5x ; and hence, the 
signs of the numerator ar6 to be changed, when we connect 
it with the product of bx by the denominator. 

wk r K 2jr — 3 _ 35i7 — 2:g + 3_ 333: + 3 

tY nereiore* ox ~~" m^ —— w» — • m* . 

' 7 7 7 

a^ — d^ 

4. Reduce a — x to the form of a fraction. 

^• 

. 2(iar — a' — a^ 
Ans. . 

X 

3a* -f- ax^ 

6. Reduce 3a' — x -\ 5--^- to the form of a fraction. 

' or — ax 

. 6a' — c& — 3a»2r + 2ar« 

Ans. . 

a — x 
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6. Reduce 2a +b ^ r to the form of a fraction. 

.2a — b 



Ans. 



a» 



2a — 6" 



^ -4-8 * 

7. Reduce 16 — ' T to the form of a fraction. 

5 

72 — a 

Ans. = — . 

5 

8. Reduce a» + 3a6 + 6^ + ^' — 2^'^ + ^' t^ the form of 

a — 

a fraction. . 2a' — 2a6' 

9. Reduce 3a — 9 --rr- to the form of a fiaction. 

a + o 

Q 

• Ans. 



a + 3' 



To reduce improper fractmis to whole or mixed qtian- 
J iiiies. 

Rule. - ' 

(23.) Divide the numerator by the denominator^ and if 
there be a remainder^ torite the divisor beneath it, and con- 
nect the fraction so formed, by its proper signs, with the 
quotient. 

Examples. 

1. Reduce — =~ — to a mixed quantity. 

Ans. 3a + i^ • 

2. Reduce — i i — to a mixed quantity, 

a 

* b^ 

Ans. a + bA . - 

a 

3. Reduce i^^ — ^ — to a mixed quantity. 

3c 
Ans. 3a + 1 — j-. 






138 ALaSBBA. 



a* — A'* 



4. Reduce -5 -7— ^ to a mixed qaantity. 

€1 """ €t3!/ "y* S7 

Ans. or -i-ax ; r~lS« 

or — ax^ ar 

6. Reduce — j^i — T ^® ^ mixed quantity, 

Abs. a*2r + a?' = -z' 

a* — asr 

^ « , 25a*c« — 20a«6c + 46» . , 

6. Reduce g ^ oa ^ * mixed quantity. 

Ans. 5a'c — 2ft. 

7. Reduce ' 2: . o to a mixed quantity. 

oab 4- /«c 

A Qi o. . 3a6-2c 
Ans. 3a6 — 2c + 3^^2c- 

_ _ , 12«wr» + 6x» — 3,. . , ■ .. 

8. Reduce ^^ to a mixed quantity. 






3 
Ans, 2a + ar — 



6a-«' 



multiplication of fractions. 

Rule. 

(24.) Multiply the numerators together for a new nu- 
merator, and the denominators for a new denominator, 
and reduce the resulting fraction to its lowest terms. 

Examples. 

o^ ft 

1. Multiply ^ by ^. 

3a? X 5 15.r 15 - 

1 — Jr^-o = oQ Q = :^5--t"ie answer. 

4 x7a;* 28:r* 28ar* 

2. Multiply ^^ by y. 

24^M-6ar_8^ + 2^ 
Ans. 2| _ ^, . 

^8 |J2 3^» 

3. Multiply -^3- by ^^-^. 

A «' — ft' X So' _ (a«— fe»)3a« _ (a +6) (g — A)3o* 

56xa + 6 ~ (o + 6)56 ~ (a + 6)x56 
3a» — 3a«fe 

-— 56 
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•t 

4. Multiply — jj— by gpzZgj. 

3aar — 5a 

e Tiir K- 1 Sjr* , 16a? — 30 . 9a? 

6. Muluply g^— jQ by — g^"- ^^"- IT ' 

6. Multiply -^ by g— , . Ans. I. 

7. Muluply ^_aA by ^^^ + 32aft + 32y 

(4a»— 16&«)56 _ (2a— 4^) (2q-f46)66 
(o— 2i6)(8o»+32a6+36« ~" 2(o— 2A)(4a»+16aA+l66») 

^ (2a-4ft)(2a + 46)56 _ 66 . ^^^^^^^ 
(2o — 46) (2a + 46) (2a + 46) ~ 2a + 46 ' ® »^8«^«'^- 

8. Multiply ^* by ^^. ^^ ^^^^^ 

h 

o^x — — ar' 3a 

9. Multiply — -^— by g^^^fg^. 

3a +3ar 



Ans. 



2 



Note. — ^When a fraction is to be mulliplied by an entire 
quantity, the numerator may be multiplied, or the denomina- 
tor divided by this quantity (Arith. 20) ; and hence, if the 
multiplier be the same as the denominator, the denominator 
becomes unity, and therefore, to multiply a fraction by a 
quantity equal to its denominator^ it is only necessary to 
expunge the denominator. 

mi 7ax ^ 14ax Tax 
Thus, -g- x 2 == — ^ or -j-. 

a«_6a a^ — ab* a^—b* , 

oar* 

^ X 26 = aar* ; also, 

g^x6a«-26 = 13. 
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division of fractions. 

Rule. 

(24.) Inmrt the divisor, and then proceed as in muUi' 
plication. 

Examples. 

14 r^ 2x 
I. Divide —^ by -^. * 

14:r« 3 42:f« 7x , 

"9" X 2i = 187 = T' ^^^ ^''^^^'• 

a. Divide ^^ by — g^. ^ 

5ag _ 56^ 36 _ 150^6—156^ _ 156(a" — 6') 

2a ^2a + 26~ 4a« + 4a6 ~ 4a(a4-6) 

156(a— 6) ^ 

= - — ~ '. the answer. 

4a 

^^- °^^^'^" ^ - ^ - 26^ -f x^ ^y "FITft- 

(^4 _ ^,4) (a, _: ^,) _ (^a _ ^a) (^.8 ^ ^2) (^ _ ^) 

{x' — 2bx-\-x'') (x^-Vhx ~ {x — hf X X (^ + 6) 
_ (3: — 6) (.r + 6) (3:« + 6«) (a: — 6) _ x'' + 6^ 
(^ — b){x — 6)x^(2: + 6 X 

z=ix -\ , the answer. 

a^x^ . 4a 2 • ax^ 

4. Divide - y, by — . Ans. -gg- . 

5. Divide 2^-^ by -^. A"^-^- 

., ,;,.., 14a; — 3. 10a;«-4 . . 7(k-^15 

b. Divide = — by — 5^ — . Ans. ^,, ■ . . 

6 -^ 25 t lOa?- — 4 

7. Divide = — by -^. Ans. . 

5.5 X 

Q T^- \A 6a? — 7, a; — 1 . 18a; — 21 

8. Divide ^^ by -^. Ans. -rHx' 
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9. Divide ^« + ')+% ^,-il-. 

10. Divide 8 by fc^ +/ Ans. 4 + ^. 

11. Divide -g^ by — ^^. Ans. gL. 

12. Divide ,^^\-f' , by ^' + ^^ + ^' 

- - Ans. 2(a» + :r«.) 

Note. — When a fraction is to be divided by an entire quan- 
tity, the operation may be performed either by dividing the 
numerator, or multiplying the denominator by this quantity. 
Thus, 

Sot o X ^^x 2x 2jr J «» 



a^ 



ab — b^' 





To reducefractions of different denominators to equivalent 
fractions having a common denominator. 

Rule. 

(25.) Multiply all the denominators together for a com- 
mon denominator^ and each numerator into all the deno- 
minators^ except its own^for new numerators ; or. 

Find the least common multiple of all the denomina- 
tors ; this will be the common denominator. For the nu- 
merators^ divide the common denominator^^ thus founds by 
each particular denominator^ and mxdtiply the quotient by 
the num,erator. 

'Examples. 

n h 

1. Reduce - and - to a common denominator. 

Z- X 

xxz=: xz\ the common denominator ; ax and bz the nu- 
merators. The fractions reduced, are, therefore, 

ax ^ bz 
— and . — . 

xz xz . 

13 
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2. Reduce -, -j add - to a eommon denominator. 

Q a e 

. ade bee . c^rf' 
An§. —7-, —— and -:7-. 
coe cde. ^ cae 

K _ or , ^ 

3. R<kluce 77-1 TT ^J^d 4c/ to a common denominator. 

. lOac 96:2; , 24crfa: 
Ans. -r; — , -r- and -5 — . 
OCX bcx OCX 

4. Reduce ^, -3- and 2i6 + -r^ to a common denominator. 

6 4 b 

20b 18ab , 486^ + 72a 
^"'- 24^' ^JT ^''^ 246 • 

■ j 2/1* 2o^ 4- A'* 

5. Reduce ri, -i—and -^— to a common denominator. 

3 4 a + b 

4a + 46 6a^ + Bg'^A 24a^ + 126' 

^ ^^* 12a + Vdb' 12a + 1:^6 ^'^"^ l2a + 126 * 

6. Reduce t—o, tt-t, and — to a common denominator. 

4a^ oa *^a 

In this example, the denominators have a common multi- 
ple, less than their continued product ; and if we would re- 
duce the fractions to their Inast common denominator, it is 
necessary to find this least common multiple. In algebraic 
fractions, tins can generally be done by inspection, as in (liis- 
example it is easy to see that 12a^ is the least common mul- 
tiple of the denominators. But k may also be found by a 
process, analogous to that given in arithmetic (Arith. 38), for 
finding the least common mulliple of several numbers. 
'L^hus, 



2a 


4o», 


3a», 


2a 


a" 


2a», 


3a», 


1 




^ ■ 

2, 


3, 


1 



Therefore 2a x a* x 2 x 3 = 12a^ is the common multiple. 

Com. denom. Denominators. . Numerators. 

12a»-«-4a' = 3 x 36 = 96 ) 

12a* ^ 3a* = 4a x 2c = 8ac > New num. 

I2a^^2a = 6a« x rf = 6a^d) 

The ffaotions reduced are ^3, ^^ and ^,. ' 

12a' 12a' 12a* 



ADDTTWfl OF FRACTIONS. 1^ 

'7, Reduce --^^ — , - and -^j to a commof) dei^miqiit^. 
X y y X y 

/* — — X €L I ^ 

8. Reduce -r — ; ;and --!— toacommondeQcmD^r. 

0*2- + ax^ ax 

Ans. -^ — ■ -and z — = . 

a^x + o,x^ arx + ax^ 

8 5 3 

.9. Reduce rr-, -r-- and 5—, to a common denominator. 

32a« 10a , 3 

^9 _]_ 58 35 5^8 

10. Reduce — 7^ — , 7 and /v o . o l teacommonder 

2a 'a — h 2a^ + 2a6 

nominator. 

•A ^* —^* fig'fe + 6a6« , 6a» + 6a«ft 
A"^- 2a«— 2a6' ^a« — 2^^ ^^^ 2a'^«aft'* 

addition of fractions. 

Rule. 

(26.) Reduce the fractions to a common denamifuif$Qr ; 
and the sum of tfte numerators, written over the cofnman 
denominator, xoill be the sufn of the fractions. 

Examples. 

1. Add -^, -=r and ^ together. 

These fractions, reduced to a common denominator, be- 
come, respectively, 

63^* 30^ , Zix 

T05' 106 *" T05' 
;and their sum is 

633:+^^ + 352r _ 1283: 

- 105 ~ 106' 

2. Add -J--, ^ and j- together. 

A 20a« + 16^ 
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3. Add -g^, Y a»<* f^ together. 

105a«He28a«6+S06« 



Ans. 



4 ajj2a+1 4r + 2 , ar ^ . ^ 
4. Add — ^ — , — g — and y together. 



70ab 



169^ + 77 
^"^^ 105 ' 

4 Add * , and ~, together, 
a — 6 a +6 

A«o 2«' + 2ft* 
-^°®- a^ — b^ ' 

^. Add 2a + ^^-^ and 4a H ^ — together. 

A A . 14a— 13 
Ans. oa H ^g — . 

7. Add a — -r- and 6 H together. 

. ... 2(ibx — Sex* 
Ans. a + 0'\ 



be 



8. Add -j^Tj and m together. 



. 12a8 + 18a6» 6a« + 9a6* 
Ans. — — 



\&¥ ~ Sb' 



a AAA 1263 - 65 ^ . 
9. Add -g=- and ^ together. 



. 1263 + 195 _ 1468 _ ^ . 

— w — ~ "W ~ 

rn AAA * *u 123 ^144 .644 

10. Add together -j- and '^. Ans. •:^. 

11. Add together 4v, <^ and 2 + -t-* 

. 224« + 90 ^ , . , 44« 

Ans. * ^g or 2 + 4« + -tc- 

45 45 



\ 
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SUBTRACTION OF BmA€TfOXf«. 

Rule. 

(27.) Reduce ihe fractions to a common denominator j 
. and subtract one numerator from ihe other. 

Examples. 

I. From — V — subtract v-. 

b d \ , 

The fractions reduced to a common d^noniiinator are, 

dx 4-ad ^ be 

-bd- ^°* bd' 

and subtracting the numerator of the latter, gives for Uie 4if- 

^ dx-\-ad — be 

ference, ^ i-^ r. 

bd * 

• % From 3ar + 7- subtract x . 

b c - 

. Reducing the mixed quantities, we have 

3ft.r +3: .ex — X -\-a 

— T" — and , 

b c 

which reduced to a common denominator beconM 

* ^bcx + cx J bcx — bx -\' €ib 

T and F r. 

be be 

^Subtracting, according to the rule, we have for the difTerence, 

Zbcx +XX — bcx +bx -— aft ibex + cx + bx — ab 

~bc~ be 

ex +bx — ab 



or, 2x + 



be 



on 3^: , , 2x' . 13ir 

3. From -=- take -7--. Ans. -2^. 

.7 y qo 

. ^ 2a— ^6 . ,3a — 46 
.4. From — j — subtract —^. — 7 . 

6a6 — 3y — 12ac ^- 16be 
Ans. j^ ^, 

Lis* 
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3. Add -^, -g- and ^r- together. 

105a»He28a«6+306« 



Ans. 



7Ua6 



4. Add — ^ — , — ^ — and y together. 

169^ + 77 
^^' 105 • 

4. Add ^ , and ~, together. 
a — 6 a +0 

,_ 2a^ + 2b* 
Ans. — 5 7i-' 

^. Add 2a + ^5-~- and 4a -\ ^ — together. 

Ans. oa + - 



20 



7. Add a — -r— and b H together. 



. . _ . 2abx — 8cx* 
Ans. a + 6 H 



6c 



8. Add -jgTj and g^ together. 



. 12a» + 18ab* _ 6g« + 9gy 

Ans. Yoki — QAi ' 



166^ ~ 86^ 



a A-i^ 1263 , 65 ^ . 
9. Add -g=- and ^ together. 



. 1263 + 195 _ 1468 _ ^ 
Ans ^^j—^ _ -^- _ M. 

125 144 644 

10. Add together -j- and ^u' -A^^s. j^. 

7x X 

11. Add together 4v, -^ and 2+7* 

. 224« + 90 Q , . , 44« 



\ 
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SUBTRACTION OF WWLACTffnfB, 

Rule. 

(27.) Reduce ihe fractions to a common denominator^ 
and subtract one numerator from ihe other. 

Examples. 

,.-FWi+«.,b,™o.l. 

b d i 

The fractions reduced to a common d^noniiinator are, 

cfcr + ad , be 

-bd- *°^ w' 

and subtracting the numerator of the latter, gives for Uie 4if- 

dx + ad — be 



ference, 



bd 



X X 

2. From 3ar + I- subtract x 



b c • 

. Reducing the mixed quantities, we have 

. 36.r '\- X ^ ex — a: + « 

— -7- — and , 

b c 

which reduced to a common denominator becoHM 

* Zbcx-^-cx J bcx — bx -^ eb 
___ and ^^ r. 

.Subtracting, according to the rule, we have for the difTerence, 

^hcx -{-xx — bcx ■\-hx — «ft 2fecr '\'ex '\-bx — oft 

'W ~ be ' 

ex '\'bx — ab 



or, 2ar + 



be 



3. From -=- take -77- . Ans. -2^. 

. 7 y qo 

- -;. 2a— 6 . 3a — 46 

.4. From — ^ — subtract — 7:^^ — r. 

6a6 — 36« — 12ac q~ 16ftc 

^"'- a2S^ ^^ 

Lis* 
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5. Subtract — r-r- from -=-. 

^ Ax^ — llx — B 

Ans. = — I — c • 

.5a? + 6 

r 

6. Subtract -g- from yrr . Ans. jg. 

7. Subtract ^ from — g^ — . Ans. — ^^ — . 

1 . I 

8. Subtract — r-r from 



a + b a, — b' 

— 26 2ft 

Ans. -n — n, or 



9. Subtract from * » . Ans. :;3 ;p. 

10. Subtract ; — = from ■„. 

flwr + ar ax — sr 

Aax* Aax 



Ans. 



a2^»_:r*~ a«— :r«' 



.. fl ,, ,54.' 956^ A ^70 

11. Subtract -^ from -™-. Ans. -^. 



18. Subtract ^^ — t-t^ from 



2a+6« 4a« — a6** 



. a»6< 

Ans. 



4a» — ab'^ 



13* Subtract -or- from ^cttz. 

ob Izab* 



^^' Uab^ — 36 • 
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CHAPTER II. 



EQUATIONS. 

(28.) An equation is the algebraic expression of equality 
between two quantities ; a: + 12= 4« — 18, ax+ab — c=2a* 

gjA 20 

ftnd -q-. 4- 2a? = tt + 14 are equations. 

The quantities on each side of the sign of equalitjr are 
called members ; that on the left is called il\^ Jirsf member, 
and the other tha second member. 

The quantities which compose a member are called terms, 
when they are connected together by the signs of addition and 
subtraction. Thus, in the equation ax + b = 3a — c + d, 
the first member has two terms, ax and 6, and the second 
member three term^^ 3a, c, and d. But in the equation 
(a — b) (26 -f ar) = 4a', (a + b) {2b + x) is only one term ; 
the quantities of which it is composed being connected by the 
sign of multiplication. 

In every equation there is supposed to be at least one un- 
known quantity expressed by a letter, and the solution of an 
equation consists in finding the value of this unknown quan- 
tity. 

An equation which has all its known quantities ex- 
pressed by numbers, as .5j; + 4 = lla: — 20 is called a nti^ 
merical equation ; one which has its known quantities ex- 
pressed by letters, as aft — bx + a^^z 3a^ — 3bx, is called a 
literal equation. 

Equations are of the first, second, third or fourth degree, 
according as the unknown quantity which they contain is of 
tjiie first, second, third or fourth power. 

ax + b'= 3ax is an equation of the Jirst degree, ^r sim- 
pie equation, 

aa^ + 6ar = 3ab is an equation of the second degree or 
quadratic equation. 

ax^ H- 6:r* -f ex == 2a^b is an equation of (he third degree, 

ax* +bx* + cx^ ■^dx=z2ab^ is an equation of the fourth 
deffr0$. 
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EaUATIONS OF THE FIRdT DEGREE. 

(29.) In order to find the value of an unknown quantity 
contained in an equation of the first degree, it is only ne- 
V cessary so to change the/orm of the equation, without destroy- 
ing the equality of the members, that the unknown quantity 
^.xnay stand alone on one side of the sign of equality, and the 
(jUantilies on the^other side be all known quantities. Thus, 

in the equation a? == ; /i, 6, and c being known quand^ 

c 

lies, the value of x is determined. 

Tp effect the changes necessary to bring the equation to 
this form, it i$ important to observe, that we may, without 
destroying the equation, add the same quantity to, or sub-' 
tract it from, its two members ; or multiply or divide its 
members by the same quantity. This depend^ upon the fol- 
.lowing AXIOMS, which are of constar^t use in the resolution 
. 4)f equations : — 

1. If equal quantities be added to qqual quantities, the sums 
will be equal. 

2. ]f equal cfuantities be subtracted from eqUai quantities, 
the remainders will be equal. 

3. If equal quantities be multiplied by equal quantities, the 
, products will be equal. 

4. if equal quantities be divided by equal quantities, the 
quotients will be equal. 

In an equation, the unknown quantity may be connected 
with known quantities, by addition, by subtraction, by multi- 
plication, by division, or by. all these combined ; and in 
.order to disengage it, the opposite arithmetical operation musi 
be employed. 

In the equation a? + 5 =9, the unknown quantity x^ is coih 
nected with the known quantity 6, by addition ; at>d to find 
the val(f2 of a?, we subtract S from each member of the equa- 
tion, and have a? = 9 — '&z=z4l. 

In the equation x — 2 = 13, the unknov^n quantity is con- 
nected with the known quantity 2. by subtraction ; and to 
find the value of aj, we add 2 to both members, and the equa- 
tion becomes a? — 2 + 2 = 13 + 2, or a?= 13 -f 2 = 15. 

In the equation 3a: = 27, the unknown quantity k 90iph 
> nected with the known quantity, 3, by multiplication ; andif 
v.we .divide both members by 3, we aball.have x z=.Q, " 
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In the equation 2 = 3, the unknown quantity is connect- 
ed with the known quantity, 4, by division ; and if ^e multi- 
ply both numbei^ by 4, the equation becomes a? = 155. Fi- 
nally, in the eque^tion 

1+8 = 23 — 2x,^ 

the unknown quantity is connected with known qua&tities, 
by addition, subtraction, multiplication, and division ; and to 
find the value of or, we first multiply both numbers by 2, and 
it becomes x + 16*= 46 — 4x ; then we add 4r to each mem- 
ber, and have 5aj -f 16 = 46 — 4a; + 4x^; and since — 4« 
and -f 4^ destroy each other, 5a: + 16 = 46; next we sub- 
tract 16 from each member, and have 5x=30; lastly, we 
divide both numbers by 5, and we obtain a; i= 6. 

A combination of the preceding principles, gives the follow- 
ing practical rules for the resolution of equations. 

Rule I. 

(30.) Any. term may he iransj)osed from, one m>ember of 
an equation to the other, by changing its sign. 

Take the equation 5x — 8 = 16 + x. 

Adding 8 to each member, the equation becomes 

6aj_8 + 8=16 + « + 8; 

and since, in the first member, — 8 + 8 = 0, we have 

5a? = 16 + a? +8. 

Subtracting xfrom each member, we have 

5a?-^«z=16 +a? — a? +8, 

or, since in the second member,^ + a? — a? = 0, 

5a?— a:=16 + 8, 

an equation differing from the first, only in having x and 8 
in different members, with a change of sign. 

In like manner, the literal equation ax + ab = ac — fear, 
becomes, by subtracting ab from, and adding bx to, both 
members, 

ax + ab — ab + bxz=:ac — ab — fear + fear. 
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And since ah — a6=o, in the first member, and — Ax+ht 
in the second, the equation is reduced to 

ai: + 6 j: = ac -r- afe, 

in which it will be. perceived that the quantities ab and bx 
have been transposed, with a change of their signs. 

From what has been shown, it will appear, that, if the 
same quantity be in both members of the equation, and have 
the sanae sign in each, it may b'fe left outof the eqitation ; for, 
if in the equation x + a = & + a, we transpose a to the se- 
cond member, we shall have, 

xz=ib'\-a — a, ora'=.A. 

Rule :II. 

(31.) If one or more of the terms of an equatiofi are 
f ructions-^ the equation maybe deared^if fractions^ bymul- 
i^tiplying both members by the denominators of the fru^- 

ttons in succession, or by the least common multiple of all 

the denominators. 

Take the equation 

Multiplying boih members by 5, we have, 

ar + f + 55 = i|?+86; 

multiplying by 2, 

6« + 25 + 110 = ^-!- 170: 

multiplying by 8, 

48a? + 200 + 830 = 20a; + 1360. 

In this operation, it is evident that the equation has not 
been destroyed, since, in each multiplication, ix)th members 
were multiplied by the same number, (Ax. 3d.) 

The equation might have been more easily cleared of frac- 
tions by the second method mentioned in the rule. The least 
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comtnon muUiple of the denominators 5, 2, and 8, is 40 ; aiid 
if we multiply both members of the equation, 

by 40, we shall have the^quation, 

24a; + 100 + 440 = 1 Oo; + 680. 

Note. — To multiply by the common multiple, divide the 
common multiple by the denominator of each fraction, and 
multiply the quotient by the numerator; and multiply the* 
entire terms by the whole multiple. 

Examples. 

1 . Let tlie equation —. ri — ^ = > + b be cleared 

of fractious. ' a^-b' a + b 

The least common multiple of the denominators in this 
equation is a* — b^. Multiplying both members of the equa- 
lioii by this quantity, we have, 

2ax — x(a* — b^) = 2b{a — h) + b{a2 — b^). 

In this operation, the denominator of the first term of ihe first 

2ax 
hiember is removed-, for,-^^ y^ ^ ^' — 6* = 2a.^• (23). The 

first term of the second member having a-\-b for its denomi- 
nator, we divide a^ — li* by a -}• b, and uUain a — 6 for a 
quutientj wiiich is multiplied into the numerator, and gives for 
a product, kb{a — b) ; the oiher terms bein^ entire quantilics, 
are nmltiplied by the whole muhiple. 

Perlorn;igg the operations indicated, the etiuation becortics 

2aj; — d'x + b^x = 2ab — m + a'b — b\ 

2. Let the equation -^^ - .-^^.-^-^ = 3a6 + .^,be 

cleared of fractions. 

The least common multiple of the denominators is 
12a* — 6a' ; dividing this by each denominator, and indica- • 
ting the multiplication of the quotient by the numerators 
respectively, we have, 

{x—2) (4a'— 2)— (a:+2)tJa«=3a6(12a*— 6a')+c(6a'— 3a) ; 
and performing the operations indicated, 

. 4a'«— 8a»— 2a;+4— 6a*a:— I2a'=36a«5— 18a^&^6aVl3ac^ - 
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3. Clear of fractions the equation 

3^2^68^9 

Here the least common multiple of the denominators is 72 ; 
and multiplying both members by 72,. we have 

48a: + 36a: + 60 = 45a: + 56a: — 144. 

BULE III. 

• (32.) When the equation is reduced to such a fornix thai 
one member is composed of terms containing the unknown 
quantity ; and the other^ of terms containing known qtian^ 
titles only ; the value of the unknown quantity may he 
found by dividing both m>embers by }he coefficient of the 
unknown quantity, if the equation be niimericaly or, by the 
algebraic sum of the quantities into which the unknown 
quantity is multiplied, if the quotient be literal (Ax. 4th.) 

ExAMPLXfS. 

1. Find the value of x from the equation, 

12a: = 196. * 
Dividing both members by 12, we have, 

196 



X 



12 = 1«^ 



2. Find the value of a: from the equation, 

3aa: =z 15a'. 

Dividing by 3a, we obtain, 

16a» ^ 
X = -TT — = 5a. 
da 

3. Find the value of a: from the equation, 

ax + bx = 2c. 

The first member of this equation is the same as x{a + b) ; 
dividing therefore by a + 6, we have, 

2c 



a+ b' 
4. Find the value of a: from the equation^ 
3aa: + 6« — 36ca: = 46» — 26c. 
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This equation may be put under the form 

x(3a + b—3bc) = 46»— 26c; 
and dividing by 3a + i — 36c, we have, 

463 _ 26c 
3a + 6 — 36c' 

General Rule. 

1^^. (33.) Clear the equation of fractions' 
2d. Transfpose the terms of the equation so qts to bring 
all the terms containing the tmknown quantity into one 
member^ and all the knbwn terms into the other, 

3d. If the equation be numerical^ collect into one term, 
all the terms containing the unknoivff quantity, and di- 
vide both mem^bers of the equation by the coefficient of this 
term* If the equation be literal, form two factors of all 
the terms containing the unknoun quantity, one of which 
shall be the unknown quantity itself, and divide both mem^ 
bers of the equation by the other factor. 

Examples. 

, ^. 3x -x — 1 . 20a?+13^ ^ , 

1. Given -i ^ — s — = oop j to find x. 

4 2 4 

Multiplying by 4 to clear the equation of fractions, the equa* 
tion becomes 

3a:_2a: + 2 = 24i?— 20a: — 13. 

Bringing all the unknown terms into the first member, and 
the known into the second, we have, 

3a: — 2a:— 24a? + 20a: = — 13 — 2; 

and collecting the terms, 

— 3a: = — 15. 

Dividing by 3, — a: = r— 5, or a: = 5. 

Note 1. — In clearing this equation of firactions, Ihe terms 

X 1 20:r 4- 13 •' 

— - — and — J have their signs changed, since the 

sign — before the dividing line of the fraction shows that the 
whole fraction is to be subtracted. 

Note 2. — We have here for a result — a? = — 6, which 
may be changed into x=z5, since by transposing these terms 

14 



154 ALGEBRA. 

I 

we should have 6 == a?. In general, all the signs of an equa- 
tion may be changed into the opposite, since the elffect would 
be the same as transposing the entire members ; thus,- 

a* — 2x = 3b — 2c, 

by transposing becomes 

2c — 3& = 2ar — a»; 
and since the members of this last equation are equal, in 
whatever order they are written, we have, 

2a?— a^ = 2c — 36, 
which is simply the first equation, with the signs changed. 

2. Given ^.+£= ^, + *, to find the v.lue 

Ot X. 

Multiplying by da^b — 3a6', the common multiple of 
the denominators, to clear of fractions, we have, 

3ax{dab)-\-{a^—b^)x=3b\3a^b—3ab'')+b{3a'b—Za¥), 

and performing the operations indicated, 

9a«6a: + a'x — 6«ar = Qa'b^ — 9ab* + Sa^ja _ 3ab*. 
Forming two factors of the first number, one of which is ar, 
and reducing similar terms in the second, we have, 

x{9a^b + a« — b^) = 9a«6« — I2ab' + 3a'b^ ; 
and dividing by the quantity multiplied into ar, we find 

^~ 9a^br{-a^ — b^ 

3. Given?^ + 26 = *(?^ + :.to 

2 a — 

Clearing of fractions we have, 

(2a? + 6) (a — 6) "+ 26(2a — 26) = 26(2a — a?) + a?(2a — 26), 
and performing the multiplication indicated, the equation be- 
comes, 
2ai + o6 — §te — 6* + 4a6 — 46* = 4a6— 26a?+2aJ— 

In this ferm of the equation, the terms marked by a line 
drawn over them are the same in each membei^and have the 
same sign ; they may therefore be expunged, and the equa- 
tion becomes, by reducing, 

ab — 56« = — 26a?. 
Transposing the entire members, we have, 

26ar = 56« — ab. 



• * 
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Dividing by 26, 

_ 5b*~ab 5b — a 

^- — 26~-~r"' 

A n- X — 1 ,23 — X ^ i + x , J, , 

4. Given — ^ h — g — = 7 ^ to find x. 

Multiplying both members by 6 x 7 X 4 = 140, we have, 

20a: — 20 + 644— 28a: = 980 — 140 — 36ar; 
transposing, 

20x — 28ar + 35»=980— 140 + 20 — 644, 
and reducing, 27a: = 216, 

Dividing by 27, x = ^ = 8. 

« r,v^« 3a? — 3 , . 20— a: 6a:— 8 , 4a: — 4 

5. Givena: _- + 4==— ^ =r- + —g — 

to find a:. ^ 2 7 5 

Multiplying both members of the ecpiation by 70, the V ' 
least common multiple of the deoonunators, we have, 
70x—42x + 42 + 280 = 700— 3Sa:— 6fti? + 80 + 66a?— 56. 
Transposing and reducing, 

.67ar = 408» 

and, ar= -j^ 22=6. 

67 

NoTB 3. — In the resolution of equations, it is often conve- 
nient to depart from the rule given, and take advantage of 
every circumstance that presents itself for simplifying the 
quantities which enter into the equation, and also the equation 
itself; observing always to perform the same operation upon 
both members, that the equality may net be destroyed. 

6. Given -i--— — I = oft + — to find the value of x. 

ex ' c 

Since a is a factor in each of the terms of this equation, it 
can be simplified by dividing both members by a, and the 
equation becomes, 

— = ©H — . 

ex c 

Clearing of fractions we have, 
Reducing ^ _ j^ . 



9 
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whence, bcx = c" ; 

J c^ c 

and X = T~ = T"« 

be 

7. Given f r = T • — r + I. 

ox — db ox — ab 

Clearing of fractions we have, 

Expunging 6, which is common to both members of the 
equation, and transposing a' to the first member, we have, 

ar* — a* = ftar — aft, or (a? — a)b. 

Dividing both members of this equation by x — a, we obtain, 

a? + a = 6, 

and, ar=6 — a. 

^ 8. Given?-=^ = ^^I^ + 2. 

Clearing of fractions we have, 

03^ — a^xz=zx^ — 2ax — x + 2a + 2ax — 2a ; 

and reducing, ax^ — a^x = a?* — x. 

Dividing both members by^ar, the equation becomes, 

(XX — a*=a? — I, 

and, ax — a? = a* — 1, 

or, x{a — 1) = a* — 1. 

Q* 1 

Whence, x = =-, or a + !• 

a — i 

Examples for Practice. 

X X 

9. Given ^ + o" + -q- = H to find x, Ans, a: = 6. 

10. Given y + J + |- =-|"+ l^to find x. a?= 60. 

11. Given Ax — 20 =^j + ^ to &nd x. op = 10. 

-rt /N. X , X ^ 1 * /. J 6 

12. Given o"+ *S""*~T~'2 ^* ^ = Y ' 

13. Given 3x + q- = — q — to find :r. x = tt- 
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14. Given 2^-i±^ + 15 = 1^^ to find x. 



Ans. X = 12. 

__,_ 6,.. 

2 ^ 3 - "" 2 



16. Given ^^+ ^ = 20- ^® to find ^. 



X = 18. 

16. Given 2ax + 6 =s Sea? + 4a to find x. 

4g— 6 
^"2a — 3c' 

17. Given 6aa? + 26-j- 463: = 2a? + 6c to find x. 

5c — 26 
'*^"6a + 46— 2' 

1Q r\rr^r^ ^^^ 3 3:f — 4 ^, 27-l-42r, ^ J 
1«. Given — J — = 6| — to find x. 

ar = 9, 

ly. Given 5 = - to find .r. x = — j — . 

XX 4 

„-. ^. 5a6 , 4ac 2ca7 3ac . « . /. » « 
20. Given _ + -g ^=_-)- 2aft— 6ct to find x. 

70ab — 3ac 

a? = - 



3:^0c 



a*a? 



21. Given ^ dc^bx — (ic to find x. 

— c 



c{b — c){d — a) 
ck'—b^' + bc • 

22. Given ^ == -f^ to find x. a? = ^"=;'4 

a+i6:r c+/a: c^ — bd 

23. Given (a + a?) (A+a?) — a (6+c) = -r- + «' to find x. 



b 






n. ^. 9a? + 20 4c— 12 , :p, ^ , 

24. Given — ^ = .g__ + ^ to find a?. a?=a 

26. Given 2^ + li + 4f^±i? = 75f _7£±9-3 

2 ^ a? ' 2 6 2x 

14 . 

H to find ar, x-l. 

26. Given gj+gf ^ ^'+4^+4 ,^ B^KOo. 

14* 
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87. Given 9aa?» — 15ate* = 6ax* + 12aa:* to find ar. 

Of = 66 + 4. 

28. Given r-r- = r-r — rr- to find a?. 

X axArOx a-^-b ax+bx 

1 

^""3a»+26*' 

29. Given |. + £ +4 =- ^find ar. 

bdfg 



X = 



oflf^+cfi/'+Acfe' 
80. Giveu ^^ + 13i _ L+^ = 366 _ i^? 

' fU; J.OQ 

--^J-=? — 12xtofindx. :r = 19. 



SOLVTION OF PROBLEMS PRODUCING SiMPLE EQUATIONS. 

(34.) In every problem there is something given and 
known, and something ufnknown to be determined ; and it is 
by means of the relations of the known quantities to the un- 
laiowHi that we are enabled to arrive at the solution. 

The solution of a problem, by means of algebra, consists 
of two parts ; the first is to express in an equation the con- 
ditions of the problem ; and the second, to reduce that equa- 
tion, so as to find the value of (he unknown quantity. 

For expressing, in an equation, the conditions of a problem, 
thel)tlowing rule may be observed. 

Rule. 

Expressy by means of a letter ^ the unknown quantity j 
and perform upon it all the arithmetical operations which 
would be necessary to verify the result, were the problem 
already solved. This will form an equation, which, re- 
duced according to the foregoing rides, will give the value 
(^ the unknown quantity* 

Examples. 

1. To .find a number, such that the sum of its third and 
fourth parts, shall J>e equal to its half, fdus 13. 
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If we suppose the number already found, and we wished 
to verify it, we should add its third and fourth parts togetheri 
and see if the sum was equal to its half, increased by 13. 

Tutting X for the number, we proceed in the same manner: 

X 3S X 

-q- is its third part, -j its fourth part, and -^ its half. We 
should then have the following equation : — 

| + £ = J + 13. 

Clearing of fractions, 4ar + 3:r = 6ar + 166. 
Transposing, 7x — 6a; = 166 ; 

and reducing, x == 156. 

Verification. 

156^166 156 .,^ 
-3- + -:^ = -2 + 13. 

or, 62 + 39 = 78+13. 

Whence, 91== 91, which shows the result to be correct. 

2. The sum of the two numbers is 30, the difference of 
their squares is 120 ; required the numbers. 

Let X equal the least of the two numbers ; then since their 
sum is 30, the greater must be 20^— x. The square of 30 — x 
is 900 — 60a; + a^. Subtracting from this, the square of ar,^. 
the remainder, by the conditions of the problem, must be 120. 
We have, therefore, the following equation ; — 

900_60ar + ar« — ar« = 120, 

or, 900— 60a; = 120. 

Dividing by 60, 16 — x = 2, 

or, — a? = —^13. 

The least number is 13, and the greater 30 — 13 =: 17. 

Verification. 

(17)« — (13)« = 120, 

or, 289 — 169 = 120, 

or, 120 ±= 120. 

It is sometimes convenient to substitute letters in the place 
of the known quantities. 
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In the preceding* problem, let 30 = a, and 120 = b ; then 
we have for an equation, 

{a — x)* — ar" = 6; 

and by squaring a — ir, 

a^ — 2aar+ar* — i;* = M, 

or, a' — 2ax=zb. 

Transposing, — 2ax = b'-^a*. 

Changing the signs, 2ax = a* '— 6 ; 

, o* — b a b 

whence, a: = -^^ = ^-2^. 

Or if we substitute the values of a and 6 ; 

30 120 _ _ ,, 

Let X be the greater number, and we shall have the equa« 
tton, oc^ — {a — sy = b, 

or, x^ — a* + 2ax — or* = 6, 

and, — a' + 2a2r = fi, 

_oM-6_ a b 

and restoring the values of a and 6, 

30 , 120 .^ , ^ ,^ 

3. A gentleman meeting four poor persons, distributed five 
shillings among them in the following manner : — to the 
second he gave twice, to the third, three times, and to the 
fourth, four times, as much as to the first. What did he 
give to each ? 

Let X = the pence he gave to the first ; 
then 2x = the pence he gaye to the second, 

3x = the pence he gave to the third, 
and Ax = the pence he gave to the fourth. 

But the sum of the whole is five shillings, or sixty pence ; 
therefore, « + 2« + 3« + 4a? = 60; 
reducing^ Iftc = 60, 

and a? = 6, 

Wherefore he gave 6, 12, 18, and 24 pence to them respectively. 
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« 4. It is required to divide the number 99 into five such 
parts, that the first may exceed the second by 3, be less than 
the third by 10, greater than the fourth by 9, and less than 
the fifth by 1 6. 

Let X = the first part ; 

then a?^— 3 = the second, 

a- + 10 = the third, 

X — 9 = the fourth, 

ar + 16 = the fifth. 

The sum of all the parts bein j 99, we have^ 

v<+^ — 3 + 3:+ lO + x — 9+ar + 16 = 99. 

Reducing 6x + 14 = 99 ; 

transposing, 5ar = 99 — 14 = 85 ; 

whence, x = 17. 

The parts are, therefore, 17, 14, 27, 8 and 33. 

5. A courier, who travels 60 miles a day, had been des- 
patched 5 days, when a second was sent to overtake him, in 
order to which he must travel' 75 miles a day j in what time 
will he overtake him ? 

Let X = the number of days the second courier travels ; 
then, since the first had been despatched 5 days before, he 
must travel x + 5 days. But they travel the same distance ; 
hence, since the first travels 60 miles per day, and the second 
76, we shall have the equation, 

60(x + 5) = 75i:, 

or, 60x + 300 = 75x. 

Transposing, and changing the signs, we have, 

15a? = 300, 

and, . , a: = 20. 

• 

6. A merchant sells two pieces of cloth, the lengths of 
which are as 3 to 4. The shorter piece he sells for 13 cents 
more per yard than the longer, and the sum he receives for 
it, is to the sum he receives for the longer, as 7 to 8. At 
what price per yard were they sold ? 

Let X = the price per yard of the shorter ; 

then, X — 13 is the price of the other. 

Then, since their lengths are as 3 to 4, we shall have, the 
sum received for the first, to the sum received for the second, 
as, • 3 X 2r, is to 4 X (or — 13). 
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But these sums are in the ratio of 7 to 8 ; therefore, 

3:p:4(ar— 13) = 7:8. 
And by multiplying means and extremes, we have (Arith. 65), 

24lx = 28{x — 13) = 28^ — 364. 
Transposing and changing the signs, 

^ 4a? = 364, 

2r = 9l. 

91, and '91 — 13 = 78, are the prices respectively. 

7. A merchant commences business with a certain capital, 
and borrows as much more. At the end of each year he 
finds that his expenses have exceeded his income by $1000, 
and bgrrows as much as he has remaining. Four years hav- 
ing passed in this way, his whole capital is exhausted. What 
capital had he when he b^gan 1 

Let a; = the capital with which he commenced. 

Then, since he borrows as much as he has, and loses $1000 
the first year, he will have at the end of the year 2jr — 1000. 
In like manner, doubling this sum and subtracting $1000, 
he will have, at the end of the second year, 4x — 2000 — 1000 ; 
at the end of the third, 8:r— 4000— 2000— 1000 ; and at the 
end of the fourth, 16:^-8000—4000—2000—1000 ; but hiar 
capital being now exhausted, this last sum is equal to nothing ; 
we h^ve, therefore, 

16:p_8000— 4000— 2000— 1000 = 0. 

Transposing and reducing, 16^: = 15000, 

, 15000 ^™^ 

and, X = — TjT- = 937,5. 

8. Two workmen, A and B, are employed together for 50 
days, at 60 cents per day each. A spent 6 cents less per day 
than B, and at the. end of 50 days, he found that he had saved 
twice as much as B, and the expense of two days over, l^bat 
did each spend per day ? 

Let X = what A spent per day ; then 60 — x is what he 

saves per day ; and since B spends 6 cents more, he saves but 

60 — X — 6, or 54 — x. By the conditions of the question, 

what A saves in 50 days, minus the expense of two days, is 

"^ual to twice what B saves in 50 days ; therefore, . 

50(60 — ar) —2x = 2 x50(54 — x), 
or, 3000 — 50x — 2x = 6400 — lOOar, 
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and redacing, i8x = 2400, 

2400 „ 

^ = ~48" = ^- 

A therefore spent 60 cents per day, and B 66. 

9. A bookseller sells two books, one containing 100 sheets 
for 10 shillings, and the other, containing 60 sheets for 6 shil- 
lings, each being bound at the same price. What was that 
price? 

Let X = the price ; 

then, 10 — a: : 6 — or = 100 : 60. 

Multiplying the means and extremes of this proportion, we 
have (Axith. 66), 

500 — 60^ = 600 — 100:r : 
by transposition, 60^: = 100, 

a: = 2s, the price of binding. 

10. A man wishing to enclose a piece of ground with pa- 
lisadoes, finds, that if he sets them a foot asunder, he will 
have too few by 160, but if he sets them a yard asunder, he 
will have too many by 70. How many h£is he ? 

Let a: = the nunber ; 

then, x—70 : 07+150 = 1 : 3. 

Comparing the difference of consequents and antecedents, with 
the antecedents (Arith. 69), we have, 

^ — 70:220 = 1 :2. 
Dividing consequents by 2 (Arith. 68), 

:r — 70: 110= 1 : 1, 

therefore, • x — 70 = 1 10, 

and, X = 180. 

IL A market woman bought a certain number of eggs at 
two for a penny, and as many at three for a penny, and sold 
them out at five for two pence, and lost four pence by so doing. 
How many did she buy and sell 7 

Let X = the number of eggs of each price j 
then, -^ = the cost of the first. 

X 

and, -^ = the cost of the second. 

2 
But, since she sold five for two pence, -^ is the price of each, 

which, multiplied by 2x, the whole number of eggs, gives for 
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the amount -^ x 2x, or -=-, which is, by the conditions of 
6 5 , 

the question, four pence less than the cost; we have, therefore' 

"2 + T ^ "6" ~ ^ ' 

whence, 15a: + 10a? — 24a? = 120, 

and, X =: 120 ; and hence the whole num- 

ber is 240. 

12., There is a certain number, consisting of 2 digits, the 
sum of these digits is 6, and if 18 be added to the number it^ 
self, the digits will be inverted ; what is the number? 

Let X = the left hand digit. 

Then, 6 — x = the other ; and since each figure in a num- 
ber is ten times greater when removed ope place to the left, 
the number itself will be 

IQx + 6 — X, and 10(6 — x)-\-xia the number 

with its digits inverted ;, we shall then have, 

10:r + 6 — a? + 18 = 1 0(6 — a?) -f- ^ ; 
reducing, 18.r = 36; 

whence, a? = 2, 

and 6 — a?, the other digit = 4. 

Hence the number is 24, and this result is verified by adding 
18 to 24, which gives 42, the digits inverted. 

13. A merchant drew every year upon the stock he had in 
trade, the sum of a dollars for the expense of his family. ^ His 
profits each year were the nth part of what remained after 
this reduction ; but at the end of three years, he finds that his 
whole stock is exhausted ; how much had he at the begin- 
ning ? 

Let x = the stock in trade ; 

then X — a = what remains after a dollars is deducted ; 

X - a 
and is the profits of the first year ; adding this to 

X — a, the sum will be the stock at the end of the first year ; 

, J, 'x — a nx — na + x — a ^, * i • 
wherefore, x — a-] = -. ■ , the stock is 

at the end of the first year. 
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Subtracting from this, a, for the expenses of the second 
year, we have, 

nx — wa-fa? — a nx — na+x — a — na nx — 2na+x — a 

-^a = = '. 

n n n 

The profits of the second year is the nth part of this sum, or 

nx ^- 2na -\-x — a 
~" n^ • 

Adding this amount to the stock at the beginning of the 
year, we have, 

nx — 2na + x — a nx — 2na -\-x — a 
1. j^ 

7t n* 

_ n^x + ^inx + x— 2n^a — 3na — a 
~ n^ ^ ' 

for the amount at the close of the second year. 
Subtracting a from this, we have, 

n^x + 2nx + x — 2n^a — 3w« — a 

: ! a 

71*07 + 2nx + x — 3n^a — 3na — a 

— : ;i5— • 

Adding to this remainder its nth part, we have for the . 
stock at the end of the third year, 

' n^x tH 2nx + x — 3n^a — 3na — a 

n* 

n^x + 2nx + x — 3n^a — 3na — a, 

-I — ^ — z ' 

' n^ 

X 

which becomes, by bringing the fractions to a common de- 
nominator, and reducing similar terms, 

n^x+3n^x + 3nx + x — 3n^a — 6n^a — ina — a 
^z • 

But, by the conditions of the problem, the whole stock is ex- 
hausted at the end of the third year ; therefore, 

n^x +3n^x + 3nx + x — 3n^a — 6n»a — inu — a -. 



n» 



15 
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Cleariog of fractions aad transposing, 

n^x + 3n^x + 3'^^ + * = 3n^a + 6n^d + Ana + a 

ip(»« + 3n« + 3» + 1) = 3n»a + 6n«a + 4?^ + a 

__ 3n^a + 6n^a + Ana + a 

^■" n^+3n*+Sn + l 

This result may be simplified, by observing that both the 
numerator and denominator of the fraction may be divided by 
n + 1, and we have, 

_ g(3n« + 3yi-f 1)(» + 1) ^ a(3n« + 3n + 1) 
^^ {n^ + 2n + l){n+l) n« + 2/i-hl ' 

This same result might have been obtained by a shorter 
method ; for, if at the end of the third year nothing remaiued, 
the whole stock must have been exhausted in deducting.from 
the stock at the beginning the sum of a dollars, for the ex- 
penses of this* year ; for had any thing remained after this 
sum was deducted, what remained, plus the nth part of it, 
most have remained at the close of the year, and the stock 
would. not have been Exhausted; whence we have, 

n^x' + 2nx + a: — 3n^a — 3na — « _ n 

nr ^ 
and n^x + 2n2r + a* = 3n^a + 3na + a, 

, _ 3n^a+3na^ ' a a{3n^+3n + l) 

14. There are two numbers whose sum is the sixth part of 
Iheir product, and the greater is to the less as 3 to 2. Re- 
quired those numbers. Ans. 15 and 10. 

16. Find a number, such, that whether it be divided into 
two or three equal parts, the continued product of. the parts 
shall be equal to the same quantity. Ans. 6^. 

16. There are two numbers whose sum is 37, and if three 
times the less be subtracted from four times the greater, and 
this difference divided by 6, the quotient will be 6. What are 
the^ numbera ? Ans. 21 and 16. 

17. What number is that to which, if 20 be added, and 
from f of tb&auAx 12 b^ subtracted, the remajuder will be 10 ? 

Ans. 13. 

18. Divide the number 72 into three parts, so that one-half 
the first shall be equal to the second, and three-fifths of tbd 
second equal to the third. Ans. 40^ 20, and 12. 



EQUATIONS OF THE FIRST DEGREE. 167 

19. A peiBcm after spending one-fifth of his income, j^ 
$10, had then remaining one-half of it, plus $35. ReqmMd 
his income. Aas. $150. 

20. A and B engaged in trade, A with $240, and B with $96 ; 
A lost twice as much as B ; and upon settling their accounts 
it appeared, that A had three times as much remSiining as B. 
How much did each lose ? Ans. A lost $96, B $48. 

21. A person being asked the hour, answered that it was 
between five and six, and the hour and minute hand were 
together.^ What was the time ? 

Ans. 6h. 27m. 16jV i^ee. 

22. It is required to divide the number 34 into two such 
parts, that the difference between the greater and 18, shall be 
to the difierence between the less and 18, as 2 to 3. 

Ans. 22 and 12. 

23. A cistern into which water was let by twoeocks, A ftdd 
B, will be filled by both, running together, in 12 Ifours, and bjr 
the cock A alone, in 20 hours. In what time will it b6 AVM 
by the cock B alone ? Ans. 30 hours. 

24. Two persons, A and B, have, the same annual income, 
A saves one-fifth of his ; but ^, by spending $80 per 
#nnum ti^ore than A, at the end of 4 years finds himself $820 
in debt What was their annual income ? Ans. $125. 

35. A shepherd, in time of war, was plundered by a par^ 
of soldiers, who took one-fourth of bis fiock and one-fourth of 
a sheep more ; another took one-third of what he had left and 
one-third of a sheep ; then a third party took one-half of what 
then remained and one-half a sheep. After which he had 
but twenty-five sheep left. How many had he at first? 

Ans. 103. 

26. A person passed |th of bis age in childhood, j'^th in 
youth, ^tb -f- 5 in matrimony ; he then had a son whom he 
survived four years, and who reached only one-half the age of 
his father. At what age did this person die ? .Ans. 84. 

- 27. A trader maintained himself for three years, at the 
expense of £50 a year, and in each of those years augment- 
ed that part of his stock which was not so expended by one- 
third thereof. At the end of the third year his original stook 
was doubled. What was that st^k ? Ans. £740. 

28. Two men, at the distance of 150 miles, set out to 
meet each other ; one goes three miles in the time ibat the 
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Other goes seven. What part of the distance does each 
travel ? Ans. one 45, and ihe other 105. 

29. Out of a certain sum a man paid his creditors $96, 
half of the remainder he lent a friend ; he then spent one- 
fifth of what now remained, and after all these deductions 
had one-tenth of his money left. How much had he at first? 

Ans. #128. 

30. The expense of paving a square court at 50 cents per 
square yard, is the same as that of surrounding it with an 
iron fence at $1 75 per foot. How many square feet does it 
contain? Ans. 15,876. 

Solution op Simple EauATioNs which involve more 

THAN one unknown QUANTITY. 

(35.) When, by the conditions of a problem, two or more 
unknown quantities are to be determined, it is necessary that 
jthere should be as many independent equations as there are 
unknown quantities, otherwise the problem would be indeter- 
minate. . 

To illustrate this take the following example : — 
A laborer having worked for a person twelve days, and 
having' with him, during the first seven days, his son, ri^- 
ceived 100 shillings ; he afterwards worked eight days more, 
five of which he had his son with him, afid received 68 shil- 
lings. How much did he earn per day himself, and how 
much did his son earn? 

Let X = the daily wages of the man, and y = those of his 
son ; then 12^: is the whole of the fsither's wages, and Ty the 
son's ; and the sum of these is, by the conditions of the prob- 
lem, 100 shillings ; we have, therefore, the equation 

12a; + 7y = 100. 

But this equation cannot be determined, since the value of x 
depends on that of y. If, for instance, ^ = 4, then % 

12ar+7x4=100, 

12a? +28 = 100, 

12 a: = 72, 

but if y = 6, then we shall have 12x + 42 =: 100, and 

X = T?5=4;r. But if we have another condition and ano- 
12 6 

ther equation, we can determine the value of x by combining 



EaUATlONS OF THE FtRST ' DEGREE. 169 

the two equaibns tc^etber, and there will be but one value of 
either of (be unknown quantities that will answer the con- 
ditions of the problem. This other equation can be derived 
from the problem ; for the laborer Worked eight days afterwards 
at the same price, and had with him his son j&ve of these days, 
and received 68 shillings. Thiacondition gives the equatioii 

8:r + 6y = 68. 

By the first condition we had 

12:r + 7y = 100. 

Now,,in order to find the value of x and y, let it be ob- 
served, that an equation is not destroyed by multiplying both 
terms by the same quantity. Multiplying, therefore, the first 
of these equations by 7, and the second by 5, they become, 

7x(8a: + 5y= 68) = 56ar + 36y = 476 

5 x(12a? + 7y = 100) = 60a: -f 36y = 600. 

It is evident, moreover, that if one equation be subtracted 
from another, term by term, the result will be an equation, 
since it is only subtracting equals from equals, and the re- 
mainders must therefpre be equal. 

If, now, we subtract the first of these last equations from 
the second, we shall have, 

60a:+35y = 500 

56x + 35y = 476 

4x =24, 

an equation, which has but one unknown quantity, and which 
gives a? = 6. 

Substituting this value of or, in the equation \2x + 7y = 100, 
we have, 

12 x6 + 7y = 100,or 72 + 7y = 100, 

and, 7y = 100— 72 = 28 

whence, y = 4. 

These values of x and y, introduced into the original equa- 
tions,^re'the only numbers that will satisfy the conditions of 
the problem. By substituting 6 in the place of Xy and 4 in 
the place of y, we have, 

12x6 + 7x4 = 100, or 72 + 28 = 100, 

and, 8x6 + 6x4= 68, or 48 + 20 = 68. 

Now, if in the first equation, we should make a? = 6, and 
y = 64, we should have, 12 x 6 + 7 x 64 = 100, and the 

15* 
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first equation wouH be verified ; but these same values will 
not verify the other equation, since they would give, 

8'x5 + 5x6f = 68f 

By an extension of this feme reasoning, it might be shown, 
that where there are three unknown quantities, there must be 
three equations ; and in general, that the number of unknown 
quantities and the number of equations must be equal. 

The process of casting out an unknown quantity as in the 
preceding example, is called elimination. 

Rules for the resolution of equations containing two or 

more unknown quantities. 

Rule I. 

(36.) If there be two equations and two unknown quan- 
tities, multiply or dioide the given equations bysuchquan- 
titles as will make the coefficients of the same uAknown 
quantity equal in both equations ; then, if the slgtis of this 
quantity be alike, subtract one equation from the other ; 
and if the signs be unlike, add the equations together ; 
the resulting equation will contain but one unknown quan- 
tify^ the value of which may be found by the preceding 

rules. 

Substitute this value in one of the original equations, 
which will then contaAn but one unkfimcn quantity ; and 
the resolution of which will give the value of that un- ^ 
kntyuni quantity. 

If there be Tnore than two equations, and mor'b than two 
unKHQwn quantities, eliminate. one of the unknown quan- 
tities by comparing one of the equations with all the rest, 
according to the preceding rule : there will result a numr 
her of equations qjie less, containing one unknown quan- 
tity less than the given equations. 

Proceed in the same manner with this new set of equa- 
tions, and continue the operation till an equation is olh 
tained which contains but one unknown quantity. 

Having found the value of this, substitute it in one of 
the equations which contains but two unknown quantities^ 
and the value of a second unknown quantity can be deter- 
mined ; then substitute these two values in an equatioti 
containing three unknoton quantities ; proceed in this way 
till the values of all the unknown quantiiies are deter-^ 
veined., 
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Rule II. 

Observe which of the nnknoum quantities is letist in- 
volved^ and let the value of that quantity be found in each 
equation, by considering the rest as known. 

Let the values thus found be put equal to each other, 
and new equations will be obtained, out of which thai 
quantity will be excluded. ' Repeat the operation with 
these new equations till an equation is obtained, which 
contains but <me unknown quantity. 

Rule III. 

FHrnd the value of one of the unknoxon quantities in one 
equation in terms of the others, and substitute this value 
in each of the other equations ; and with the new equa- 
tions thus arising-, repeat the operation till you arrive at 
an equation with only one unknown qnantityn. 

JSXAMPLES. 

1. GivenJ ^^ +^ = 9^ ( to find x and y. 

If we multiply the first of these equations by 3, the co- 
efficients of y wiU be equal, and the equations become, 

l&x + 6y = 57, 
and, 7a? — 6y = 9. 

To eliminate y,' we add these equations (the signs of the 
terms containing y being unlike), and there results the equa- 
tion, 22x = 66, 

fi-om which we find, a: = 3. 
Substituting this value of x, in the equation 6x + 2y= 19, 

it becomes, 

15 + 2y = 19; 

whence, 2y = 19 — 15 = 4, 

and, y = 2, 

By Rule 11. 

From the equation Sx + 2y = 19, we find 

19— 5» 
y=-^-r 
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and from the equation 7a? — 6y = 9, we have, 

7ar — 9 

Putting these values of y equal to each other we have the 

equation 

7ar— 9_19 — 5^ 

— 6~- — T~' 

Clearing of fractions, 14« — 18 = 114 — SOar. 
Transposing and reducing, 44:r = 132, 
. and, ' ar = 3. 

And since y = i— g — , we have, by putting for x, its value 

21 — 9 12 „ 
y = — g— — -g = -i- 

By Rule HI. , / , / 

From the equation 5a; + 2y = 4^ weliave, 

19 — 5x 

y = — 2-5 

and substituting this valu^ of y, in the equation 7x — 6y=9, 
we have, 

and performing the operations indicated, 

7ar_57 + 15a? = 9; 
reducing, 22^; = 66, •* 

and a? =^ 3. 

Putting this value of x in the equation 7ar — 6y = 9, we 
have, 

21 — 6y==9. 

Transposing and reducing 

— 6y= — 12; 
whence, y = 2. 

2. Given < T , • * ( to find x and y. 
/ car + ay = «» i ^ 
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To eliminate x^ multiply the first equation by c, and the 
second by a ; they will then become, 

acx + bey = cn^ 

acx + cbdy = am. • 

Subtracting the second of these equations from the first, there 
remains the equation 

bey — ady = en — am, 

or, y{bc — ad) = cw — am ; 

, en — am 

whence, y = -r 7. 

' ^ be — ad 

To find the value of a?, multiply the first of the two given 
equations by rf, and the second by b ; they become, 

adx + bdy = rfn, 
bex + bdy = 6m. 

Subtracting the first of these equations from the second, there 



remams. 






bex — adx bm — . rfn, 


or, 


x{be — ad) bm, — dn ; 


jvhence, 


bm, — dn 
be — arf ' 



n. 



The value of x may also be obtained by substituting the 
value of y already found in one of the original equations ; 
thus, taking the equation aar +6y = w, and putting for y its 
value, we have, 

, ,fen — nm\ 

Transposing, ax = n — b (^^^) • 

Reducing the second member of this equation to a fraction, 
we have, 

l)cn — adn — ben + abm, abm — adn 
be — ad be — ad' 

Dividing both members by a, we find, 

__ hm — dn * 

~ be — ad' 
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By Rule IL 
The first equation gives, 

tn — ex 
and the second, y == — ^ ; 



we have, therefore, 



\ 



n — ax m — ex 



. h d 

Clearing of fractions, 

dn — adx = bm — bcx. 

Transposing, bcx — adx =^ bm — rfn, 

or, x{bc — ad) = bm — dn ; 

- bm, — dn 

whence, x =^-7 j- 

' be — ad 

The value of y may be found in like manner, or by sub- 
stituting the value oix in one of the original equations. 

By Rule III. 

n ^-^ ax 
From the first equation we find y 5= — r — • Substitu- 

ting this value of U in the second, we have. 






c:r + tff T — I =* w, 

. dn — adx 
or, ex H r =» w. 

Clearing of fractions, 

bex + dn — adx ^ fern ; 
transposing, bex — adx =bm — dn\ 

, bm — dn 

whence, x = -= r. . 

6c — ad 

The value of y may be found in like manner, or by substitu- 
tion in one of the given equations. 

Zx — 2y+ j& = 9 
3. Given { x + 7y — 42r = 11 ^ to find x, y and z, 
8x — y — 3z = 6 
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By Rtile I. 

In order to eliminate z^ we multiply the first equation by 
4 ; the coefficients of z will then be equal in the first and 
second. The first equation, multiplied by 4, becomes, 

12a: — 8y + 4j2? =- 36. 

If now we add to this the equation 

x + 7y — 4s = 11. 

z will not be found in the result, and we shall have the 
equation 

13x— y= 47. 

To eliirynate z from the third equation, we compare it 
with the first which we multiply by 3, and it becomes 

9x_6y + 3;r== 27. 
Adding .to this, the third equation, 

%x — y — 3z = 6, 
we obtain 17 x — 7y = 33.' 

We have now reduced the three given equations to two, 
liaviugtwo unknown quantities each, namely, 

13:r — y= 47, 

and, 17^: — 7y= 33. 

1^0 eliminate y from these equations, we multiply the first 
by 7, and we have, 

91^: — 7y^ 329. 

Subtracting from this the second, there remains, 

742- = 296 ; 

whence, a:= 4. 

To find y, we substitute this value of x in the equation 
I3x — y = 47, and we have, 

13x4— y= 47, 

or, 52 — y = 47 ; 

whence we obtain, y = 5. 

To find 2r, substitute these values of x a^d y in an equa- 
tion containing z^ as, 

Sx — y — 3^;= 6, 
and it becomes 32 — 6 -^ 3z =» 6. 

Transposing and reducing, 

_3jy^— 21; 
whence, « — 7. 



/ 
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^ By Rule II. 

ft 

From the first equation, by transposing and reducing, we 
find, 

' From the second, x =^ 11 +4lZ — 7y; 
and from the third, 

X- g 

From the first two values of x, we derive the equation, 

^±^ = ll+4^-7y; 

clearing of fractions, 

Qj^2y — z =33 + 12r — 21y; 
and bringing the unknown quantities into the first member, 

23y — 13:^ = 24. 
By comparing the second and third values of x, werhave, 

^ Q = n + 4z — 7y. 

Clearing of fractions, 

6+y+3z ^88 + 32z — 56y; 

whence, 67y — 29z = 82. 

We have now obtained two equations with two unknown 
quantities, upon which we operate in the same manner as 
before. ^ 

The first gives, y = ^ — , 

J . , 82 + 292; 

' and the second, y = — ^^ — . 

Putting these values of y equal to each other, we have the 
equation, 

24 + 132? _ 82 + 29z 

23 "■ 67 • 

Clearing of fractions, 

1368 + 74I2; = 1886 + 667^ ; 
whence, 742? = 518, 

' and, 2r-» 7. 
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Substitaiaig this value of jst in the equation, 

_ 24 + 132? 
23 ' 

- 24 + 91 115 - 

wehave, y = — ^^ — « _ = 5. 

. To find :r, we have, 

a: = 11 +4j2r — 7y, 
or, ^ ^ 11+28— 35 -*4. 

By Rule III. 

From the second of the given equations, we find, 

ar = ll + 4is — 7y. 

Putting this value oix\ in the first* equation, it becomes, 

3(11 +4^— 7y) — 2y + ^2; - 9 ; 

or, by performing the operations indicated, and reducing 

132r — 23y = — 24. 

Again putting the value of x in the third equation, in the 
place of x^ we have, 

8(11+42; — 7y) — y~3j2 « 6; 

and reducing, 29z — 57y = — 82 ; 

or, by changing the signs of both members, 

57y — 292r = 82. 

From the equation 13;2; — 23y = — 24, we obtain 

_ 23y — 24 
"^■^ 13 ' 

And substituting this value of z in the preceding equation, it 
becomes, 

67y-29(^-24^=82, 

or, by performing tiie operations indicated, 

gy^_667y + 696^33 

Clearing of fractions, 

741y — 667y + 696 = 1066. 
Reducing, 74y == 370, 

and, y SB 5. 

• 16 
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The values of x and z may be found as in the first and 

second rules. , , . . 

Of the three rules for the resolution of equations contain- 
ing two or more unknown quantities, the first is generally 
to be preferred, on account of its simplicity ; but there are cases 
where the operation may be abridged by the use of the others. 
It often occurs that one unknown quantity is most easily 
eliminated by one rule, and another by another rule ; and 
thus two, or all the rules, be used in reducing one set of equa- 
tions. 

4. For an example of this kind, take the equations 

x — Zy + 2u^S. [2] 
5^; — 2u = 5. [3] 
2z— y = 4. [4] 

In this example, x may be eliminated by the second rule, by 
putting its values in equations [I] and [2J, equal to each other. 
The first gives 

and the second, :r = 8 + 3y — 2w ; 

wherefore, — 5-^ = 8 + 3y — 2m, 

or, 10 — y = 16+6y — 4m, 

^ and, Au — 7y^ 6. [6] 

To eliminate z, we can make use of Rule III. 
Its value in equation, [4] is 

Substituting this in equation [3], that equation becomes, 

or, 20 + 5y— 4m«10; 

whence, 5y — 4m = — 10 ; 

or, changing the signs, 

4m — 6y-10. [6] 
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Now, if this last equation be subtracted from equation [B], 
according to rule 1st, there will remain, 

— 2y 4, 

or, y = 2. 

Then from equation [1], we have, 

2x + 2 = 10, 
ar = 4. 
Prom equation [2], 4 — 6 + 2m = 8, 

w = 5. 

And from equation [4], 2^ — 2 =4, 

5? = 3. - 

(x y + z , Q 22? + 3y 

3 2~+^ = — 4~ 

K n- J 3^_L.3y— £±f -1-12 
6. Given-^ "2 "^ "2 — 2 

iz x+7 2x + 3y + z 
3 4 9 

Clearing these equations of fractions, transposing and re- 
ducing, they become, 

12z + 15y—ix = 96^ 

— z+ 3y + 2x = 24, 
442;— 12y— 174r = 63. 

If we multiply the second equation by 5, the coefficients of 
y will be equal in the first and second ; the second equation 
by this multiplication becomes, 

_5;2;4.15y + 10ir = 120, 
which, being subtracted from the first, there remains the 
equation, 17z — 14r = — 24 ; 

or, by changing the signs, 

Ux — 17z = 2L 
To eliminate y from the third equation, we multiply the 
second by 4, and we have, 

— 42r+l?y + 8:r = 96, 

which, added to the third, gives the equation, 

i0z—9x=169. 
We have thus obtained two equations with but two unknown 
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first equation would be verified ; but these same values will 
not verify the other equation, since they would give, 

8x5 + 5x54 = 68f 

By an extension of this feme reasoning, it might be shown, 
that where there are three unknown quantities, there must be 
three equations ; and in general, that the number of unknown 
quantities and the number of equations must be equal. 

The process of casting out an unknown quantity as in the 
preceding example, is called elimination. 

RiUesfor the resolution of equations containing two or 

more unknown quantities. 

Rule I. 

(36. ) If there be two equations and two unknoum quan- 
tities, multiply or diuide the given equations by such quanr 
titles as will make the coefficients of the same unknown 
quantity equal in both equations ; then, if the stg7is of this 
quantity be alike, subtract one equation from the other ; 
and if the signs be unlike, add the equations together ; 
the resulting equation will contain but one unknown quan- 
fityt ihe value of which may be found by the preceding 
rtUes. 

Substitute this value in one of the original equations, 
which will then contain but one unkfio^an quantity ; and 
the resolution of which will give the value of that un- ^ 
knt>W^ quantity. 

If there be more than two equations, and mofe than two 
wmnQwn quantities, eliminate one of the unknown quan- 
tities by comparing one of the equations with all the rest, 
according to the preceding rule : there will result a numr 
her of equatior;s qfie less, containing one unknown quan- 
tity less than the given equations. 

Proceed in the same m^anner with this new set of equa- 
tions, and continue the operation till an equation is ob" 
tained which contains but one unknaivn quantity. 

Having found the value of this, substitute it in one of 
the equations which contains but two unknown quantities^ 
and the value of a second unknoum quantity can be deter- . 
mined ; then substitute these two values in dii equation 
containing three unknoum quantities ; proceed in this way 
till the values of all the unknown quantities are deter-- 
tnineds 
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2 ^ 3 ^4 
12. Given^|.+^ + ^ 



62. 
47. 



= 47. Ans. <y = 



4""*""5 "^ 6" 



=:3a 




24. 
60. 
120. 



13. Given 



ar+100 
y +100 
z+100 



'y+z. 

' Sir -f 3y. 




14. Given 



2ar+y— 22?«=40. 
4y — s + 3z==35. 

3x—y + 3t—u=49. 



Ans. < 



X 

y- 

Z\ 
Ui 

t 



63t\. 



20. 
10. 

6. 

4. 

1. 



(37.) Problems producing simple equations involving iivo 

or more unknown quantities. 

1. What fraction is that, to the numerator of which, if 4 
be added, the value is ^ ; but if 7 be added to the denomina- 
s tor, the value is J ? 



X 



Let — be the fraction required, then 

x+4 1 , X 

— - — = o", and — r-= i 
y 2' y + 7 



1 
5* 



2x + 8=y( J(2r-y 



Clearing of fractions, these equations give, 

— »= — 8 
= 7. 

Subtracting the first of these from the second, we obtain 

whence, x=:5, 

y==2f + 8 = 10 + 8 = 18, 

s 

The fraction is therefore, r^* 

2. Find two numbers the greater of which shall be to the 
less, as their sum is to 42, and as thdr-diflbreace is to 6. 

16* 
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Let X and y be the numbers ; 
then, x:y=x + y:4Sl, 

and, ar:y=.ar — y:6; 

and since the first two terms of these proportions are the 
same, the last terms will be proportional ; whence we have, 

jp + y : X — y = 42 : 6, 
or, a?+y:ar — y==7:l. 

Comparing the sum of antecedents and consequents with 
their difference (Aritb. 69), we have, 

{x + y)'\'{x—y) : (^+y) — (ar— y) = 8 : 6, 
or, 2ar:2!y=8:6; 

dividing by 2^ ;r : y = 4 : 3 ; 

whence, * = -^. 

Substituting this value of x in'the proportion 

X lyssax-r^y : 6) we have, 

f:,=.^^:6, 

or (Arith. 68)» Ay : 3y»=4|f — 3y : 18, 

or, ^ f:3=y:18; 

, whence^ 3y^72, 

and, y == 24. 

^ *? ^ _ ^ 

3. A farmer with 28 bushels of barley, at 56 cents a 
bushel, would mix rye at 72 cerj^ per bushd,. and wheat at 
96 cents per bushel, so that the wnok mixture may consist 
of 100 mishels, and be worth 80 cents per bushel. How 
many busheb of each kind must he mix with the bailey ? 

Let X ==. the number of bushels of rye ; 

And y = the number of bushels of wheat ; 

then, ar+y + 28=100, 

or, x+y=72* 

The value of the barley at 66 cts. the bushel is, 66x28=:1668 ; 

the rye at 72 centSi is 72^, and the wheat at 9& cents, is 96sf; 

the value of the whole at 80 ottitsp is 100 x80.se 8000; 

wherefore, 1668 + 72ar+9%=8000. 
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Transposing, 72ar + 96y = 6432. 

Dividing by 24, 3ir+4y=268. 

Multiplying the first equation by 3, we have, 

3ar + 3y = 216; 
and subtracting it from the last, 

y=62. 
x = 72—y=7^— 62 = 20. 

4. The dimensions of a certain rectangular f oor are sucb^ 
that had it been 4 feet longer, and 2 feet wider, it would have 
been 60 square feet larger ; and had it been 2 feet longer and 
4 feet wider, it would have been 64 square feet larger. Re- 
quired the dimensions. 

Let X sa the length. 

And y = the breadth. 

Then xy^ the length hmltiplied into the breadth, is the num- 
ber of square feet it contains. Now, had it been 4 feet longer, 
die hfoftdth would have been x + i; and had it been 2 feet 
broader, the breadth would have been y + 2; we have, there- 
fore, (ar + 4) X (y + 2) = ay + 60 ; 
and for a like reason, 

(ar + 2)x(y + 4)=:==ay+64. 

Performing the multiplications indicated, these equations 
become, 

xy + iy+2x + 8=sxy+60 
xy + 2y + ix + 8=xy + 6i 

or, cancelling xy, which is found in both members of the two 
equations, 

{iy + 2x + 8z=^60 

^2y + 4a? + 8=64 

Dividing the second equation by 2^ and subtracting it from 
the first, there remains, 

3y^4=28; 

hence, 3y as 24, 

y = 8j 

60 — 8 — 4y 62—32 ,^ 
and a?ss= 3 =» g — ss 10. 

5. A, B and O set down to |Jay, each one with a certain 
nwnber of shillings; A loses to B and C as many shiUings 
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as each of them has. Next B loses to A and C as many as 
each of them now has. Lastly/ C loses to A and B as many 
as each of them now has. After all, each one of them has 
16 shillings. How much did each one gain or lose? 

Let 2:= A's number of shillings at the first ; 
y = B's; 

Z=C8. 

Then since B and C double their money at the first game, 
and A loses what they gain ; at the end of this game 

A will have a: — y — z, 

B will have 2y, 

will have 2z, 

At the end of the second game, since A and C double their 
money, an)}4| loses what they gain, 

/n^ A has 2x — 2y — 2z, 

B has 2y — {x — y — z) — 2z,or3y — x — Zj 

C has iz. 

At the end of the third game, A and B have each double 
what they had at the beginning of this game, and all they 
gain, C loses. Wherefore, at the end of the third game, 

A has 4ar — 4y — izj 

B has Gy — 2x — 2j2r, 

has 4jz —{2x — 2y — 2z) — {Zy—x— z), 

or 7z — X — y. 

But by the conditions of the question, each has 16 shillings 
at the end of the third game ; we have, therefore, the three 
equations. 

Ax — 4y — 42f=l6, • 

6y_2ar— 22?=16, 

7z — X — y = 16. 

Reducing these equations, according to the preceding rules, 
we shall find 

3?= 26, y = 14, z = 8. 

Therefore A lost 10 shillings, B gained 2, and C 8. 

6. If A and B together, can perform a piece of work in 8 
days, A and C together, in 9 days, and B and C, in 10 days, 
how many days will it take each person alone, to perform ihe 
same work ? 
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Let Xy Pf and z \Sb the number of days in whieh A, B, and 
C respectively, would perform the work alone ; then A would 

perform in one day a part represented by — ,B would perform 

in one day, a part — , and C a part — . Now, A and B to* 

y z " 

gether, will perform in one day one-eighth part of it, since 
Uiey perform the whole in 8 days. We have, therefore, 



and for a like reason. 



lo-l— 1 

a? "^ y ~ 8 ' 

i^l— 1 

x'^ z~ 9 ' 



A 1.11 

and, == Trt* 

y z IQ 

Subtracting the second of these equations from the first, we 
have, 

1_JL_ 1 _1— 1 

' y ? ~ "8 9 ~ 72* 

Adding this last equation to the third equation, we obtain 

2^_ 1_ , ^ _ 82 

U ~ 72 "'' 10 ~ 720* 

Therefore, 82y = 1440, 

and, y = 17f f 

To find Che value of ar, let the third equation be subtracted 
from the first, tliere results the equation, 

1_ 1— 1_1 — 1 

X z ~ S \Q~ iff 

Adding to this the second equation, we have, 

2 _ 1 1 _ 49 ^ 

X ~ 9 ■*■ 40 ~ 360 ' ^ 9 ' 

whence, 49:f = 720, ^ • tr/^^^ 

and, x = 14^. * -^> ^ 

1 1*1 ^ 

To find z. subtract the equation = tti from the 

^ X z fiM 

second equation, and there results the equation, 

2^ _ 1 _ 1 _ 31 , 
z~ ^ 40 ~ 3t)0 ^ 
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whence, 31z = 720, - y^ 

and, z — 23^\. S^ 

Therefore A would perform the work in 145l days, B in 
17f f , and C in 23/t. 

7. The sum of two numbers is 12, and the difference of 
their squares 48. Required the numbers. 

Let X and y be the numbers, then 

a:+y==12, 

and, a;» — y« = 48. 

Dividing the second equation by the first, term by term, we 

have, X — y = 4 ; 

and adding to this the first equation, 

2ar = 16, 

and, y = x — 4 = 8 — 4 = 4. 

8. Find two numbers, such that half the first, with a third 
part of the second, make 9, and a fourth part of the first, with 
a fifth part of the second, make 6. 

Ans. 8 axkA 15. 

9. A gentlemte being" asked the age of his two sons, an- 
swered, that if to the sum of their ages 18 be added, the re- 
sult will be double the age of the elder ; but if 6 be taken 
fi*om the difference of their ages, the remainder will be equal 
to the age of the younger. What were their ages ? 

Ans. 30 and 12. 

10. There is a number consisting of 3 digits, the sum of 
which is 7, the right hand digit is one third of the left ; and 
if 198 be subtracted from the number itself, the digits will be 
inverted. Required the number. Ans. 331. 

11. There are two numbers, such that ^ the greater added 
to ^ the lesser, is 13 ; and if ^ the lesser is taken from \ the 
greater, the remaind|{^ is {^hing. Required the numbers. 

%" Ans. 18 and 12. 

12. A gentleman left a sum of money to be divided among 
four servants, so that the share of the first was ^ the sum of 
the shares of the other three ; the share of the second, ^ of 
the sum of the other three ; and the share of the third, ^ the 
sum of the other three ; and it weis also found that the 
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share of the last was 14 dollars less than that of the first. 
What was the amount of money divided, and the shares of 
each respectively? 

Ans. The sum was $120 ^ the shares 40, 30, 24, and 26. 

13. What two numbers are those whose difference, sum, 
and product, are to each other, as the numbers 2^ 3, and 5 
respectively. Ans. 10 and 2. 

14. A person exchanged 12 bushels of wheat for 8 bushels 
of barley and £2 16s., offering at the same time to exchange 
a certain quantity of wheat for an equal quantity of barley 
and £3 15s., or to sell it for £10 in money. Required the 
price of wheat and barley per bushel. 

Ans. 8 shillings, and 5 shillings, respectively. 

IB. T\vo gereons, A and B, can perform a piece of work 
in 16 days. jPhcy^ workjogether for 4 days, when A being 
called off, B is left to finish H/Whiuh-^j^ does-in^%,days._ In_J 
what time would each do it separately 7 

Ans. A in 24 days ; B in 48 days. • 

16. What fraction is that, whose numerator being doubled, 
and denominator increased by 7, the value becomes § ; but 
the denominator being doubled, and the numerator increased 
by 2, the value becomes |. Ans. |. 

17. A corn factor mixes wheat flour, which cost him 10 
shillings per bushel, with barley flour, which costs 4 shillings 
per bushel, in such proportion as to gaih 43f per cent, by sel- 
ling the mixture at 11 shillings per bushel. Required the 
proportion. 

Ans. The proportion is 14 bushels of wheat flour to,9 of 
barley. 

18. Find three numbers, such that J of the first, J of the 
second, and J of the third shall be equal to 62;^ of the first, 
J- of the second, and \ of the thijfi equal to 47 ; and ^ of the 
first, } of the second, and } of the third equal to 38. 

Ans. 24, 60, and 120. 

19. A, B and C loan different sums of money at different 
rates of interest. B loans 300 dollars more than A, at a rate 
one per cent, less, and receives 2 dollars more interest ; G loans 




188 AtGBBRA* 

aOO doDaiB less than A, at one per ceaU more, a^ receives 2 
dollare less interest. How much did each loan, and at what 

rate? 
Ana. A loaned 1000 dollars at 5 per cent., B 1300 at 4 

per cent., and C 800 at 6 per cent 

20. $500 was to be lent out at interest in two separate 
sums, the smaller at 2 per cent, more than the other. The 
interest of the greater sum was afterwards increased, and 
that of the smaller sum diminished by one per cent. By this 
the interest of the whole was augmented by one-fourth of the 
former value. But if the interest of the greater sum. had 
been so increased without any diminution of the less, the in- 
terest of the whole would have been increased one-third. 
What were .the sums and the rate per cent, of each ? 

Ans.. The sums were f 100 and $400, and the rates per 
cent. 4, and 2, respectively. 



CHAPTER HI. 



.>i" 



INVOLUTION AND EVOLUTION OF ALGEBRAIC QUANTITIES. 



INVOLUTION. 

(38.) Involution is the raising of a quantity to any pro- 
posed power. It may be performed, as in arithmetic, by mul- 
tiplying the given quantity by itself a number of times less 
one than the degree of the power ; thus, the third power of 
Za^h is, 

3a«6 X 3a«6 X 3a«6 = 27a'b\ 

But, in performing this op^jfipttion, the coefficient is raised to 
the given power, and the e5:ponents of the letters added for 
each time the multiplication is performed* In this example 
the exponents are taken three times ; and it is manifest that 
the same result would have been obtained, had the coefficients 
been raised to the required power, and the exponents multi- 
pUed by 3, the index of the power. 
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Rule. 

Raise the coefficiefU of the given quantity to the re- 
qttired'power, and multiply the exponents of the letters by 
the index of Uie power. 

Examples. 

1. What is the 5th power of 2a«6c* ? 

The 5th power of 2 is 32 ; and the exponents of the 
letters being multiplied by 5 respectively, give a", 6*, and c" ; 
and hence, 32a^°6*c'° is the required power. 

Note. — ^^11 the even powers of a negative quantity will 
be positive, and the odd powers negative, for we have, 

— ax — az=za^^ positive. 

a' X — o = — a*, negative. 

— a® X — a^=.a*i positive, 

— a* X -^ a = — a*, negative, &c. 

2. Required the 2d power of 13a6^. Ans. 169a^5*. 

3. Required the 4th power of — 7a V. Ana 2401a"a?'. 

4. Required the 3d power of ^abc Ans. j'^a'^'c^ 

2a'6' A.a*V 

6. Required the 2d power of -^ — . Ans. ^^^ . 

2a 64a* 

6. Required the 6th power of — ^. Ans. ^ ^ . 

a*6 729a"J*. 

7. Required the 6th power of -y-. Ans. — -g — -. 

8. Required the 7th.power of ^r- Ans. — 2i87& ^' 



Op Negative Exponents. 

(3&.) The rule for the division of algebraic quantities re- 
quires, that we subtract the exponent of a letter of the divi- 
sor from the exponent of the same letter in the dividend, in 
order to arrive at the quotient. Thus, a^-^a gives a' for a 
quotient If it were required to divide a^ by u\ oi a by a, 

17 



190 ALGEBBA. 

the exponents being in both cases equal, would give for a xe- 

a^ - - , £i 
suit a\ We have, therefore, a® = 1, for -2 = 1, and also — 

= 1 ; a^id in general, -5, = a", and al8o= 1, since any quan- 
tity is contained once in itself. 

In case the exponent of the divisor is greater than that of 
the dividend, there results a negative exponent, for a' -*- a' 

d 
= a^« = ar^. In Uke manner, we have, a ■+■ a', or — =:a~^, 

at 

-^, = o-», and in general, ^ = a^. Now, -^„ ^^ ^ and 
in:^, may be reduced by dividing both terms of each frac- 



a 

tion by a, and we ha^e, 

a la la 1 j. a 1 

^ a« ~ a! a' " a«' a^ "" a'' a*+^ "" a* ' 

wherefore, 

1 1 I 1 • 

and hence we conclude,, that a quanUty affected with a ne- 
gative exponent^ is equal to unity divided by the same 
quantity raised to a power denoted by that exponent. 

This being understood, we can perform upon quantities 
affected with negative exponents, the same operations as upon 
those affected with positive exponents, and the same rules 
will also apply. Thus^ 

11 1 
AT* X a-' = a"^ for— X -; = -tj which is the same as a"* : 

1 a® 

also, a-* Xa« = a* for - x a'=:— c= a*. We have, like- 

a a ' 

111 
wise, a""'-»-a"^ = a""5+« = cC^ : for — -*--5 = - == ar\ 

,■ a^ a^ a 

So also, if we would raise a quantity having a negative ex- 
ponent to any given power, we multiply the exponent by the 
mdex of the power ; thus, {2a'^f = 4a-* ; for, 2a'^ is the 

1 14 

lame as 8 -5, the square of which is 4—: , or -7 = 4a"'*. 
a* ^ a^ a^ 
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Examples. 



1. Multiply AT* by ar^. Ana. cr^^ or --. 

2. Multiply 2a«6-^ by 6(r^b\ Ana. lOoft. 

3. Multiply 16a«6-^ by 7a- W. Ans. 112a»5, or 112ft. 

3 

4. Divide 9a"* by Zar\ Ans. 3a"'S or — . 

. ' a 

Adb. 4a*6-*, or -jr 



6. Divide 36a«6-« by 9a-«6*. 

6. Divide 33a« by l\cr\ 

7. Required the 3d powQi: of 6a"^6""^ 

8. Required the 2d powet of lla'^ft^ 

9. Required the 5th power of Sa^'aT*. 



Ans. So". 



Ans. 216a-^ft-^ 



Ans. 121a-«6*. 



Ans. 32a-*ar^«, or -^o- 



Involution op Poltnomials. 

Rule. 

(40.) Multiply the polynomial by itself a numbef tf 
times less one than the degree of the required power. 



Examples. 

1. Required the 2d, 3d, 4th, 6th, and 6th powers of 
a + 6. 

a + 6 



a* + ab 



«■ + 2ab + ft* 3d power. 
a + b 

+ a«* + 2a6« + 6' 

a» + 3a** + 3ai» + 6» 3d power, 

a + h 

a* + 3«»6 + »o*fr« + fl*» 

a* + 4a'6 + 6fl^J^ -f 4«ft' *4* i* 4th power. 
a + b 

a*6 + 4a»i» + 6a V + 4a6* 4- 6* 

a*^ + 5a^6 + 10a»6« + 10a«6» + 5a6< + V 5th power. 
a + 6 

a« + Sa*^* + 10a^6« + lOa^fr'^ -t=^ ?a«6* + aV 

a'b + 5a'b^ + lOa'i^ + 10a«6* + 5ab^ + 6« 

a* + 6a*6 + 15a^6« + 20a'6« + 1 ^d'b* + 6a6«+6' 6th power* 
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2. Required the 2d and 3d powers of Sa'6 — 2a6^ 

3a»i — 2a6« 
3a»6— 2a6« 



9a*6a — Casfc^ 

9a4j2_i2a363+4a«6* 2d power. . 

3a«6 — 2a6« ♦ 

* . I I ■■ 

— 18a^6* + 24a*6» — 8a«6« 

27a«&3 _ 54a5ft^ + 36a*6« — 8a«6« 3d power. 

(41.) In the same manner, the different powers of any 
polynomial may he obtained ; but as the method is somewhat 
tedious, we proceed to investigate the laws according to which 
the powers of polynomials may be obtained without the ac- 
tual multiplication of the polynomial by itself. We begin 
with the 2d power or square. We have already seen (40), 
that 

(a + Vf = a» + 2a6 + 6*, 
and, \a — hf = a» — 2ah + 6». 

If, now, it were required to form the 2d power of 2a'6* + 3a, 
we may put 2a*6* = a', and 3a = 6', and we shall have, 

(a' + 67 = a'* + 2a'6' + ft''- 
If, in this expression, we put in the place of a' and V their 
values, we shall have, 

(2a«6« + 3a)« = (2a«6«)« + 2(2a«6« X 3a) + (3a)« ; 

and performing the operations indicated, 

(2a«6« + 3a)« = 4a^6* + 12a»6» + 9a». 

By a process entirely similar, we should find, 

(2a«6« — 3a)« = 4a^6* — 12a»6» + 9a». 

We hence conclude, that the square of any binomial is 
found by taking the square of the first terniy twice thepro- 
duSofthe two termsj and the square of the last term, and 
connecting them by their proper signs. 

If the second term of the binomial be negative, the double 
product will be negative, since it results from the multiplica- 
tion of quantities having unlike signs. 

17* 



f 
<% 
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Suppose H required to fiad the second power of a + 6 + c. 
Making a + 5 = a', we have, 

and, (a' + cf = a'« + 2a'c + c*. 

By substituting, in this expression, a + &, in the place of a', 
we have, 

(a + 6 + c)» = (a +6)' + 2(a + 6)c + c*, 

which becomes, by performing the operations indicated, 

By inspecting this result, it will be seen that the square of 
a polynomial of three terms is composed of the square of the 
first term, twice the product of tne first by the second, the 
square of the second, twice the product of the first by the third, 
twice the product of the second by the third, and the square 
of the third. Hence, to raise a polynomial of three terms 
to the second power ^ we have only to take the squares of 
the three termsy and the double products of these terms 
taken two and two, and connect them by their proper 
signsi. 

The squares of the terms will all have the sign +, and 
for the double products, the rules for the signs in multiplica- 
tion must be applied ; thus, 

(5a — 2ab + 2c^)^ = 25a« — 20a^b + Aa^b"" + 20ac» 

— 8a6c» + 4c^ 

To find the square of a polynomial of four terms, as 
a+b +c + dywe make a' = a 4- ^+c, and the given poly- 
nomial becomes, a' + d, and (a' + dy = a'^ + 2a'rf + cP. 
Putting for a', in this expression, its value a+b+Cj we have, 

(a + iB+c + d)' = (a + 6 + c)« + 2(a + &+c)d[ + cP. 

Squaring a + b+chy the last rule, and performing the mul- 
tiplication indicated, we obtain^ 

(a^6-l-c+d)»= a«+2a6-Hi*4-2ac+26c+c*+2arf+26rf 

+ 2cd + d\ 

From this result, it will be perceive<j, that the square of a 
polynomial of four terms^ is composed of the squares <ffi all 
its term^y and the double products of the terms taken twa 
and two. 

We' now propose to show that this rule for the formation ^ 
the squares of polynomials is general, or, that the square ti 
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any polynomial is composed of the squares of all its terms, 
and their double products taken two and two. 

liet a + b + c+.d .... +/be a polynomial having m 
terms; then the polynomial a+6+c+rf .... +f + h has 
m + l terms. We say now, that if the square of the first 
polynomial id composed of the squares of ail the terms, and 
their double products taken two and two, the square of the 
second will follow the same rule. • $ 

Let a-+b+c+d .... +/= a'; then, a'\-b+c+d .... 
+/+A = a'+h. Now the square of a'+h is a'H2 a7i+A«, 
and if we put in the place of a', its value, we shall have, 

{a+b+c+d .... +f+hy = {a+b'\-c4d .... +/)' 
+ 2{a + b+c+d .... +/)XA + A'. 

By hypothesis, the^ first part of this expression is equal to 
the squares of all its terms, and tl^r double products taken 
two and two ; the second part is the double products of ail 
these terms by the new term h, and the third is the square of 
this term ; hence, if the rule is true for a polynomial of in 
terms, it is true for one of m + l terms. 

We have proved that it is true for a polynomial of four 
terms, it is therefore true for one of five terms ; and if true 
for one of five terms, it is for one of six, and so on for any 
number of terms. 

For finding the second power of polynomials, we have, 
therefore^ the following 

Rule. 

liaise each term to the second potver^ and multiply twice 
the term, itself into all the terms that precede it. 

Examples. 

1. (a+64-c)^ p= a»+2a&+6»+2ac+2&c+c«. 

2. (2a«+2^4-a:«)« = 4aH8a«a:+4:rH4a«a;«+4a?3+ac^ 

3. (5a — x« — bxf — 25a« — 10aa?« + x'^Qabx + 2bx^ 

+ 6^a?«. 

\ 2a— X ) ~ 4a« — 4aa?+^a;« / ^ 
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ax -^-ac — 2cx 



5. What is the second power of 
Ads. 



a 



a» 



6. What is the second power of a* — '2ab+V ? 

Ans. a'—ia^b+6a^b''—4:ab^+b'' 

* 7. What is the second power of a^+3a*6+3a&*+6^ ? ^ . ^ 
Ans. a'+6a'b+15a'b^+20a%^+15a'b*-{^b'+b\ Oa.^^' 

8. What is the second power of Aa+2b — 6* ? 

Ans. 16a«+16a&+46»—8a6«— 468+6*. 

9* What is the second power of 7a' — iax+3a^ ? 

Ans. 49a*— 56a'ar+58a'3:«— 24aar«+9a?*. 

10. What is the seconiJPpower of a^c^ — 2abcx-\^^x^ ? 

Ans. a*c*— 4a36c3x+6a«62cV — 4a68c^^+6*a;*. 

(42.) The third powers of polynomials may be found by a 
method similar to that used for finding the square. We 'find 
by actual multiplication (40), 

(a + 6)' = a« + 3a«6 + 3a6« + 6'. 

By inspecting this result, it will be seen that the third 
power of a -f 6 consists of four parts, namely; the third 
power of a, three times the square of a, multiplied by 6, three 
times a multiplied by the square of 6, and the third power of 
6 ; and, as any quantities whatever can be substituted in the 
place of a and 6, we can find the third power ot any bino- 
mial by the following ' 

Rule. 

To4he third power of the first term, add three times tfie 
square of the first m,ultiplied by the second^ three times the 
first m,ultiplied by the square of the second^ and the third 
power of the second. 

Examples. 

1. (a— Z^)3:^63-^3a26+3a6« — 6^ 

Note. — The signs with which the different terms must be 
affected are determined by applying the rules for multiplica- 
tion ; thuS} in thc'bxample above, the second term has the 




«. 
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sign — , for 3a' X — b = — Sab ; the tl^d terra has the sign 
+, since 3a x( — bf, or 3a X ^ = 3a8^ancl the last being 
an odd power of a negative quantity, has the sign — (38). 

2. {2a'+asY = (2a«)'+3(2a«)« (<?a?)+3(2a») (aj)«+(«^)* 

= 8a* + 12c^x + 6a*x^ + a^x\ 

3. (5a — 10a:)* = 125a« — 750a»ar + 1500ai^ — lOOOar*. 
• 4. (a«ar« + 2ar*)3 = a^x^ + ^a^x^ + 12a* x^ + 8a V. 

5.^ (2ai — 2bcy = 8a«6* — 24a=A«c + 24a6 V — 8b'c\ 
^ /^ 3a + 66 \ * _ 27a» + 162a«fe + 324a&» + 2166' 
\ 2a^ ) — 8^^ ~' 

If it were required to find the third power of a polynomial 
of three terms, as a + i + c, we make a + 6 = a'. We 
then have, 

(a' + cy=a'^ + 3a"c 4 3a'c« + c* ; 

and substituting in the place of a", its value a + b, we have, 

{a+b+ey = (a+6)»+3(a+6)»c+3(a+&)c«+c3 

= a*+3a«6+3a6»+&^+3a'c-f6a6c+36»c+3ac«+36c*+c*. 

From this result it appears, that the third power of a tri- 
nomial is composed of the third powers of its three tertnSy 
three times the square of each term, mulliplied by each of 
the other terms respectively^ and svt times the product of 
ail the terms. 

Examples. 

1. (2a'» — ax+7^Y = 8a* — 12a«x+6aV — a»x»+12a*a;» 

+6a*ir*+3aV— 3aaH^— 12a3a?»+2'* 
=:8a«— 12a*a?+18a^a:«— 13a*a:*+9a»a?*— 3a2:*+a;*. 

2. (a^ ^ 2aa: + a*)» = a*— 6a*a:+15a*:r«— 20a*ir*4-15aV 

— ^ax^-\-x^» 

3. (10a+3a:r— ««)* = 1000a*+900a*2:-f 270aV+27a*a?* 
— 300aV— 180a«ar*--27aV+30aarH9aar«— af. 

If it be required .to find the third power of a polynomial 
having four terms as, a + 6 + c + rfj we have only to make 
a + 6 = a', and c -f d = 6', and after haviftg raised a' + b' 
to the third power, substitute in the place of a' and 6', their 
values ; thus, 

(a + 6 + c+d)* = (a+6)» + 3(a+6)«(c+d) + 3(a+6)(f+rf)« 

+ {c + d)\ 
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In general, if it ]^ required to raise a polynomial to any 
power whatever, it can always be done by making its terms 
equal to al + V-^ and afterwards substituting these terms in 
the developement of a' + 6'. 

For example ; let 3a + he be raised to the fourth power. 
Making 3a^ a', and he = 6', we have (40), 

(a' +i')^ = a'^ 4- 4a'86' + 6a'^6'« + 4a'6'8 + 6'*. 

Putting in the place d and h\ their values, this expression 
becomes, 

(3a«+ftc)* = (3a«)* + 4(3a«)5(6c) + 6(3a«)«(6c)« + 4(3a«)(ic)» 

+ (fe^y ' 
= 8la«+108a»6c+54a*5«c«+12a«i5«c«+6'c*. 

In Hke manner we find, 

- (5a — 2c3^Y = {5ay — 4(5a)H2ca;«) + 6(5a)«(2ca:*)« 

— 4(5a)(2c2-»)3 + (2car«)* 
= 625a*— lOOOa^c^^+eOOa^c'a?*— 160acV+8cV. 

(43.) It will be seen, by reference to Art. (40), that 
(a + 5)» = a^-f-2a^+^^ 
{u + hy = a» + 3a=5 + 3a6« ;f- i6», 
(a + hy = a* + 4a36 + 6a*6*'+ Aah^ + b*, &c. 

These powers of a-\-b were obtained by actual nlultiplica- 
tion ; but any power of a +6 may be found much more 
easily by the following 

Rule. 

1. Write, for the first term, a with an exponent equal to 
the required poicer ; for the second, a with an exponent one 
less, multiplied hy b ; and for Che remaining terms, diminr 
ish the exponent of sl by unity, and increase that of b by 
unity, for each term, proceeding from left to right, till the 
exponent of a becomes 0, and the exponent of b equal to 
the required power. 

2. The coefficient of the first term is unity ; the coef- 
ficients of the other terms are found hy the following rule : 

Multiply the coefficient of any term hy the exponent of a 
in that term, and divide by the number of that term,, count- 
ingfrom the left. The quotient will be the coefficient of 
the next term. 
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Let it be required to find the eighth power of (a 4- b)^ we 
shall have by the rule, 

{a+by=a'+8a'b+28a'b^+56a'b'+70a'b'-{-56a'b'+28a'b' 

+8ab'+b\ 

In this example, the first term is jt', the required power of 
the binomial ; the second term has a'^, the third a*, and so on, 
the exponent of a being one less in each term as we proceed 
towards the right, till we arrive at the eighth term, where it 
has unity for an exponent. The powers of 6, commencing 
at the second term, increase to the last, in which it has an 
exponent equal to the required power. It will also be per- 
ceived, that by adding together the exponents of a and b in 
any term, the sum is always equal to 8, the required power of 
the binomial. 

As respects the doefiicients, we have unity for the coefficient 
of the first term, and multiplying this by 8, the exponent of 
a in that term, and dividing by 1, the number of the term, 
gives 8 for the coefficient of the' second term ; multiplying 
this by 7, the exponent of a, and dividing by 2, the number 

of the term, gives —77- = 28, for the coefficient of the third 

term. Proceeding in like maimer with the rest, we obtain 

28 X 6 
for the coefficient of the fourth term, — ^ — = 56; for the co- 
efficient of the fifth term, — -z — =: 70 ; for the sixth, — = — 

4 ' 5 

= 56; for the seventh, — ^— =^8; for the eighth, — - — 

8x1 
= 8 ; and for the coefficient of the last term, — ^ — = 1, 

Examples. 

1. Find the seventh power of {a-^b). 

{ar-'by=a'—7a'b+21a'b^—35a*b'+3Sa'b*—2la^b'+7ah' 

— 6^ 

In this example, the signs of the terms are alternately + 
and — , which is always the case in any power of a — b. The 
reason for this is obvious, since the terms have alternately the 
odd and even powers of — b ; all the odd powers of — b must be 
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preceded by the siga — , and the evea ones by the sign + (38) ; 
and hence, these powers of — 6, multiplied into the powers 
of a, all of which have the sign +, will give alternately +' 
and — . 

2. Find the mth power of (a -f b). 

(a + br = a- + moT-^b + "^"'- ^^ a-^b^ 

f 

m(ni—lXm—2) ^^,j^, _^ «i(ot— 1X^—2X^—3) ^^^^ 

, ^ m{m- lXm-2^3){m-A) ^^^ _^_ ^ 

In %n example like the preceding, the series will not termi- 
nate, unless a numerical value is given to m. If we make 
m=zA, it terminates at the fifth term; for in that case 
oT^ = a^. The coefficient of the fifth term then becomes 
unity, for 

4(4— i)(4 — 2)(4~-3) _ 4 3 2.1 _ 24 _ 

2.3.4 ~ 2.3.4 "" 24 "^ ' 

and the fifth term is a^b* or 6*. In like manner, if we make 
m = 3, the series terminates at the fourth term ; and if m=5, 
it terminates at the sixth term. 

3. Find the 6th power of a — x, 

(a— a;)'=a«— 6a»a:+15aV— 20a'a:«+15aV— 6aa:»+a:». 

4. Find the 5th power of 2a' + 3x. 

(2a»+3a;j» = (2a«)=+5(2a»)«ac+10(2o'')'(ac)«+10(2a»)''(3x)» 

+6(2a«X3x)H(3x)» 
= 32a' <>+2i0a's+720a's* +10800* x'+SlOa"!* +243ar». 

5. (4ac' — 5c^y = (4ac')* — 4(4ac«)»(5c») + 6(4ac»)»(5c»)» 

— 4(4oc»X6c»)» + (Sc^y 
= 256aV— 1280aV+2400a''c»«— 2000ac»-f625c'», 

6. (4a + 3«»)' = (4a)» + 6(4a)'(3x')- + 15(4a)<(3:F'')» 
+ 20(4a)'(3a;'')» + 15(4a)»(3x')* + 6(4aX3x')»+(3x»)«. 

= 4096a» + l8432a'x»+34560a*x»+34560a».T'+19440a»x'» 

+ 5832aa;« + 729ar". 

7.(9a»— 46»)«=6561a''— 11664a^i»+7776o«6*— 2304o*6« 

+ 2566*. 
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(44.) Evolution is the reverse of involution. It is the finding 
or extracting the root of a given quantity. 

The root of a quantity is that quantity which, raised to a 
power denoted by the index of the root, shall be equal to the 
given quantity. Thus, the square root of a quantity, raised 
to the second power is equal to that quantity. So also the 
3d, 4th, 5th and 6th roots of a quantity, raised to the 3d, 4th, 
5th and 6th powers, respectively, will be equal to that quan- 
tity. 

The signs of the roots in algebra are the same as in arith- 
metic. Va, A/a, Va, Va, Va, &c indicate the square 
root, the cube root, the 4th root, the 5th root, and the 6th root 
of a, respectively. The figure before the sign shows the de- 
gree of the root, and is called the index of the root. 

Extraction op the Roots of Monomials. 

Rule. 

Extract the root of the coefficient^ and divide the expo- 
nent of each letter by the index of the root. 

The reason for this rule is evident ; for since a monomial 
is raised to any power by raising the coefdcient to that power, 
and multiplying the exponent of each letter by the degree of 
the power, the root of that power will be obtained by rever- 
sing the process ; that is, by extracting the root of the coef- 
ficient, and dividing the exponent of each letter by the index 
of the root. Thus, the cube root of 125a^6* is Soft' ; for 
{5ah^Y = 125a»6«. 

Examples. 



1. vea^ft^ = 3a35. 



2. V27a^h'—Zab\ 



4 — 



3. \/16a«2r*» = 2a«:r^ 



4. V2436«c^° = 36c*. 



5. \/64a^V = 2a»ar. 

18 
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4& 






8 x/?^- 



36c* ~ 6c 



% 



f 



9, V8l6-*c*3r-«, or V "^ = 3i"'car», or g,- 

10. VaVy^ == aa:*y^ 

(45.) When the exponents of the letters are not divisible 
by the index of the root, the root cannot be extracted ; but in 
that case algebraists have agreed to indicate the extraction 
by writing the index of the root beneath the exponent of the 
letter. Thus, if it were required to extract the square root of 
a', we should indicate the operation by writing 2 beneath the 



* 3 



exponent in a fractional form, and we should have Va^^=-(i^* 

So also, VcT = a» . These are termed fractional exponents 
and may be considered expressions for ro6ts which cannot be 
extracted. 

Examples. 

1. V^ = a*6. 

2. l/c^c = a^5*c^. 

3. l/l6a*&c»" = 2a6ic^ or 2a&ici 

4. Vl6a-^" = 4a-*6¥. 



3 



5. Va^Vc"^ =a^bc». 



a^^b^c oTbc 



6. V^' = 



i 
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extraction of the square root of polynomials. 

Rule. 

(46.) 1. Arrange the polynomial according to thepdwers 
of a particular letter. 

2. Fi^id the square root of the first termj which must 
always be a perfect square, and place this root in the quo- 
tient. Subtract the square of this root from the first term, 
and there will be no remainder. 

3. Bring down the next two terms for a dividend, and 
double the root for a divisor ; - see how often the divisor 
is contained in the first term of the dividend, and add 
the quotient to the root already found, and also to the 
divisor, 

4. Multiply the divisor so increased by the afoiremen- 
tioned quotient, and subtract the product from the divi- 
dend* To^ the remainder bring down the next two terms 
for a new dividend^ and double the two terms of the root 
already found for a new divisor, and proceed .as before ; 
continue the operation in the same manner mntU all the 

, terms of the polynomial are brought down. 

For an example, find the square root of 16a^ + 96a*x 
+ 216a*a^ + 216ax^ + 81«*. 

The root. 

16a*+96a»ar+216aV+216«jr«+81a?*||4a*+l8a»4-9«* 
16a* 



1st div. 8a«+12ad96a8:r+216a«jr« 

|96a«4:+144a*ir* 



2d div. 8ft« + 24ajp + ^^ 72aV4-2l6aa:»+81af* 

72aV+216a«»+81a?* 



In this example, we have Aa*, the square root of 16a^, fcr 
the first term of the root. Subtracting its square, which is 
equal to the first term, and bringing down the next two terms, 
we have, for a dividend, 96a"a? + 216d*a?* ; and doubling 4a', 
we have 8a' for a divisor, which divided into 96a% gives 
12a:r for a quotient ; and this is placed both in the divisor 
and in the root. The divisor thus Increased, becomes 
8a« + 12aar, which being multiplied by 12aar, the product 
subtracted, and the next two terms added to the remainder, 
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produces the second dividend. The whole of the root found 
being doubled, gives 8a*+24aa?for a second divisor. Di- 
viding the first term of the dividend by the first term of this 
divisor, gives 9x^ for a quotient, which is also added to the^ 
divisor, and the sum muItipUed by ^a^. 

To understand the reason for this rule, we have only to 
recur to the square of a binomial, which we have found to be 
composed of the square of the first term, twice the product of 
the first and second, and the square of the second. The first 
term of the root is, therefore, the square root of the first term 
of the square ; and since the second term of the square is 
twice the product of the two terms of the root, we shall evi- 
dently obtain the second term of the root, by dividing this 
double product by double the root already fotlnd. Thus, since 
(a + hy = a* -f 2ah + 6*,. in extracting the root of the latter 
quantity, we take the square root of the first term, which is a, 
and having subtracted its square, there remains 2a6+i'. 
Doubling the root found, we have 2a for a divisor ; and di- 
viding the first term of this remainder by it, we have b for a 
quotient ; b is then added to the divisor, so that the divisor, so 
increased, multiplied by 6, may produce the dividend, in order 
to test the correctness of the work ; thus, (3a+6)6 = 2a6+fr^ 

the root. 

a* + 2db+¥\{a-\:b 



Divisor, 2a + b 



2ab + fi» 
2ab+b* 



The same reasoning will apply when the root consists of 
three terms ; for we have 

{a + b + cY = (a +i)« + 2(a + b)c + d'. 

Now having found the root of (a + i)*, which ia a + b, we 
have only to double this root and divide the next term, 
2(a+b) c by it, to find the third term c, of the root. The ope- 
ration may be thus represented. 

Root. 

{a + bY + 2{a + b)c + c^\\a + b + c 
(a + by 



^a + b) + c I 2(a + b)c + c^ 

I 2(a+6)c + c» 



■•■•i^ 
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If tbe sqoareof a + 6 + « bad been d^doped, the opera- 
tion would have been essentially the same, as will be seen by 
inspecting the operation. 

a^ + 2ab+b» + 2ac + 2bc + c*\\a + b + c 



a 



2a + 6 



2ab + 6* 
2ab + 6« 



2a + 2b + c 



+ 2ac + 26c + c* 
+2ac + 2bc + c* 



If the root have four terms, or any number of terms whatr 
ever, the same reasoning will hold true; for we always 
have (41), 

{a+b+c+d+e .... +i+kY = {a+b+€+d+e+ t)« 

+2(a+ft+c+d+c+ .... i)k+k^ ; and hence it will appear, 

that whatever be the numb^ of terms in the root, we shall 

always find the next term by doubling the root already found 

for a divisor. 

Examples. 
I. Extract the square root of a* — Aa^x +8a^:i^ + 4aV. 
a« — iai'x + 8a»ar» + 4a»:irffl a» — "2a*jf — 2«c* 



a" 



2a«— 2a»ar 



— 4a^ar + 8a»^ 
— Aa^x + 4a V 



4 



2a»— 4a»ar— 2aar« | — 4a*3r« + 9t^x^ + 4a»aV ' : 

— 4a«jr*+8«y+4a*A V 



16* 



S06 



miOEBvat. 



9. l^xtraet the Btfiam root of 4a* + iefx -f- ^ft^g^-^-^tuc' 
4a* 



4a*+a*a? 



4a*a? + W^'^* 
4a*a: -j- o*^ 






4a'+2a'j? — Ja:F*+J^' 






« * « 



3. Extract the square root of 1 + ^« 



1+*111 + |-- F + B- !-£+**• 



^+r\ 






2+«-^j - T 



^ 



T 



8 ^ 64 



2+*— 4 + B I r - Si 

X* «* 



64 "^^ 



n . at* , a* 



128 S 64 "•" 64 256 

Bst* , Sir* Sir* • * * • 



64 "^128 • 266 



4. Extrad the square tOU of 4a* — 162:* + 24r'— 16^+4. 

Ang. 2:r"— 4a? + 2. 
6. Extract the square root of 16x*+2ix^+89a;^+60x+'i 00. 

Ans. 4a* + 3x + 10. 

6. Extract the square root of 4a?* — 16a?' + 8x^ + 16r + 4. 

Ans. 2a?*— 4r — 2. 

7. Extract the square root of Aa^b^ — 2a6»c-f-JiV+4a*6c 
— a6c* + aV. Ans. 2a4 — ibc + ac. 

8. Extract the square root of 16ar* — 16ar«+28a?« — 12:r+9. 

Ans. 4r* J— ar + 3. 

9. Extract the square root of 16a;*" — 1QJ^» + 4a?«*-* 
+ 24ar" — 12:r"-'> + 9. Ans. 4ar" — 2ar"-i + 3. 

Extraction of the cube root of polynomials. 

Rule. 

(47.) 1. Arrange the polynomial with reference to the 
powers of some letter. Then find the cube root of the first 
term, which must always admit of an exact root, and place 
the root, thus found, in the quotient, and subtract its cube 
root from the first term. 

2. Bring down the next three terms for a dividend, and 
take three times the square of the root already found for 
a divisor. Divide the first term tjf the dividend by this 
divisor; the quotient will be another term, of the root. 

3. Complete the divisor by adding to it three times the 
product of this last term of the root by those which precede 
it, and the square of this last term. Multiply the divisor, 
thus increased, by the last term of the root, and subtract 
the product, and to the remainder bring down the next 
three terms, and proceed in the same manner, till all the 
termjf are brought down, and the whole root obtained. 

The reason for this rule wiU be seen by a reference to the 
third ^power of o + 6, which is a* + 3a'6 + 3a6' + 6*. 

o» + 3a«6 + 3a6» + ¥\\a+b 



3a« + 3a6 + 6« | 3a«6 + 3ai» + 6' 

3a*6+,3aft*+6» 
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The first term of the root is, evid^itly, the root of the first 
term of the power ; and since the second term of the power 
is 3a% it is evident that we shall find the second term of the 
root by dividing this term by 3a', which is three times the 
square of the root already found. The two last terms of the 
power 3<tb* + £^ or (3a6 + &')&) being three times the pro- 
duct of the two terms of the root, and the square of the last 
multiplied by this last term, it will be seen why this product, 
and the square of the last, should be added to complete the 
divisor. The same reasoning will apply when the root is a 
trinomial f since a + b can first be c4;>tained, and then c ob- 
tained frpm a -f ft, in the same manner as b was obtained 
firom a. 
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4. Extract the cube root of 27a^ + 108a^ + 144a + 64 

Ans. 3a + 4* 

5. Extract the cube root of a' — Qa^x + 12aA-* — So:'. 

Ans. a — 2x. 

6. Extract the cube root of ar* — 3ir* + 6ar' — Sir — 1. 

Ans. X* — X — 1. 

7. Extract the cube root of a» — 6a® + 18a' — 32a« 
+ 36as _ 24a4 + Sa\ Ans. a^ — 2a« + 2a. 

General rule for extracting the roots of all 

POWERS. 

(48.) 1. Arrange the polynomial according to^ the pow- 
ers of a particular letter ; find the root of the first term 
and place it in the quotient. 

2, {Subtract its power from, the first term, and there will 
be no remainder ; then bring down the second term for a 
dividend. 

3. Involve the root, lastfoundj to the next inferior power, 
and m^ultiply it by the index of the given power for a di- 
visor. Divide the dividend by the divisor, and the qtuh 
tient will be another term of the root. 

Involve the whole root, thus found, to the given power, 

and subtract it from the whole polynom^ial. Divide the 

first term of the remainder by the divisor first found, the 

quotient will be another term, of the root ; proceed in this 

fnanner till the whole is finished. 

Extract the fourth root of 16a* +96a»6+216a«6«+216a68 
+ 81ft*. 

16a* + 96a^6 + 216a«ft« + 216aft3 + 81ft* || 2a + 36 
16a* 



32a''| 96a«ft + 

16a* + 96a«6 + 216a«ft^ + 216aft3 + 816* 





In this example, the fourth root of 16a* is 2a, which being 
raised to the third power, and multiplied by 4, the index of 
the root, .gives 32a' for a divisor. Dividing 96a^b by this di- 
visor, we have 36 for a quotient. Raising 2a + 36 to the 
fourth power, and subtracting it from the given power, re- 
mains, wherefore 2a -{- 36 is the required root. 
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To prov6 the correctness of this rule, we have only to re- 
mark, that, in any power of a binomial a + b, the second term 
contains a in a power one less than the power itself, multi[dled 
by b ; and, that the coefficient of this second term, is always 
the index of the power, so that we shall have, in general, the 
two first terms of (a +6)" = a^ + na^^b. To find the first 
term of the root, it |s, therefore, only necessary to take the nth 
root of oT ; and to find the second, we have only to divide 
the second term of the power by na*^^, or the first term of 
the root, raised to a power less one, and multiplied by the in- 
dex of the root to be extracted. If the root consists of three 
terms, we may consider (a + 6) as a single term, and find c in 
the same manner as b was found in the first case. 

Examples. 

1. Find the cube root of a^—6a'b+15a'b'^+20a^b^+15a''b' 
— Gab' + b'. 

Root 

a«6— a«6+15a^6«— 2(mf+16aa6<_6ai65+66||^«_2a6+i« 



a« 



Dlv. 



3a* I — 6a^6, Dividend. 
a6_6a«6+12a*6»— Sa^ft^ 

3a*b'^—l2a^b^, 2d Dividend. 
a«_6a56+15a*6«— 2a363+ 1 5a^b*—6ab'+b' 

^ 

2. Extract the fifth root of 32a«— SOa^a: + 80a^x^—40a^a:^ 
+I0ax* — a;^. 

Ans. 2a — x. 

Note. — Since a* is (a*)', it is evident, that in order to ex- 
tract the fourth root, we might extract the square root twice. 

Va* = a^, and Va^ = «, or, which is the same thing. 



▼ Va* = «. We have also, Va' = a, and ^ Va^=a. 
Hence, to extract the sixth root, we may first extract the cube 
root, and afterwards the square root ; and in general, where 
the index of a root is composed of factors, we can extract it by 
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extracting, successively, the roots which have these factors 
for indices. * 

The fourth root may be obtained by extracting the square 
root twice ; the eighth root may be obtained by extracting the 
square root four times; the sixth root, by extracting the 
square and cube roots, successively ; the ninth, by extracting 
the cube root twice, &c. 

Examples. 

1. Extract the fourth root of 16a* + 96a^ft + 216a»6* 
+ 216aft3 + 816*. 

Square root. 

16a*-f96a'6+216a«ft*+216a63+816*||4a«+12a6+96». 
16a* 



Sa^+I2ab 



96a36+216a263 
96a36+l44a36a 



8a^+24a6+96» | 72««6«+216a6«+81ft* 

72a«A»+216a6'+81A* 



4th root. 

4a« + 12a6 + 96«||2a + 36 
4a« 



4a^ + 3ft 



+ 12aft + 96« 
12aft + 9ft« 



2. Extract the 6th root of ar«— 12ir«+60jc^— 160ic^+240:r« 
— 192a? + 64. Ans. x — 2. 

Of the rules for extracting the roots of num- 
bers. 

(50.) The rules which we have given for extracting the 
roots of algebraic quantities, are the same, in effect, as those 
usually given for extracting the roots of numbers. The only 
difference arises from the circumstance, that in numbers the 
different orders of units, are, by means of the decimal nota- 
tion, confounded into one sum, while the quantities expressed 
by letters in algebra are kept distinct. 

Let a represent the tens in any number, and ft the units, 
we shall have, for the square of a + ft, a' + 2aft + ft ; that is, 
the square of the tens, twice the product of the tens by the 
units, plus the square of the units. Let a = 8, and ft z:= 6; 

19 
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then, since a represents the tens, and b the units, a-\-b be- 
comes 80 + 5 = 86 ; and squaring these quantities, we have 

' (80 + 5)«==(85)«, 

or, (80)» + 2(80) x 5 + (5)« = 7226 ; 

or, 6400 + 800 + 25 = 7225. 

Now, the square root of 6400 + 800+25 may be extracted 
according to the rules for algebraic quantities. Applying the 
rule we have, 

6400 + 800 + 25(80 + 5, or 86, the root. 
6400 



160 + 5 



800 + 26 

800 + 25 




But, by observing that 7225 must also contain the square 
of the tens, + twice the product of the units by the tens, + 
the square of the units, expressed by means of the decimal 
notation ; we shall be able to extract the root, after finding 
what part of this number expresses these several quantities. 
Now, if we divide this number into periods of two figures 
each, beginning at the right, it will be evident that the first 
period can form no part of the square of the tens, for 
(10)« = 100, (20)« = 400 ; and, in general, the square oCthe 
tens can have no significant figure less than hundreds; hence 
the square of the tens must be found in 72, the second pe- 
riod. 

72-25 II 85 

64 



165 



825 

825 




The greatest square in 72 is 64, the root of which is 8. 
Subtracting the square of 8 from 72, we have a remainder of 
8, which^ from the place it occupies, is 8 hundreds. Bringing 
down the next period, we have, for a remainder, after the 
the aquare of the tens is taken out, 825. This must contain 
the double product of the tens by the units, plus the square of 
the units. If we could separate the square of the units from 
the double product in this number, we should, evidently, find 
the units by dividing this double product by twice the tens ; 
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but as this cannot be done, we cannot exactly.determine the 
units, except by trial. In the example above, I take 16, the 
double of the tens for a divisor, and see how many times it is 
contained in 82, the tens of the remainder, since the product 
of tens by units must be tens. I find a quotient of 5, which 
I place on the root, and also in the units place in the divisor. 
Multiplyii)g the divisor, so increased, the product will be the 
double product of the tens by the units, + the square of the 
units ; for, 5 x 165 is the same as 5 x 160 + 6 X 5, or 5 times 
16 tens, 4- ^ times 5 units. If 5 X 165 had been greater 
than the dividend, it would have been necessary to have put 
a figure less than 5 in the root. 

If the Os had been retained, instead of giving each figure 
its value depending on its place in the decimal notation, the 
operation would have been thus expressed : — 



160 + 5 



7225 II 80 + 5, the root = 86. 
6400, square of the tens. 

825 

800, double product of the tens and units. 
25, square of the units. 



825 





When the number contains more places of figures, the 
same principles wiU apply, for (100)« = 1.00.00 and (1000)« 
= i. 00.00.00 ; and hence the square of the hundreds can 
have no significant figures in the first two periods, nor the 
square of the thousands in the first three periods. 

For another example, let the square root of 399424 be ex- 
tracted. 

39.94.24 II 63.2 
36 



123 



394 

369 



1262 



25.24 
25.24 



In this example, the root will contain three places of figures, 
since the number itself has more than four places of figures, 
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and therefore will contain the st^iiare of hundreds. But in order 
to extract the root, we may consider it as composed of tens 
and units only ; as for example, 342 may either be consider- 
ed as 3 hundreds, 4 tens, and 2 units, or 34 tens, and 2 units. 
Having, therefore, separated the two right hand figures, as 
forniing no part of the stjuare of the tens, I proceed to extract 
the root of 39.94. For this purpose, 3994 may be considered 
as so many units, and the root extracted as in the preceding 
example. I find the root of this number to be 63, with a re- 
mainder of 25. Bringing down to this, the right hand period, 
I find, for the whole remainder, 2524. This must contain the 
double product of the units by the tens, -f the square of the 
unitd : 63 is the tens of the root ; and the double of this, 126, 
will be the divisor to be used in finding the units. If the 
number contained i3even or eight places of figures, there would 
then be four periods, and the root of the first three being ex- 
tracted, it might be considered as so many tens, and the re- 
mainder of the root units, as in the preceding examples. 

For the rule for extracting the square root of numbers, see 
Arithmetic, art. (56), page 67. 
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V' 



1. ^^869329 = 927. 



2. V390625 = 625. 



8v \/998001 = 999. 



4. V52441 = 229. 



6 a/6 2 ...-. 3d 



Extraction op t^e cube root op numbers. 

(61.) Let a represent the tens of any number, and b the 
units ; then, {a + b) will be that number, and 

{a + by = a^ + 3a«6 + 3a6» + b\ 

Hence it will appear, that the cube root of any number is 
composed of the cube of its tens, -|- three times the square of 
the tens multiplied by the units, -\- three times the tens mul- 
tiplied by the square of the units, + the cube of the units. 
If we take any number, 24 for example, we can put it under 
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the form 20 -}- 4, and raising it to the third pow^r, we shall 
have 

(20 + Ay = (20)» + 3(20)« X 4 + 3(20 X (4)« + 4» 

= 8000 + 4800 + 960 + 64 = 13824. 

13.824 II 24 

8 



1200 

240 

16 

1466 



5824 



6824 

Now, in order to extract the cube root erf 13.824, it will be 
necessary to discover what part of this number contains the 
cube of the tens, and since (10)^ = 1000, it is evident that 
the three riglit hand figures make no part of the cube of the 
tens. We must, therefore, find the cube of the tens in 13. 
Now the greatest cube in 13 is 8, which is the cube of 2. 
Putting 2 in the root, and subtracting its cube, we have 5824 
remaining for the remaining terms ; namely, three times the 
square of the tens multiplied by the units, tliree times the tens 
multiplied by the square of the units, and the cube of the 
units ; but since the first of these terms is much the largest, 
we shall be able to obtain the units nearly, by dividing 6824 
by 1200, which is three times the square of the tens. Having 
thus found the unit figure, which is 4, we can verify the result 
.by forming with it and the tens, the three products represent- 
ed by 3a'b+3ab'^+b^ ; but this is the same as (3a«+3aft+6^)6. 
If, therefore, we add to 1200, the divisor = (3a'), three times 
20 X 4, or 240 = (3aJ), and the square of 4, or 16 = (6«), 
and multiply the sum by 4 = (6), the product will be 5824. 
If the product had been greater than the dividend, it would 
have been necessary to put a less figure in the units place. 
The ciphers in 1200 and 240 might have been omitted, but 
in that case, the figures must be written in the places cor* 
responding to their values ; thus, 

12 
24 
16 



1456 
The reason for these values is obvious ; for the square of 

19* • 
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the tens dtn have no figure less than hundreds^ and the 
product of the tens by the units, none less than tens. 

If the number contains more places of figured, the same 
reasoning will apply as in the square root. The number 
must be divided into periods of three figures each ; for we have 
'(10)8 _ xoOO, (100)3 =1.000.000,(1000)'= 1.000.000.000, 
from which it will appear, that the cube of tens can have no 
significant figure in the first period, the cube of hundreds none 
in the first two, and the cube of thousands none in the first 
three. The number of periods will, therefore, denote the 
number of figures in the root. 

Let it be required to extract the cube root of 199176704. 



Div. (5)«x3 = 25x3 

8x5x3; 

(8)« : 



75.00 

120.0 

64 

8764 



199.176.704(584 
126 

74.176 1st dividend. 



70.112 



Complete divisor- 

2d div. (58)''x3=3364x3=10092,00 

58x4x3= 696.0 
(4)'= • 16 



2d complete divisor. 



1016176 



4064704 2d dividend. 



4064704 



In this example, I first seek the root of the two left hand 
periods, which I find to be 68. I then call this 68 tens, and 
proceed to find the last figure of the root by taking three times 
the square of 68 tens, for a divisor, and bringing down the 
last pei'iod to the remainder, for a dividend. The divisor is 
completed in the same manner as in the last example. If 
the given number contained four periods, the same method 
would be followed, always considering the figures of the root, 
already found, so many tens, and the figure sought, so many 
units. 

For the rule for extracting the cube root of numbers, see- 
Arith. art. (67), p. 70. 
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Examples. 



1. V7646373 = 197. 



2. V62734376 = 375. 



3. V334265384 = 694. 

General method of extracting the roots op num- 
bers OP ANY POWERS WHATEVER. 

(52.) The roots of any powers whatever may be extracted 
by a method analogous to that given (48) for extracting the 
roots of algebraic quantities. 

The first two terms of the developement of any power of 
a binomial, as (a+6)" is always a"+ na'^b (43). Hence it will 
appear, that if we make a = the tens of any number, and 
b = the units, we can approximate to the units by raising the 
tens^ to a power one less, or 0""^ and multiplying this power 
by n, the index of the root to be extracted, for a divisor. To 
find in what part of the number we are to look for the power 
of the tens, we are to point off the number in periods of^ n 
figures each ; for, in raising 10 to any power, we add a cipher 
for every multipUcation ; thus, (10)« = 100, (10)^ = 1000, 
(10)* = 10000 ; and since in raising 10 to the 7tth power, it 
is tor be multiplied by itself n — 1 times, we shall have for the 
nth power of 10, 1 and n ciphers. Hence, the nth power of 
the tens of any number, can have no significant figure in the 
first n figures, on the right. 

Let it now be required to extract the 4th root of 331776. 

33.1776(24 
16 



div. 



(2)3 = 8x4 = 32)17,9376 

(24)*= 33.1776 

In this example, w = 4 ; I therefore point off four figures 
from the right, as containing no part of the fourth power of 
the, tens. The greatest fourth power in the left hand period 
is 16, the fourth power of 2. I therefore conclude that 2 is 
the tens of the root : to find the units, I raise 2 to the third 
power, and multiply it by 4, the index of the root, for a divi- 
sor. It then corresponds to ncT^^ of the developement of 
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(a + by. For a dividend, I brin^ down to the remainder the 
last period. I have now, for a divisor, 32, and for a dividend, 
179.376 ; and since 32 is four times the cube of the tensy it 
can occupy no lower place than that of thousands. I there- 
fore reject the last three places of. figures in the dividend, and 
see how many times the divisor is contained in 179. I find 
the quotient to be 5. But the dividend being what remains 
after the fourth power of the tens is taken out, corresponds to 
Aa^b + 6a«6» + 4a6» + 6*, the first term of which, divided by 
4a', which in this case is 32, will give, for a quotient, b the 
units of the root. It is evident, therefore, that the whole of 
this dividend divided by 32, will give a qiiotient somewhat 
too large, and on this account I take 4, instead of 5, for the 
units of the root. Having raised 24 to the fourth power, I 
find it exactly equal to the given number, which shows that 
it is the root required. 

The greater the index of the root to be extracted, the more 
will the quotient exceed the units of the root, for the higher 
the power of a binomial, the greater will be the number of 
terms remaining after the first term is taken away. If there 
are more periods than one, the root will consist of more than 
two places of figures ; but the same principles will apply ; for 
having obtained two figures of the root, we may consider 
them as expressing so many tens, and proceed as before. 

Rule. 

1. Divide the number into periods of as many figures 
eachy as there are units in the index of the root. 

2. Extract the root of the left hand period, and subtract 
its power from that period, and to the remainder bring 
down the first figure of the next period for a dividend. 

3. Involve the root, already found, to a power one less 
than the index of the required root, and multiply this 
power by the index of the root, for a divisor. 

,4. See how m,any times this divisor is contained in the 
dividend, and place the result in the root. 

6. Involve the whole root to the given power, and sub- 
tract it from the- two left hand periods^ and to the re- 
mainder bring doum the first figure of the next period for 
a new dividend, and form a divisor from the whole root 
already found, in the same mxmner as before ; proceed in 
like manner, till all the periods are brought down, always 
observing to subtract the root when involved to the given 
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power ^ from as many of the left hand periods of the given 
,numberj as there are figures in the root. 

Examples. 
1. Extract the cube root of 148877^ 

148877(53 
125 



Div. 3(5)» = 3 X 25 = 75)238 



(53)'= 1488,77 



2. Extract the cube root of 176558481. 

176558481(561 
125 



Div. 3(6)« = 75)615 dividend. 
(56)'= 175616 



M Div. 3(56)» i= 9408)9424 2d dividend. 
(561)' = 176558481 



3. Extract the "fifth root of 33554432. 

335,54432(32 
243 



Div. 5 X (3)* = 405)925 dividend. 
(32)*= 33554432 



Note. — ^If the index of the root to be extracted, be such 
a number as can be decomposed into factors, we c£in obtain 
the root by successively extracting the roots which have 
these factors fur indices, upon the principles laid down in 
Art. (49). 
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Examples. 



V^^ 



1. V244140625 = V. Vk544140625 = V15625 = 25. 



= V ^429981696= V v^J 



2. V429981696 = v ^429981696= V V20736=12. 



3. \/19683 = 3. 



4. V88750368L=31 



6. 1/988036=31,527. 



6. V390625 = 5. 

Extraction op roots by approximation. 

(53.) There are but few numbers, comparatively, that will 
admit of exact roots ; these are called perfect powers. 

1, 4, 9, 16, 25, 36, 49, (fcc. 

1, 8, 27, 64, 125, 216, 343, <fcc. 

are perfect squares and cubes ; but all the intermediate num: 
bers will admit of no exact root, it being impossible to find 
any number, which, multiplied by itself once or twice, will 
produce any one of those numbers. 

Indeed, it can be shown, that Jthe root of ^ number which 
is not a perfect power, can be neither a whole number nor a 
fraction. In the first place, the root cannot be a whole num- 
ber, for then the number itSelf would be a perfect power of 
that root, which is contrary to the supposition. 

To show that the root of an imperfect power cannot be a 
fraction, it is necessary to prove that the powers of any irredu- 

c 
cible fraction, as -r-, are irreducible. To this purpose, we re- 
mark, that the terms of such a fraction being prime to each 
other, they can have no factor in common ; and hence, their 
prime factors must be different. Let the prime factors of 
c, heyde •••./, and the prime factors of 6, hk, . . . /; then, 

c_ dxex . . . ./ 

b hxkx . . . .1' 
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Raising both members of this equation to the nth power, we 
have 

£__ dTxe^x /" 

V~lC'xk''x r 

In raising the second member of this equation to the nth 
power, we have introduced no new factor ; we have only re- 
peated each of the prime factors which belong to the terms of 
the fraction, n times. The numerator and denominator have, 

therefore, no prime factor, in common ; therefore -t« is an ir- 
reducible fraction. 

This being premised, suppose it possible that the nth root 
of a number, a, for example, be a fraction, and that this frac- 

tion, reduced to its lowest terms, is-p : we have Va == i-. 

0-0 

Raising both members of this equation to the nth power, we 



have c" 

a = 



n 



c 



but -J- being an irreducible fraction, r;rwill also be irreducible, 

c" 
as shown above ; therefore a cannot be equal to -rs? for, in 

that case, we should have a whole number equal to an irre- 

ducible fraction, which is impossible. Therefore Va cannot 

c 

be equal to -r-, or any root of a whole number be equal to a 

fraction. 

But though we cannot obtain the exact root of a number 
which is not a perfect power, we can approximate as near to 
it as we please. For example ; let it be required to extract 
the square root of 5 to within y^. We may write 5 in 
the form of a fraction; thus, f, and by multiplying both 
numerator and denominator by the square of 10 ^= 100, 
we shall have fH ; now, by extracting the root of both 
numerator and denominator, we have 10 for the denomi- 
nator, and the numerator between 22 and 23. \% is too 
small, and f ^ too large, so that the root is determined to 
within one-tenth. If we would determine the cube root of 
any number, 14 tor example, to within yV? we may put it in 
the fractional form, Y, and multiply both terms by 1000, the 
cube of 10, and we shall have VAV \ ^^^ ^^^^ ^^^ ^^ which, 



224 ALGEBRA. 

is between f ^ and f f /or within tV ^^ ^^^ exact root. The 
same reasoning will apply to any root whatever, and any num- 
her besides 10 may be used for the denominator of the root; 

1 

for if we would extract the wth root of a to within — r, we 

mtn 

a ■* 

have only to write a in the fractional form, -, and multiply both 

* ''ft 

terms by the wth power of m. We shall then have — ^ . Now 

m 

the nth root of the denominator is m, and calling r the near- 

est root of the numerator, the root will be between - and 

r + 1 .1 

; that is, within — -r- of the exact root. 

(54.) We will now apply this principle to the extraction of 
roots by approximation in decimals. We found the square 
root of 5 to be f f , or 2,2, Had it been required to approxi- 
mate to within yi^ of the exact root, we should have multi- 
plied both terms of the fraction by (100)^ 10000, and it 
would have become fJJJJ> ^^^ square root of which is f |^, 
or 2,23, which is the root to within y^^. If it wer6 required 
to extract the cube root of any number to within yV, yi^^, or 
T oV 0) i^ is evident that it might be done by multiplying that 
number by the cube of 10, 100, or 1000, and extracting the 
root. The root obtained would be lOths, lOOths, or lOOOths, 
which might either be written in the form of .a vulgar fraction, 
or, by pointing off the requisite number of figures, in the 
form of a decimal fiaction. Thus, the cube root of 

_ ^ /31x(100)^ _ ' /31000000 _ 314 _ 
^i — V ^iQQy — V 1000000 ~ 100 ~ ' 

In these examples, the denominators might have been 
omitted, and the given number multiplied by the square, or 
cube, of 10, 100, 1000, &c. The^number of O's added to the 
^iven number, will always show the number of decimal 
places in the root. For multiplying by (10)* = 100, is the 
same as adding two O's to the given number. Multiplying 
by (100)2, which is equal to (10)^ x(10)2,is the same as add- 
ing four O's ; multiplying by (1000)«=(10)« X (10)« X (10)^ is 
adding six O's ; and hence, in extracting the square root, it is 
evident, that for every two O's added, there will be one place 
of decimals in the root. 
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' In extractitig the cube root we have, (10)* =s 1000, 
(100)» = (10)» X (10)» ; (rOOO)» = (10)» X (10> X (10)», &c. ; 
and hence, for every three O's added to the given number, we 
shall have one place of decimals* And, in general, since the 
nth power of ten has no O's we shall always have, in extract- 
ing the nth root, one place of decimals for every n O's added 
to the given number, for (10)" x 10" = (100)", 10" x 10" x 10" 
= (1000)", &c. 

For extracting roots by approximation in decimak, we 
have, therefore, the following general 

Rule. 

For each place of decimals reqtdredin the rootj add as 
many (fs as there are units in the index of the root to be 
extracted. 

Examples. 

1. Extract the square root of 12, to thr^ places of deci- 
mals. 

12,00,00,00(3,464 
9 



64 



686 



300 
256 



6924 



4400 
4116 

28400 
27696 



704 



20 



326 
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2. Extract the eabe root of 16 to two places of decimals. 

Root. 

15.000.000 II 2.46 
8 



1200 
240 
.16 

1456 



7000 



6824 



172800 

43200 

36 

177156 



1176000 



1062936 



113064 
■ 3. Extract the 4th root of 25 t<f one place of decimals. 

Root. 

25,0000 II 2,2 
16 



(2)»x4 = 32 I 90,000 
(22)*= 234266 



15744 



4. Extract the cube root of 3, to six places of decimals. 

Ans. 1,359921. 
6. Extract the cube root of 6, to three places of decimals. 

Ans. 1,709. 

6. Extract the fourth root of 38, to two places of decimals. 

Ans. 2,47. 

To extract the root of a whole number and decimal frac- 
tion, as 15,173, it is always necessary to affix so many O's to 
the right, as will make out one or more complete periods of 
(tie root, counting from the decimal point; for if we have 
the number 15,173, as above, and which is the same as 

15173 

-m^ ; it ivtU be perceived that the denominator will not ad- 
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mit of an exact root. But if we multiply both terms of the 

fraction by 10, we shall have -:. ' ^ , and the denominator 

being now a perfect square, its root can be extracted, and will 
give 100 for the denominator of the root ; or, which is the 
same thing, two places of decimals in the root of the given 
number. The same reasoning will apply to other roots. Let 

17231 

it be required to extract the cube root of 1,7231, or fTjTjTjs- 

To make the denominator a perfect cube, it must be multi- 
plied by 100, and the fraction then becomes TTwxTjSfki 

or 1,723,100, the root of which can be extracted by the pre- 
ceding rules, and gives two places of decimals in the root 
Hence, for the extraction of the roots of decimals, we have 
the following 

Rule. 

Divide the decimal part into periods^ corresponding to 
the index of the root, beginning at the decimal point ; and 
if there is not the requisite number of figures, jUl out the 
last period by affixing (fs, and extranet' the root as in 
whole numbers. 

Examples. 
1. Extract the square root of ,0034672. 

Root. 

,00.34.67.20 II ,0688 
25 



108 I 967 
864 



1168 



10320 
9344 

976 



238 
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2. Ezlract the cube root q( 13^0125. 

Root* 

13,012.500 II 2,35 
8 



1200 

180 

9 

1389 



6012 



4167 



158700 I 845500 
3450 



25 



162176 



810876 



34625 
3. Extract the fourth root of 7,82667, 



• • 



7,82.65.70.00 11 2,7976, the square root. 
4 



47 



649 



5587 



382 
329 



6365 
4941 

42470 
39109 



2,79.76 II 1,67 4th root. 
1 



26 



vr9 

156 



55946 



^6100 327 
335676 



2376 
2289 



424 65 

4. Extract the square root of 2,34672. 



Ana. 1,6316. 



CALCULUS OF RADICALS. 

(64.) In the extraction of the roots of algebraic quantities, 
it is often the case, that the quantity will not admit of an ex- 
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act root ; such quantities are called rcuiicahy or irroHonal 
quantities, and are written with the sign of the root, called 

also the radical sign. i/2a6, 2 i/a^ a V^6a' are radi^b. 

The figure written before, and a little above the radical 
sign, shows the degree of the root to be extracted, and is 
called the index of the radical. In writing the sign for the 
square root, the index is generally omitted. 

Two radicals are similar when they have the same indi- 
ces, and also the same quantities under the radical sign: 

— 8 8 

V5 and 7 V5, Vac and 2 Vac, are similar radicals. 

The coefficient of a radical shows how many times the 
radical is taken in the algebraic expression of which it forms 
a part, and is written immediately before the sign : thus, 
26, (3a + 6), and 21 are respectively, the coefficients of the 

radicals, 26 V3a, (3a + b) vfc^, and 21 1/67 

A radical is said to be reduced to its simplest form, when 
the quantity under the radical sign contains po factor, the 
root of which can be extracted* 

To reduce radicals to their simplest farm. 

Rule. 

(55.) Decompose the quantity under the radical sign 
into two factors, one of which shall be a perfect power of 
the root to be extracted ; then extract the root of this fac- 
tor ^ and multiply the coefficient of the radical by the root. 
7 he other factor must remain under the radical sign. 



Let it be required to reduce V48a^6 to its simplest form, 

V48a^ = VX6a«x3a6 = 4a V^, 

The quantity under the radical sign can be decomposed into 
the factors 1 6a^ and 3a&. The first of these is a perfect square, 
and its root is 4a. Leaving the factor 3a6 under the sign, and 
multiplyiqg the coefficient of the radical, which, in this ex- 
ample, is 1, by 4a, we have 4a V'dab for the radical reduced 
to its simplest form- 

This rule is founded upon the principle, that the root of 
any quantity is equal to the product of the ro0t of its fac^ 
tars, 

30* 
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To prove this, take the quantity Vabc^ which is the »th 
root of abc, and we say that it is equal to the nth root of a^ 
multiplied by the nth root of 6, multiplied by the nth root of 
.c ; and that we shall have, 

» n H n 

Vabc = VaX VbX Vc ; 

for if we raise both quantities to their nth powers, we shall 
have 



Vabcy = VaT x V6" X Vc" ; 

or, abc =i axbxc=. abc. 

The nth powers of these quantities being, therefore, equal, 
it is evident that the quuntities themselves are equal. Now, 
in taking a quantity from under the radical sign, we extract 
the root of one of the factors of the radical ; and since we 
multiply the coefficient of the radical by this root, the ex- 
pression is still the product of the roots of the factors. Thus, 

Va^b is the product of the square roots of a^ and b ; and aVb 
is evidently the same ; the only difference is in the form of 
the expression. In the first, the square root of a' is indicated 
by the sign, and in the last, it has been actually extracted. 

Examples. 



1. Reduce V^^u^b^o to its simplest form. 

V^^'b'c = VSa^b^ >< 12a«6c = 2ab Vl2a«6c. 



2. Reduce V2^^d^b^ to its simplest form. 



V2A:.Wb' = VBW X 3a*6 =: 36 V3o*6. 



3. Reduce V3a'i + baft' + 36' to its simplest form. 
V^3a«6+6a6«+36» = V{a*+Zab+t^ydb — (a+6) VW. 



4. Reduce l/8a*6' + 24a ^6 to its simplest form. 



1/ba^6H24a^6 = VSd\ab^+U) = 2a \/«6«+36. 



5. Reduce VBiab^c^ to its simplest form. 

Ans. 3bcV^ac. 
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4 « 



6. Reduce Vd2a'b^c* to its simplest form. I 

Ans. 2acV^c^. 



7. Reduce 4 Vl^a^c^b to its simplest form. 

8 

Ans. SacV*^ab. 

8. Reduce 2 V~^ to its simplest form. ^ 

2\/"^=2VyVx3 = 2xiV3 = iV3;thean8. 



9. Reduce \/ ..^ 3 to its simplest form. 



6 /11a 
^"^•2^V-2- 

• Note. — ^If the quantity under the radical sign be a frac- 
tion, it can always be changed to a whole number, by multi- 
plying both terms of the fraction by such a quantity as shall 
make the denominator a perfect power ; thus, 

• V^= V|= vTx3 = tV3; 



and \/t= V^'= \/lrXab'^^=\vab^K 



Examples. 

8 

1. Reduce V^J^ to its simplest form. 

Ans. VY— ^ii= V'i\x2 = ^ ^27 

2. Reduce V\a to its simplest form. 



Ans. JVSa.' 

3. Reduce VH to its simplest form. 

Ans. v^H= vr7^= \/VKx6==tVV'6^ 

4. Reduce 4 V^^ to its simplest form. 

Ans. tVV33: 
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t 

6. Reduce a XZ-ri to ita simplest form. 



Ana. iVa^b. 





VQgm 
T to its simplest form. 

7. Reduce 4 Vf } to its simplest form. 



8. Reduce 3 Vf to its simplest form. 



Ans. 6. 



Ans. |V98. 



(56.) If we have a radical of the form 4 V15, and wish to 
find Xhe root as nearly as possible in whole numbers, it is ne- 
cessary to reverse the process described in the preceding rule, 
and place the coefficients under the radical sign. This is 
^one by squaring the coefficient, and multiplying the radical 

by its square: thus, 41/15= \/16xl5= V240. Now 
the entire part of the square root of 240 is 15 ; but if we had 
taken the square root of 15, the number under the radical 
sign, we should have found 3 for the entire part of the root, 
which, multiplied by 4, would give only 12 for the value of 

the radical in whole numbers. So also, 6 \/20 = 6 x 4 = 24 : 
but by putting the coefficient under the sign, we have, 

6\/2U= vW>cdO= V720 = 26. 

The same principle may be applied to any radical whatever ; 
and hence, for putting the coefficient of a radical under the 
sign, we have the following 

Rule, J 

Raise the coefficient to a power corresponding to the 
index of the radical, and multiply the radical by this 
power, 

BXAMPLES. 



1. 6 V13 = V6»x 13 = V2808. 



8. 3a Vaft = V81a* x a6 = V8Wb: 

■i \ 
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3. (a + b) Vab = V{a + i)^ x oft = Va^h + 2a«6« + ah\ 

4. ^V^= \/^. 

6. J V4 = Vj\. 

To reduce radicals of different indices, to equivalent radi- 
cals^ having a common index. 

Rule. 

(57.) Find the least common multiple of all the indices ; 
this will be the common index. Divide this common index 
by each particular index, and raise the qttantity under the 
radical sign, to the power denoted by the quotient. 

Let it be required toreduce Vac, V'Sfc, and Va^b, to equi- 
valeDt radicals having a common index. The least common 
multiple of the indices is 12 ; ' and if we divide this by each 
particular index, we obtain, for the quotients, respectively, 
6, 4, and 3. The first radical is therefore to be raised to the 
sixth power, the second to the fourth, and the thiid to the 



12 12 12 



third, and they become, Va^c^, V816*, and Va^b^. 

This rule depends upon the principle, that the value of a 
radical is not altered, when the index of the radical, and the 
exponent of the quantity under the sign, are both multiplied 
by the same number. To prove this, we have only to show 



m» 



that the Va" is the same as the Va. We have seen (45) 
that the root of a quantity may be extracted by dividing the 
exponent of the quantity by the index of the root. Accord- 

n 

ing to this notation, the mnth root a", is written a^, which 

1 

— m 

is the same as a^ , which again is equivalent to Va \ whence 

mil m 

we conclude, that Va* = Va. 
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Examples. 

8 

1. Reduce -y/| and -y/^ to a common index. 

Ans. ^Vg- and \/ ^• 

4 

2. Reduce V\ and \/|^ to a common index. 

4 4 

Ans. V\ and V\*^ 

6 

3. Reduce \/a'6c and X/ — to a common index. 

^ a 

16 

16, /8c* 

Ans. v'a'^ftVand V-j. 

3 4 .6 

4. Reduce Va^ Vb, Vc, and Vd to a common index. 

IS 13 IS 12 

^ Ans. \/aS \/A*, Vc^ and Vd*. 



4 




5. Reduce 1/J, \/^, and V2 to a common index. 

Ans. i 1/1296, i V^P, Jind V8. 

6. Reduce v'SJ and v'Sj to a common ii^c 

Ans. VISO^ and VlsTff . 

Addition and Subtraction of Radicals. 

Rule. 

(58.) If the radicals are similar, add or subtract their 
coefficients ; but if they are not similar^ the addition or 
subtraction can only be indicated. 

> 

Examples. 



1. Find the sum of a Viac^ 2 VUac, and 3a V2ac. 

Ans. (4a-|-2)V2ac: 

a. Find the sum of 3a V2bc, 7 Vila*, and 126 vTS^. 

Ans. daV^ + 7VlTa* + l2bVi9?i 



( 
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2^6 



3. Find the difference between 2b Va^b and a Va^b. 

Ans. {2b — a)Va^. 



4. Add together 3 Vab^c^, c Vab^, and 46 Vabc^. 

' These radicals, in their present form, are not similar ; but by 
reducing them to their simplest form, they become, respective- 
ly, 36c Vab^ be Vaby and 46c Vab. Their sum is, therefore, 
86c Va6. 



6. From 11 v'96a*6c' subtract 3a V2^bc\ 



Ans. 38acV6bc. 



6. Find the sum of 4Va + x and V4a'6* + Aa^O^x, 



Ans. (4 + 2a6)Va + «. 



7. Find the sum of 3 Vl6a^63 and abv5Aa. 

3 

Ans. 9a6v2a. 

8. Find the sum of 3v3 and 2v^. 

Ans, VV^- 

8 8 __ 3 

9. From Vl92 subtract V24. Ans. 2v3. 

10. Find the sum Vj, 4vl2, and 3v^ Ans. 9v3. 

11. From 3Vf subtract Jv400. Ans. WvW. 



^ Multiplication op Radicals. 

Rule. 

(69.) Reduce the radicals to a common index, and then 
multiply the quantities under the sign, together, andplact 
the product under the common radical sign. If there art 
coefficients^ these must also be multiplied together. 

This rule depends upon the principle demonstrated in 
art. (56), that the nth root of the product of two or more 
quantities, is equal to the product of the nth roots : thus, 

VaXV6 = Va6; 

fofi raising both quantities to the nth power, we have, 

a X 6 s= a6. 
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Examples. 

1. Multiply 3av2bc by 5bV3c. ^ 

3a\^6c X 66 V3c = IBabM^bc X 3c = 15a6V66c*- 

5 

2. Multiply V3a6 by 2v7a='c. 

Reduced to a common index, these radicals become 



VZ7a%\ and 2v49a*c^ ; and v27a'63x2v49o*c* 
= 2Vl323a'63c« = 2aVl323a6V. 



8 • 

3. Multiply 4V2 by V6. Ans. 4v288. 



8 8 

4. Multiply 5aVa +0? by 46V(o + 2:)*. 

8 



Ans. 20a6V(« + «)' = 20a6(a +«)• 

6. MuWply Vi by V|. 

Ans; V^or ivS2., 

6. Multiply 5v^« by 2v27a*6. Ans. 30aVi. 

7. Multiply \/^ by 6 V^ ^^^' ^^' 

8. Multiply 4VyV by 3V8. Ans. 12v2. 

9. Multiply 2VV by iV|. Ans. Vf|| = 2VyyT- 

4 

10. Multiply V64 by 2V2. Ans. 8. 

Division of Radicals. 

Rule. 

(60.) Reduce the radiccds io a common index,; then di- 
vide the quantities tinder the sign^ and place the quotient 
under the common radical sign, ff the radicals have to- 
efficients^ the coefficient of the dividend must be divided by 
that of the divisor. 
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f 

Examples. 



1. Divide aV4d*6 by bv2ab. 

aV4La^b-i-bVZab = -r^ V oX ~ T ^* 

2. Divide V4 by vC" 

6 

These radicals, reduced to a common index, are v64, and 

,6 «J 6 « — 

VI6, and v64 -«- Vl6 == v4. 

3. Divide Vj by Vj. Ans. V|, or Jv6. 

4. Divide 9v26 by 3 \/|. Ans. 36v2. 



b 

3 3 

5. Divide ^Vj by ^Vj. Ans. JvIS. 



3 



6. Divide Va« — 6* by Va + 6. 
4 4 



^a + ^ a + 6 ^ '^' -^ 

7. Divide Vl2 by V24. Ans. \^. 

8. Divide 4V32 bj&Vie. Ans, 2v8. 
. 9. Divide 2 V8 X 4 Vj by 4 v^ x 4 V4. Ans. 1. 



^ 



Involution of Radicals. 
Rule. 



(61.) Involve both the coefficients of the radical^ and the 
radical itself to the required power. 

Thus, (3Va)^ =:'f Va^ and by reducing, z=z^aya ; 



and, (10v3a«6)« = 100v9a*6* = 100aV9a6*. 

This rule results directly from the rule for multiplication of 
radicals ; for Va x Va x Va = (Va)' = Va* = a>/a. 

21 
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Examples. 



1. What ia,the 3d power of 6v46c* ? 



Ans. 432cV46V. 

8. Involve 2aV36c' to the 5th power. 

* Ans. 288a'^6Vv35c; 

3. Involve be \/— to the 4th power. 

3 



Ans. 



2ftV .2 • 
a ^ a 

4. Involve V^ to the 4tli power. Ans. J. 

When the index of the radical is divbible by tlie index of 
the required power, it is only necessary to divide the index 
of the radical by the index of the required power; for, 

< - 4 , 2 1 

(Va)* = Va*,which is the same as a* = or =: Va. 



6. Involve ^/3a*b to the 3d power. 



Ans. v3a*6 = aV36. 

6. Involve V26'c to the 2d power. 

Ans. V2b^c = bv2bc. 

9 8 

7. I^volve Vl26 to the 3d power. Ans. V 126 = 6. 

evolution of radicals. 

Rule. 

(62.^ Extract the root of the coefficient, and also of the 
quantity under the radical sign: but if this cannot be 
done, put the coefficient, if there be any, under the radi- 
cal sign (56), and multiply the index of the radical by the 
index of the required root. 



Thus, the square root of 9Va'6* = 3Va6 ; and the cube 

6 • 

root of 3aV26 = vl8a«6. J 



ima6inart q.uantitiss. 239 

Examples. 



n <** 

1. Extract the square root of v3aA. Ans. v3a6. 



2. Extract the cube root of a'v2ac. Ans. aV2ac. 

3. Extract the 4th root of 3v6a'. Ans. V45a'. 

4. Extract the square root of 2bc \/h' 



Ans. V2a6*c*. 



5. Extract the cube root of (a -f 6)Va — b. 



Ans. V(a + 6)»(a — *)• 
I 
6. Extract the square root of 4vJ. 

6 3 * 

Ans. Vl6 = V4. 

Imaginary Quantities. 

(63.) Since the even powers of any quantity, whether po- 
sitive or negative, are positive (38), it follows that the signs of 
the roots of even powers may be either positive or negative. 
Thus, the square root of Au% may be either + 2a, or — 2a; 
for the second power of either of these quantities is 4a'. The 
same is true of the root of any even power. 

This ambiguity, with respect to the sign, is expressed by 
the * double sign i, read plus or minus. Thus, we say, 

4 

Va* = ± a, Vl6 = ± 2 ; and if we have the equation 3^=16, 
we obtain, by extracting the square root of both members, 
a; = ±4. . ^ 

There is no ambiguity in the signs of the roots of the 
odd powers^ since these powers hs^ve always the same signs 
as their roots (38). 

From what has been said, it will appear that it is impossible 
to extract an even root of a negative quantity ; since the even 
powers of any quantity, whether positive or negative, are po- 



sitive, V — 4a*, V — 16, and V — 156', are, therefore, indica- 
tions of operations which it is impossible to perform. They 
are called imaginary quantities^ or imaginary expressions^ 
and may be considered as symbols of operations which cannot- 
be performed. 
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Imaginary quantities may, however, be subjected to the 
operations described in the preceding rules : thus, 



V — aXV — b = Vabj which is a real- quantity. 
V— 8a«6 = v4a»x — 26=? 2aV—2b. 

vITie = vl6x — 1 = 2fcr 

Of Fractional Exponents. 

(64.) We have hitherto expressed irrational quantities by 
placing them under the radical sign, but they may also be 
written with fractional exponents, a method which, as has 
been shown (45), is deduced from the rule for extracting the 
roots of monomials. By this system of notation, Va is writ- 

ten a^, Va* is written a®, and, in general, any root is ex- 
pressed by a fractional exponent which has, for its numerator, 
the exponent of the given quantity, and for its denominator, 
the index of the required root. This method of notation is, 
on some accounts, more convenient than the other, for the 
rules of multiplication, division, &c., are the same for these as 
for monomials with integral exponents. 

Multiplication op CIuantities having Fractional 

*« Exponents; 

KULE. 

(65.) Multiply the coefficients together^ and add the ex- 
ponems of the same letters : — 

Thus, a^xa^ zzza^"^^ = a*. 

For, a^ = Va*, a^ = Va ; 

and, Va* x Va = Va' = a . 



Examples. 

1. Multiply 3a"^ by 2a*. 

Ans. Sa"^ x 2a* = 6a*'^=6a^'^. 



.1 



FRACTIOITAI. BXPONKNTS. 241 

-J5 £ 

2. Multiply 2a * hj 6a'. 

Ans. 2a " x6a* =10a' * = 10a "* .v 

3. Multiply (a + 6)' by (a + 6)* 

Ans. (a + 6) . 

4. Multiply .a^6* by a^4^. Ans. <d>^\ 
6. Multiply 3a"*6« by 3a*^. Ans. 9. 

6. Multiply 7ax^ by 26x*. Ans, 14aA«**. 

7. Multiply 6a*x* by lla*ir. Aiifl..<6a'^«*. 

Division of CIuantities having Fractional Expo- 
nents. 

Rule. 

(66.) Divide the coefficient of the dividend by the coeffi- 
cient of the divisor f and subtract the exponents of the same 
letter. 

Thus, a^-^-a^^ia^''^^ a^. • 

For,^ a^ = Va*, a^ =Va] 

and, Va* -♦- Va = Va* -♦- Va' = Va = a'^. 

Examples. 

1. Divide a* by a ^. 

Ans. a^ -♦- a* = a*^^ ^^ = a' ^ == a*. 

2. Divide 8aM by 2aM. 

3. Divide 12af by 6a*. Ans. iaJ^. 

21» 
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4. Divide oft^' by aM. Ads. ah*. 

6. Divide ab^c^ by oc*. Ans. 6*c*. 

6. Divide 26a" *ar* by 2a*i?'" *. 

Ans. ISflT'or*. 

7. Divide a* by a'. Aq& a ** • 

Formation of Powers. 

» 

Rule. 

(67.) Multiply the exponent of each letter by the 
nent of the required power. 

Thus, \a^y = ai 

For, a3 = Va»; and W^) = Vo* = a*. 

Examples. 

1. Involve a%^ to the 2d power. Ans. a^b. 

2. Involve 4a^c^ to the 3d power. Ans. 6^aa^, 

% V 

3. Involve -r- to the 6th power. Ans. — j— . 

a"M 

4. Involve ; — to the 6(h power. Ans. 



V 



c^ 



6. Involve a* to they* power. 



Ans. a* 'ssa** 



1 1 

7. Inyolve a^ to the power ^. Ajuu a^. 
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Extraction of Roots. 

RULB« 

(68.) Extract the root of the coefficient^ and divide the 
exponent of each letter by the index of the required root. 

Thus, the square root of a^ is €?\ and the cube root of a^ 

Examples. 

1. Extract the square root of a*6* Ans. a^6*. 

» 

2. Extract the cube root of 8a*6c*. Ans. 2a*6'^c* 

3. Extract thenth root of a " . Ans. a**.' 

4. Extract the ^h root of a 7 . . , ^ > 

^ -X* - 

'v Ans. cf * = a^. 

6. Extract the square root of 26a ^x^' 

An-. 6a-iA 

6. Extract the 6th root of 32a*a?* Ans. 2a"a?*. 



POLYNOMIALS HAVING RADICAL TERMS. 

(69.) The same rules will apply to polynomials, some, or all 
the terms of which are radicab) as have been applied to poly- 
nomials in general, with this difference only, that the opera- 
tions performed upon the radical terms of these polynomials, 
follow the rules which have been laid down in the preceding 
pages. It will be sufScient, therefore, to give a number of 
examples, for exercise, in the application of those rules. 
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N EXAMPLEJI. 

1. Multiply a + Vxhj a — Var. 

a + Var 
a — Vx 



— aVxyf a: — X* 



a* — X 



2. Multiply Va — Var by 2Va + V* 



8 

Va — Vx 
2Va + Vx 

2a —2Va^x* , 

6 i. 



+ Va'j:* — Var* 



i_ 



2a —Va^x^—Va^ 
In this example, it became necessary to reduce the radi- 

8 

eals, Va and Vx, to a common index, before they could be 

multiplied. 

A more simple way would be, to change the radicals into 
quantities with fractional exponents, and multiply according 
to the rules for quantities of that kind. 

Thus, Va — Vx = a^ — :r* 

and, 2 Va +Vx=z 2a* + ar* 



2a — 2a*ar* 



Product, 2a — ^^*:r* — «* 
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3. Multiply a + Va? by 36 + v2s. 

Ana. 3ab + 3bVx + a\^ + \^2±\ 
or, • 3aft + 36V« + av^+a?V2. 

4. Multiply ^/a + Va+i by 2v3a + 3a?. 

Ans. 2v3a« + 3(u: + 2(a + :r)V3. 

6. Multiply 2vi + 2v2 by 4Vj + 2V8, Ans. 30. 

6. Divide a — x by Va — Vx. 

a — X I Va — va? 

a — Vaa? | Va + Var, the answer. 

+ Vao: — X 



7. Divide 6Va^—2Vaar by 2Va. Ans. 3a — Var. 

8. Divide 3a6 + 36Va? + «var + V2ic« by a + V:r. 

Ans. 36 + v^^ 

9. Involve Va — Var to the 2d power. 

Ans. a — 2Vaar + ^. 

8 

10. Involve a + Var to the 3d power. 

3 3 

Ans. a» + 3aVir + 3aV^ + ar. 

11. Involve V3a + y/2x to the 2d power. 

Ans. 3a -^"Ec^ '+ 2x. 

12. Involve 2vJ_3VtV to the 2d power. 

Ans. 4xi— I2xi + 9XTV=^TV 



y 
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13. Extract the square root of 9a + 36v3aar + lOSar, 

The Root. 

9a + 36V3a^ + 108a? H 3Va + 6V3ar 
9a 



6Va + 6^/3x 



36v3fl£ + 108^: 
36v3a:r + 108^: 



14. Extract the cube root of a' + 3aVa? + 3aVar* + x. 

8 3 ^ 

a^ + 3aWx + 3aVx^ +x\\a + y/x 



a^ 



3a«:|-3aVa>+ Va:» 



3aVa? + SaVa:^ + x 

3aVa? + 3aV? + a?' 



15. Extract the square root of a — 2Vax + x. 

Ans. Va — ^/x. 

16. Extract the square root of a* + 4aVai + 6ax^ 4rVax 
-l-x*. Ans. a+2Vax + x. 




ECIUATIONS INVOLVING RADICAL dUANTITIES. 

(70.) An equation may contain a root of the unknown 
quantity instead of that quantity itself; and in such a case, 
, the rules given for the reduction of simple equations are 
not sufficient. The equation Vx + a = 3b — c* is one of 
this kind. For the resolution of equations, containing a root 
of the unknown quantity, we give the following 

Rule. 

1. TVanspose the terms of the equation, so that the ra- 
dical may stand alone on one side of the sign of equality. 

2. Then involve both members of the equation to the 
power denoted by the index of the radical : the resulting 
equation wUl contain no radical^ and may be reduced by 
the rules already given. 
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Thkrule depends upon the principle, that if two quantities 
are equal, any powers of these quantities will also be equal ; 
and hence the equation will not be destroyed by involving 
both members to the same power. 

Examples. 

1. Given 2Vx + a z= 26 — 2a. 
Transposing a we have, 

2Vx = 2b — 3a; 
and squaring WKh members, 

4f = 46« — 12a6+9a«; 

whence, » = 6* — Sab + —r-. 



2. Given V4 + a: = 4 — Var, to find x. 

Squaring both members of this equation, we have, 

4 + a? = 16 — 8Vx + X, 
Transposing and reducing, 

8V2r = 12; 
squaring both members again, 

6ix = 144 

3. Given Vx + V2a + 7= w^ , > ^ ^^'*- 

Clearing this equation of fractions, we have, 

V2aa? + a7' + 2a + ar = 4a ; 



and transposing, V2ax + ap* = 2a — x. 
Squaring both members, 

2ax + x^ = Ad* — Aax + x*. 

Transposing and reducing, 

6ax = 4a* ; ^- 

4a« 4 2 ^ 

whence, * = gj = g '*=¥''• 
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4 Givea vioM^ = V46* + a;*, to fiud x. 
Squ^riag both mejoibers we hav^ 

Squaring both members a second time, 

16a* + Ba?3^ + a?* == 46« + x^. 
Transposing and reducing, 

2&V = 6* — 4a*;. 

and extracting the square root of both mei 



'=^'-^=L¥^^ 



5. Given x = Va^ + a;Vi» + a;* — a, to find x. 



Transposing^ x+a=z Va^ + ^V6* + o?^ 
Squaring, both members, 



a:« +2aar + a2 = a« +^V6* +a?».; 

or, ' ar^ + 2a« = arVi' + ar*. 

Dividing by ar, a: + 2a = Vi' + a;*. 

Squaring again, x^ + 4a^ + 4a' = 6* + ar* ; 

whence, 4a:r = 6* — 4a'* ; 

6«_4a« 6« 
and, a: = -j^- = j--a. 

a+a: 



6. Given Va« + a?» — 2aa: = 

-^a+a? 

Cubing both members, we have 

a» + ^ — 2aar=^^^^'=(a + ir)» = a« + 2a:r + 5p«. 

Transposing and reducing, 

— 4aa; = a* — a' ; 
or, 4ax = a' 

and, X = 



a' — o»; 


^ 




o» o* 


o* — a 




4a - 


4 • 






1 


/ 





J'< 
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7. Given V^¥ + 12 = 17, to find x. x= 15. 



8. Given Vl2 -f or = 2 + Va:, to find x. x = A. 

25 

9. Given Vx + 20 = -— -^^ > to find x._ x = 5. 

4 +a: 



10. Given V64 + x^ — Sx= ^ , to find x. x = 3. 

fi + x 

15 



11. Given '\^^x + Vx= .. , to find^. ^- = 4. 

12. GivenV:r + V:r — va?— Va; = ^V-^^, tofindar. •' 

"^ — 16' .. 



CHAPTER IT. 



EQUATIONS OF THE SECOND DEGREE. 

(71.) An equation^ of the form -a?*= a, or ax^ + bx = c, 
containing the unknown quantity in the second power, is 
termed an equation of the second d^ree. An equation 
which contains x in no other power besides the second, as 

— . + ^2 = a6, is called an equation of two terms, for it can 

always be reduced to such a form, that the square of the un- 
known quantity may constitute one member of ..the equatior^ 

and the known quantities the other. -^ +x^ = ab may be 

reduced to a?* = -5- and — | 1 =36* — a, becomes 

3 c a . 

, , ^. „ 3ab^c — a^c + ac 

by reduction, x^ = ; — - — . 

* a -|- c 

22 
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When the equation contains both the first and second po^r- 
ers of the unknown quantity, it is called an equation of three 
terms^f because there n)ust always be two terms containing 
the unknpwn quantity, and at least one, composed of known 
quantities. Equations of thes6 terms can always be reduced 
to the formal? ±px = q] that is, to such a form, that the first 
member shall consist of the second power of x, and another 
term, which contains the first power of x: thus, the equation 

ax^ H (TO? = a'6' can be reduced to ar* + f ~ j x 

= a'6', and ar + \- -9- = 6i + — > caBJ9fe reduced to 

. 23x 4 
^ 6 6 

Equations of two terms are also .called incomplete equa- 
tionsy and equations of three terms, complete equations. 

Incompleti^ equations of the Second Degree. 

(72.) If we have the equation as^ = b, by dividing by a, it 

becomes x^ = — ; and in order to find the value of or, we 

a 

have only to extract the square root of both members of the 
equation, and we haveV = \/-» 

This value of x may be either positive or negative ; for if 

we put — =p, we shall have ar = Vp ; but, Vp xVp=p, and 
a 

— Vp X — Vp also is equal to +p. 

We may, therefore, suppose x = + Vp, or a: = — Vp, since, 
in both instances, by squaring both members of the equation, 
we have a?" =p. ' • 

To denote this ambiguity in the sign, the value of x k al- 
ways affected with the sign ± (63). 

The following rule for the solution of incomplete equations 
can now be understood. 

Transpose the term^ of the equation, so that those which 
contain x', mdi/ constitute one member of the equation, and 
the known quantities the other ; then divide^ by the coeffi- 
cient of x^, and extract the square root of both members^ 
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EXABIPLES. 

1. Given 3:t« — 7 =^* + 1, to find x. 
Transposing, 2^ = 8. 
Dividing by 2, «* = 4 j . ^ 
and extracting the root, x = ±2. 

2. Given 5x^ — 27^ Zx^ + 215, to find ar. 
Transposing, 5ar» — 3a?» = 215 + 27 j 

or, 2x* = 242, 

^« = 121, 

2r=ivl2l = ll. 



3. Given 1 = --. to find x. 

X X 

Clearing of fraaions, 



a6 + bVa* — x^=^x^. 
Transposing, b Va* — ar« = x^ — ab. 
Squaring bpth members, t^ 

b^a^ —b*:x;^ = a^ — 2abx^ + €?b\ 
Reducing and dividing by x^^ 

Transposing and changing the signs, J /< - 

x^^2ab — V. " ' 

Extracting the root, x = V2ab^b^. 

4. Given ^ +4= ~+2,Xo find x. 

a7 = i\/T2 = 2V3. 

5. Given 5a?« -^ 1 = 244. a? = 7. 

6. Given ^J^ ■ =45, ^ = 10. 

7. Given2a2r»+6 — 4 = ca;^ — 5 + rf— aa^. 



/ d — b — \ 
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8. Given ^ = 6, to find x. 

a + Va^—3;^ 

Clearing this equation of fractions^ we have, 



a—Va' — a^ = bx {a + Va^'—a;^) ; 



and multiplying both members by a — Va^ — x^ (17^ 

Extracting the square root, 

a — Va* — x^ = ± x^/h. 



Transposing, a ± x^h = Va* — x^ \ 

and squaring both members, 

a* ± Stax^h + x'^h = a^ — x^. 
Transposing, hx^ + x^ =2axVb ; 

or, ' {b-\-l)x^ = 2axVb. 

Dividing by x, (b + l)x = 2aVi, 

: 2aVb 



X = 



6+1* 



9. Given ^ +y : ^ = 5 : 3 ; ^^ ^^^ ^j^^ ^^j^^^ ^^ ^ ^^^ 

2:y = 6 ^ •' 

From the first we obtain, 

3^ + 3y = 5^:, or 3y == 2a? ; 

whence, x = -^, 

Substituting this value in the 2d equation, we bave^ 

yx-| =6, 

3y« = 12, 

y = 2, 

J 3y 6 o 

and, , ar = -g- = 2 = tJ. 
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10. Given 



Vi: + Va? — a b^a 



= r— . ! 



Vx — ViT — a ^ — « I 

Multiplying both numerator and denominator of the first frac- i 

• _ 

tion by y/x — V:r — a, the equation becomes (17), 

X — (a? — a) J«a 

(Va? — Vj: — a)* x — a' 

Reducing and dividing both members of the equation by a, 

u 16* 
we have, - . = . 

♦ {y/x — Vx — a)* ^ — « 
Extracting the square root, 

1 ±6 



\^x — ^/x — a ^/x — a 
and clearing of fractions, 



\^x — a = ± 6(Var-^V* — a. 



Multiplying by \/x — a, 

X — a = db b{Vx^ — €LX — a: + a), 

or, X — a = db h\^(x^ — ax)—hx ^ ha ; 

whence, {x — a) + b{x — a), or (1 + b){x — a) = iv^ — «a;. 
Squaring both members, 

(1 + by{x — ay = 6* x{x^ — flwr) = b*x{x — a). • 

Dividing by a? — a, 

{l+bf{x — a) = b^x] 
or, (I + byx — ( 1 + bya = 6«^. 

Transposing, (1 + bfx — b^x = (1 + bya ; 

(1 +2b + b^)x — b*x; or, (1 +2% = (1 +*)«a; 
^ence, x = 4+^' 



s_ 



11. Given \/x^ — a' = \^ax^ — da^x + 8ft, to find .r. 
Cubing both members, 

a:' — a' = Soar* — 3a«^ + 86. 

22* 
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Transposing, x^ — 3ax* + 3a'a? — a® = 86. 
Extracting the cube root, 

X — a = 2v6 

3 

and, X = 2^/b + a. 

K,12. Givena?+y:^--y = 3:l, r^g^^^^^j 
and, x^ — y^ = o6, ^ ^ 

Ans. :r = 4, y = 2. 



13. Given — == , = 6, to find x. 

Va + x — Va — x' 

2ab 
X = 



6»+r 

14. Given x^y + xy^ = 30, \ 

1 I •_ 5 > to find X and y. 

^ y ~ 6 3 

:r = 3, y =i 2. 



15. Given A/^^ + |+V^ = 9, to find x. a: = 1 

16. Given a* — 2aa? + ar* = 6, to find a?. 

a? = a — V6. 

17 Given == ==:= = -,-, to find x. 

18. Given ^_g^^.j - = i, to find x. ar = 5. 

19, Given J + f + p =12, to find ar. _ 

a; = — 5 ± 6v3. 



20. Given 2ar« — 5 = V^ + 25, to find a;. a: = iv21. 



21. Given V«' +8 = Vl25 — 6ar» — 12ar, to find x. 

X = 3* 
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Complete EauATioNS op the Second Degree. 

(73.) The rules which have been given ^ill not be suf- 
ficient for the resolution of complete equations of the second 
degree. 

For example ; the equation x^ ±px — q^ in which p and q 
are supposed to represent any numbers whatever, whether in- 
tegral or fractional, cannot be reduced by extracting the root 
of both members ; for the first member, both the terras of 
which contain the unknown quantity, is not a perfect square. 
Indeedj it is evident, that there can be no exact root of a bi*- 
nomial ; for the square of a monomial is a single term, and 
the square of a binomial consists of three terms (41), the 
square of the first, twice the product of the first and second, 
and the square of the second. 

Now, if in the equation x^±px = q, we add another term 
to each member, such as will make the first a trinomial, and 
a perfect square, the equation will not be destroyed. To dis- 
cover what this term should be, let it be observed that {x + a)* 
= x^ + 2ax + a^, and {x — ay = x^ — 2ax + a* ; or, uniting 
these expressions into one by means of the double sign, i, 
(x ± ay = x^± 2ax + a^. Now, if we had the expression 
x^ ± 2ax, it is evident, that we should make it a perfect square 
by adding a*, which is the square of half the coefficient of x 
in the second term. In like manner, we may make x^ ± px, 
a perfect square by adding the square of^p]p being the co- 
efficient of X in thOv second term. We sliall then have 

x^ ±px+ ~, the square root of which ia x ± ^ (41). 

In order, therefore, to reduce the equation ar* i/>2r = 9, we 

add ^ to both members ; the equation then becomes, 

and extracting the root, 

whence, i: == T ^ ± X/^ -f -j. 

The double sign is used before px in this equation, inas- ^ 
much as the same demonstration will apply, whether it be 



2S6 ALGEBRA. 

x^-^px = y, or a?* +par = q. la the root, the sigja rf the 
« last term corresponds to the sign oipx. 

From this reasoning, we deduce the following rule jfor the 
reduction of complete equations of the second degree. 

Rule. 

(74.) Bring the equation to the form x* i px = q, that isj 
so that the first member may consist of x*, and another 
term, contaifiing the first power *^ of x. Then add the 
square of one half the coefficient of a to both m^mbersy and 
extract the square root. The equation will then be reduced 
to a simple equation^ which may be solved by the fore- 
going rules. 

Examples. 

1. Given ax* -^x + c = ca^ + 2c, to find x. 
By transposition^ oar* — car* — bx=c ; 
or, . {u — c)x^ — bx=c. 

Dividing by the coefficient of x^, 

^ bx c 

a — c a — c 

Here is the coefficient of x. and i of it is it ?r • 

a — c ' -* 2a — 2c 

squaring this, therefore, and adding to it both members, we 
have, 

o bx ft* c y 

a — c "^ (2a — 2c)« — a — c^ (2a— 2c)« ' 
and extracting the root, 



^—o:: ol^^ W- : + 



2a— 2c"^ ^ a — c ' (2a— 2c)«' 



whence, x = 5— -^ ± Vr^ + n 



a 



2o— 2c * '^ o— c ^ (2a — 2c)»" 



2. Given 3a;*- 


-30 — 4p + 2. 


Transposing, 


3z« — 4r = 32. 


Dividing by 3, 


■ Ax 32^ 
* 3 — 3' 
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4 2 

Here, the coefficient of a? is -^ ; the half of it is -^ ; squaring 

4 
this, we have, -^, to add to each member, and the equation 

becomes, x» -^ + |- = f + -|- 

Extracting the root, 



2 */32 , 4 ^ /96 , 4 

. /Too 10 

whence, x = ^ ± -^ = -q- = 4 ; or by taking — for the 

. .10 2 10 - 8 

8ignof^;a;=-3--^ = -3-. 

Either of these values of x will satisfy the equation, if sub- 
stituted with their proper signs ; for, putting 4, the first value, 
in the equation, in the place of a?, we have, 

3(4)2 — 30 = 4x4 + 2; 

or, 48 — 30 = 16 4-2, 

which gives 48 =: 48. 

Substituting — -s^, >ve have, 

s(-|)'-30 = 4(-l)+., 

and performing the operations indicated', 

or, 64 — 90 = — 32 + 6; 

whence, ' 64 + 32 = 90 + 6, . 
. or, 96=96. 

3. Given 3^ — x =: — J, to find x. 
Completing the square. 
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Extracting the root, x — J = ; 
whence, ^ = i. 

(75.) If we take the equation ax^ + 6a? = c, and multiply 
both members by 4a, it becomes, 

4a*x* + 4^abx = 4ac ; 

then adding &* to each member, we have, 

4a V + iabx + 6* = 4ac + 6*. 

The first member of this last equation is a perfect square, 
the middle term being twice the product of the ^uare roots 
of the extreme terms (41). We can, therefore, extract the root 
of both menibers, and the equation will be reduced to 

2ax + b — ± Viae + b\ 



Transposing, 2aa? = ± VAtzc + b* — b\ 

and dividmg by 2a, x = ± ^ . 

Now, as any equatioii may be reduced to the finm 
ax^ i ftx = c, w^ have another rule for the reduction of com- 
plete equations of the second degree. 

Rule IL 

Brinff the equation to the form ax* ± bx = c ; that is, so 
that the first member has two terms, ow^ of which contains 
X*, and the other x. Then multiplt/ both members by four 
times the coefficient (fx\ and add the square of the coef- 
ficient ofxto both ; and extract the square root. The re- 
suiting equation m^ay be reduced by the rules for simple 
equations. 

Examples. 

1. Given 2x^ — &x= 80, to find x. 
Multiplying by 8, which is four times the coefl&cient Af x^^ we 
have, 16a;« — 48^ = 640. 

Adding the square of the coeflficient of a?, - i 

i&x' —ASx + 36 = 640 + 36; 
whence, 4x— 6 = ± \/640+36 = i V676'= ± 26, 

4a: = 6-i 26 = 32, or — 20, ' 

and, ar = 8,^or — 5. 
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2. Given x^ +3x= 72, to find x. 
Multiplying by 4, dar' + 12a? = 288. 
Adding the square of the coefficient of a-, 

4r« + 12a? 4 9 = 288 + 9 = 297. 
Extracting the root, 

2a? + 3 = d: V297 = 3v33r 

Dividing by 2, ^ + f = f v33^ 

whence, ar = — | i f V33. 

o r>,' 8 — X 2x — 11 X — 2 ^ ^ J 

3, Given -—^ ?r- = — ^r— , to find ar. 

2 X — 3 b ' 

Clearing of fractions, 

33^; — 3:p« — 72 — 12a? + 66 = :zr«— 63r + 6, 
Transposing and reducing, 

26^ — 4p» = 12. 
Changing the signs and dividing by 2, 

2a?« — 13^ = — 6. 
Then by Rule II. 

16a?« — 104:r + 169 = — 48 + 169 = 121. 
Extracting the root,. 4r — 13 = ^11, 
or, 4a? = 24, or 2, 

and, a: = 6, or j^. 



4. Given Vx + 5x \/« + 12 = 12, to find x. 
Squaring both members, 

(ar + 5)x(« + 12) = 144; 
or, a?» + 17x = 84 ; 

Then by Rule II, 

4pa _{. 682: + (17)« = 336 + 289 = 626. 
Extracting the root, 

22r + 17 = ±V626=:25; 
therefore, 2:r= — 17 ±25= 8; or — 42; 
and, a: = 4, or — 21. 

Note. — The rules given for reducing equations of the form 
a^ ± px=iq, will apply to all equations which contain x in 
two powers, ,one of which is double the other. The following 



fn: 
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examples will show their application to a variety of such equa- 
ti(ms : — 

6. Given a?'*" + 'px'z=L q, to find x. 
Adding the square of \p to bothlnembers, we have, 

Extracting the square root, 



^"+?=± V^+t; 



whence, a:" = — §-± \/?+^; 



2 
ft 



and, ^ ^= >/—- 1 ± \/9 + -4- 

By Rule II, 4a;»" + 4p:p'*+p* = 49+p^ 
Extracting the root, _____ 

whence, a = — -5 i g — — 2^* Vyt^^j 

n ■ 

and, ^= \/— ^± V^+^.Jv- 

6. Given a^ — 4f® = 621, to find the value of x. 
Completing the square, • 

a;6_4^3^4_621 +4 = 625. 

Extracting the square root, 

a;8_2 = ± V625 = 25; 
whence, ar' = 2 + 25 = 27- 

Extracting tte cube root, ar = 3. 

7. Given ^^x + a + 6 vJ+a = 26^ to find a?. 
Completing the square, 

\/x + a + 6v'a; + a + J =26 + -j; 
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Extracting the square root, 

therefore, V^TfTi^-^ i ^ = ^ = j. 
Raisingboth numbers to the fourth pow«i^ 

whence, ^ x = b* — a. 

Examples for Exercise. 

1. Given a?2 + 12^7 =108. a._6 

2. Given ^zr'^ — l^r =51. • a:=17 

3. Given a?« + 66a7 = c\ a: = ± v e + 9^^ — 36 
, 4. Given 2r^_ 5a? = 117. a? = 9 

5. Given Za?^ — 20a? = 32. ^ _ 4" 

6. Given 6x\ + 4^7 = 273. 5: = 7 

7. Given I' -1=^ + 11. ^^^g 

8. Given ^j +1^3. _,. 

9. Given a;' — 34 = ^a:. ^. _ g 

10. Given ^» _ 6x + 19 = 13. :r = 4.732, or 1.268! 

11. Given ^ + I = 5 J. ^=26, or 1. 

12. Given 1 =:- ^ i. ..I =■ 

to r^' 3^ , 2 2a? — 2 '^ 

13. Given- +^ = :,+ ^. ,:=2±2V2. 

14. Given Vx + 12 + V'a:+12 = 6. 3r = 4*y 

15. Given x^—x^ = 56. ^ _. ^y 

16. Given 6^ + ?^ = 44. :r = r,or|. 
IT ri„»„16 100— 9ar „ 

23 



/ 
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18. Given ^1^ + ^- = -^ . 

or €L X c 



a « A /^ — 2c d a ,r^ j-: 

^ = 2- * 2- V ft + 23. or ^ ± 2j-p^ V6» -4c«. 

19. Given V9x +4 = 3:r. ar = |, or J. 

20. Given. . . T, = — 77 — • 3r = 4, or 



64 
IF • 



21. Given — , - . = — 77 — . 



''- V 2(a + 1) ; • 



/ 

aVfeSTIONS PRODUCING EQUATIONS OP THE SECOND 

DEGREE. 



/ 



(77,) Divide 34 into two such parts, thiat their product 
shaU be 225. 

Let X = one of the parts ; then will the other be 34 — r ; 
and taking their product, we have, 

2r(34— 2r) = 225, 

or, 34^: — :r« = 226; 

or by changing the signs, 

a;^ _ 34:r = _ 225. 

Completing the square, 

a;3_34a? + 289 = — 225 + 289 = 64; 

extracting the root, 

0? — 17 = ±V64 = ±8; 
therefore, ar = 17±8=25, or 9. 

In this case, the two values of x give the two parts into 
which the given number is to be divided, for, 25 X 9 = 225. 

2, There are two numbers whose difference is 7, and l^alf 
their product plus 30, is equal to the square of the lesser 
number. What are the numbers ? 

Let 2r be the less ; then x+7 will be the greater ; and by 
the conditions of the question^ 



Jk 
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Multiplying and clearing of fractions, 

transposing, ar* — 7ar = 60. 

Completing the square by Rule II. 

4«8 _2ac + 49 = 240 + 49 = 289; 

extracting the root, 2x — 7 = ± 17 ; 

transposing, 2a? = 7 ± 17 = 24, or — 10 ; 

X = 12, or — 5. 

12 is therefore the less, and 12 + 7 = 19, the greater ; or, if 
we take the other value of a?, which is — 5, we shall have 
for the greater, — 5+7 = 2. Either of these values will 
satisfy the conditions of the equation, for 

li^ +30 = 144,and=^ + 30 =25. 

3. Divide the number 30 into two such parts, that their 
product shall be equal to eight times their difference. 

Let X = the lesser part ; then 30 — x will be the greater, 
and their difference will be 

(30 — a;) — «:=30 — 2«. 

Then, by the conditions of the problem, 

a:(30 — a?) = 8(30 — 2a?) ; 

or, 30a? — a?«==240— 16a:. ^ 

Transposing and changing the signs, 

a;8_46a? = — 240. 

Completing the square by Rule I. 

a?2 — 46a? + 529 = — 240 + 529=289 ; 

extracting the root, x — 23 = ± 17 ; 

whence, . a? = 23 ± 17 = 6, or 40. 

Of these values of a?, it is evident, that only one will satisfy 
the conditions of the question, for 40 cannot be the lesser part, 
nor any part of 30 ; 6 is theretore the value of x^ and we 
have for the greater part, 30 — 6, or 24, which answers the 
conditions of the question, for 

6x24 = 144=^(30 — 6)— 6)8, or 18x8 = 144 
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4. A person bought a number of sheep for $120. If there 
had been 8 more^ each sheep would have cost him half a dol- 
lar less. What was the cost of a sheep ? 

Let X == the number of sheep, then — is the price of one 

sheep ; but if he had bought 8 more for the same money, the 

120 
price of each sheep would have been — — ^ ; and by the con- 
ditions, the difference between these two prices is half a dollar ; 
we have, therefore, 

120 120 _ 

Clearing of fractions, 

240a? + 1920 — 240a; = x^ + 8x. 
Transposing and reducing, 

a?« + 8a? = 1920. 
Completing the square, 

ic8 + 8a? + 16 == 1920 + 16 = 1936. 
Extracting the root, a? + 4 = ± 44 ; 

whence, x ess — 4 ± 44 == 40, or « — 48. 

The value found for a?, by making 44 positive, answers the 
required conditions ; and the other value, — 48, would be the 
answer to another problem, which is thus enunciated: — 
A ferson bought a number of sheep for $120. If there 
had been 8 less^ each sheep would have cost him half a dol- 
lar m^ore. 

Note. — It may sometimes occur, that after completing the 
square, the second member of the equation is negative, in 
which case, the root cannot be extracted (63). Such a result 
is generally an indication of some impossibility in the condi- 
tions from which the equation is derived, or an error in form- 
ing the equation. , If we have the equation a?* — 2* == — 13, 
by completing the square, and reducing, we^hall have 

a? = 1 ± V— 12, 

in which the value'of a? contains an imaginary expression. 

For another example, let it be required to divide 20 into 
two such parts, that their product shall be 126. 

Let a? = one part, then 20 — x will be the other, and 

a?(20— a?)t=125, 
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or, 20a?— a?« = 126. 

Transposing, aj* — 20a: = — 126. 

Completing the square, 

-1:3 _ 20ar + 100 =— 125 + 100== — 25 ; 



and, :r — 10 = ± V— 25, 

or, a; = 10 A V— 26. 

Here, the imaginary expression which enters into the value 
of x^ shows an impossibility in the required conditions. In- 
deed it is not possible to divide 20 into two parts, the product 
of which shall be 126, for the greatest product that can be 
formed of the parts of 20, is 100, the product of 10 by 10. 

5. The sum of two numbers is 8, and the sum of their 4th 
powers 1312 ; what are those numbers? 

Let X = half the difference of those numbers, and for the 
sake of brevity, put 8 =2a, and 1312 =6. 

The greater number will be a+a?, and the lesser a — x (17) ; 
then we shall have the equation, 

( a* + 4a^a? + 6a*^ -H^6wr^ + a:* ? 7 

and reducing, 2«* + 12a*:r* + 2ar*s=6. - 

Dividing by '2, a* + Oa^ar* + a?* = J 6 ; 
transposing, a;* + 6a*ap* == ^6 — «*. 

Completing the square, 

0?^ + 6a«ar+ 9a^ = j^fi — a* + 9a* = ^6 + 8a*. 
Extracting the square root, 

x^ + 3a« =± V\h + ba* ; 

x^ = — 3a ± Vib + ba*. 
Extracting the square root, 



x==:± 1/— 3a« ± V^b + 8a*. 
Putting in the plaqp of a and 6, their values, we have, 



^=± v— 3x(4)»± ViAiA +8x(4)« = 1/— 48 ± V666+2048, 



= 1/— 48i62=:V4=2. 
' 23» 
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Half the difference of the numbers is, therefore, 2, and since 
half the sum is 4, the greater number is 6, and the lesser 2. 

6. Find two numbers, such that the sum of their squares 
being subtracted from three times their product, 11 will re- 
main ; ajad the difference of their squares being subtracted 
from twice their product, the remainder will be 14. 

Let or = the greater number, and ys= the less ; 

then, Zxy —{x'' + y^^ ±= 11 ; 

and, 'ixy — {x^ — y^) =5 14 ; 

or performing the subtraction indicated, 

^xy — x^ — y*=ll 
2xy — x^ +ya=14. 

Making xz^=iy^ and substituting it in the place of y, the 
equations become 

2x''z — x^+ x^z"^ = 14. 

Dividing the first of these equations by the second, and cast- 
ing out the factor x"^ from both numerator and denominator 
of the first member of the resulting equation^ we have, 

iz—l—z^ __ll 
2z—l+z^ 14" 
Clearing of fractions, • 

42z — 14 — 145;^ = 22^ — 11 + llz\ 
Transposing and reducing, 

25^3^ — 202;== — 3, 

and ^«_4^=:_^. 

Completing the square, 

S^^VS^ ~ 25-25— 26* 

2 1 

Extracting the root, z — -g- = ± -g- ; 

u 2 13. 

whence, z= -^ ±-^ =-=-. * 

o o o 

Substituting this value of z in the equation 

3^«;8r— ««— »«^«=:11, 
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we have, a;«_-------ii 

5 25 

45;^ _ 25ar« — 9x^ = 275, 

ll2r« = 276, 

X^=25y 

3 15 

but xz = y, therefore, y = 5x-p- = -^ = 3. 

The numbers are, therefore, 5 and 3. 

7. A person bought cloth for £33. 15s. which he sold again 
at £2. 8s. per piece, and gained by the bargain as much as 
one piece cost him. Required the number of pieces ? 

Ans. 15. 

8. A and B set off at the same time, to a place at the dis- 
tance of 150 miles. A travels 3 miles an hour faster than B, 
and arrives at his, journey's end 8 hours and 20 minutes be- 
fore him. At what rate did each person travel per hour ? 

Ans. A 9 miles and B 6. 

9. There are two numbers whose product is 120. If 2 
be added to the lesser, and 3 subtracted from the greater, the 
product of the sum and remainder will also be 120. What 
are the numbers ? Ans. 15 and 8. 

10. What number is that, which being divided by the pro- 
duct of its digits, the quotient is 2, and if 27 be added to the 
number itself, the digits will be inverted ? Ans, 36. 

11. The sum of two numbers multiplied by the lesser is 
equal to 40, and their difference multiplied by the greater is 
12 ; what are the numbers? Ans. A and 6. 

12. Divide the number 13 into three such parts, that their 
squares may have equal differences, and the sum of those 
squares may be 75. Ans. 7, 5, and 1. \ 

13. The sum of two numbers is 9, and the sum of iheit 
cubes 243. Required the numbers. Ans. 3 and 6. 

14. The sum of two numbers is 10, and the sum of their 
4th powers 1552. Required the numbers. Ans, 4 and 6« 

15. The suni of two numbers is 7, and the sum of thw 
6tb powers 3167. Required the numbers. Ans. 6 and 2, . 
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16. Fiad two numbers, such that their sum, their product, 
and the difference of their squares, may all be equal to one 
another. Ans. i ± i V5, and | db i V5. 

17. Divide the number 100 into two such parts, that the 
sum of their square roots may be 14. Ans. 64 and 36. 

18. Divide the number 40 into two such parts, that twice 
their product shall be equal to the cube of the less number. 

Ans. 8 and 32. 



19. A and B hired a pasture, into which A put 4 horses, 
and B as many as cost him 18 shillin'gs a week. Afterwards 
B put in two additional horses, and found that he nmst pay 
20 shillings a week ; at what rate was the pasture hired I 

Ans. B had 6 horses in the pasture at first, and the price of 
the whole pasture was^ shillings per week. ^^J 

20. A mercer bought a piece of silk for £16. 4s., and the 
number of shillings he paid per yard, was to the number of 
yards as 4 to 9. How many yards did he buy, and what 
was the price per yard ? 

Ans. 27 yards at 12 shillings per yard. 

21. There are two numbers in the proportion of 4 to 5, and 
the difference of their squares is 81. What are the numbers? 

Ans. 12 and 16. 

22. A person bought for a dollar, as many pounds of sugar 
as were equal to half the number of dollars he laid out. In 
selling the sugar, be received for every lOOlbs. as many dollars 
as the whole had cost him, and he received on the whole 
$20,48. How many dollars did he lay out, and what did he 
give for a pound ? 

Ans. He laid out $16, and gave 12^ cents per pound. 

23. What two numbers are those, whose difference multi- 
plied by the greater, produces 40, and by the less, 15 ? 

Ans. 8 and 3. V 

24. What two numbers are those, which being both multi- 
plied by 27, the first product is a square, and the second, the 
root of that square ; but being both multiplied by 3, the first 
product is a cube, and the second the root of that cube? 

Ans. 243 and 3. 

2.5. Find two numbers, such that the less may be to the 
greater as the greater is to 12, and the sum of their squares 
45. Ans. -3 and 6. 
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26. What two numbers are those whose product is 20, and 
the difference of their cubes 61 ? Ans* 4 and 5. 

27. What number is that, which being divided by the pro- 
duct of its two digits, the quotient is 6j ; and 9 being sub- 
tracted from the number itself, the digits will be inverted ? 

Ans. 32. 

23. Divide 20 into three such parts, that the continual pro- 
duct of these parts may be 270 ; and that the difference of 
the first and second may be 2 less than the difference of the 
second and third. Ans. 6, 6, and 9. 

29. Divide the number 11 into two such parts, that the 
product of their squares may be 784.. Ans. 4 and 7. 

30. Find two numbers, such that the sum of their squares 
may be 89, and their sum multiplied by the greater may pro- 
duce 104. ifts. 5 and 8. 



J 



CHAPTER V. 



PROGRESSIONS AND LOGARITHMS. 



ARITHMETICAL PROGRESSION. 

(78.) An arithmetical progression, or progression by dif- 
ferences, is a series of numbers, in which the terms continu- 
ally increase or decrease by a constant number, which is 
called the ratio or common difference of the progression, 
{Aritfi. 60). 

Thus, 1, 3, 5, 7, 9, 11, &c. is an increasing progression; 

and, 11, 9, 7, 5, 3, 1, is a decreasing progression. 

The ratio or common difference in these progressions is 2. 

In order to investigate the properties of arithmetical pro- 
gressions, we will take the general progression, 

d, 0% C, O, o, T •.*■£, 

the^first term of which is a, the last term l, the common differ- 
ence 9, and the number of terras n. 
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(79.) From the nature of an arithmetical progression, we 
have, 

6 = a + ?, c = 6+9j dssssc + q, c=d + 9, &c. ; 

or, by putting the value of b in the equation c=b+q, and 
the value of c as fqund in this, in the next, and so on, we 
shall have, 

and writing these values in the general progression, 'it be- 
comes, 

a, a + q, a+2qj a+3q, a+Aq, &c., 

from which it will be seen, that any term of the progression 
may be found by adding to a as many times the common 
difference as there are terms before this term, or as many 
times the conpion difference as th^re are terms in the pro- 
gression less ONE. Hence, to find the last term of a progres- 
sion, we have the formula, 

l = a + {n — 1)^. 

If the progression be a decreasing one, we have only to 
make q negative, and the formula will become, 

l = a + {n — l)x — qj 
or, l = a — (n — 1)^ 

Prom these formulas is derived the principle laid down in 
Arithmetic (62), namely : — 

In an increasing arithmetical progression, the last term is 

equal to the first terra, plus the common difference multiplied 

Cy the number of terms less 1 ; and in a decreasing progres- 

"* sion the last term is equal to the first, mintis the common 

difference multiplied by the number of terms less 1. 

(80.) Let X denote any term of a progression which hos p 
terms before it, and y a term which has p terms after it, then, 
by the last formula, we shall have, 

and, y =1 — pxq. 

^rld adding these equations together, we obtain the equation, 

x + y^a + lf 

which shows thai the sum of any two terms, equally dis- 
tant from the extremes, is equal to the sum of the extremes 
(Arith. 61), 
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(81.) If X be the middle term of a progression, having an 
odd number of terms, then 

x^ a+pxq, 

anfl, X = I — pxq] 

and adding, we obtain 2x = a + /. 

In this case, therefore, the sum of the extremes is equal to 
double ike middle term (Arith. 61). 

(82.) If, from the equation 1= a-\-{n — 1)^, we find the 
vahie of 9, we shall have, 

I — a 

or, the common difference of an arithmetical progression, 
equal to the difference of the extremes divided by the num- 
ber of terms less L 

(83.) In order to find the sum of any number of terms of 
an arithmetical progression, let S= the sura, and we shall 

have, S=^ a + b + c + d + e+f . . . +i+.k + l, 

and we shall also have, 

^S- l + k + i, : -j-c + 6+a. 

Adding these equations together we obtain, 

25^ = {a+l)+{b+k)^{c+i) .... +(c+t)+(6+A^)+(a+^. 

Since the parts {a+§l){b + k) &c. are equal to each other^ 
each being the sum of two terms equally distant from the ex- 
tremes, and therefore equal to {a + /), the sum of the ex- 
tremes (80), we shall have in a progression of n terms, 

2S - {a + l)n] 

and dividing by 2, S ^ - — 5-^. 

Hence we conclude, that the sum of the terms of an 
arithmetical progression is equal to the sum of the ex- 
tremes, multiplied by the number of terms, and divided 
by 2 (Arith. 64). 

(84.) From the formulas 

l=-a+{n—\)q, -^ \ 

{a + t)n 

other expressions may be derived ; we will give some of the 
most useful. 
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(85.) From the first we have, by considering all the quan- 
tities which enter into it, except n, known, 

n = h 1; 

q 

that is, the number of terms equal to the difference of the 
extremes divided by the common, difference^ plus 1. 

(86.) From the same equation, we obtain, by transposing 
a and Z, and changing the signs, 

a^l—(n — \)q\ 

or, the first term, equal to the last term^, minus the common 
difference multiplied by the number ofterm^s less 1. 

' (87.) The equation ^ = ^^ — jj-^ may be changed so as 

to express each of the quantities ^S*, a, Z, and w, in terms of 
the others. Thus, by making yi, Z, and a, successively, to 
stand alone in one member of the equation, we obtain the 
three following equations : — 

2S , 2S 2S , 

a + l n n 

From the first of these we conclude, that if the sum of a 
progression and the extremes are kuown, we shall find the 
number of terms by dividing twice the sum by the sum of 
the extremes. 

From the second and third, that the sum, the 7iuT(iber of 
terms, and one extreme being given, the other extrem^e may 
be found by dividing twice the sum by the number oj 
terms, and subtracting the given extreme from the quo- 
tient. 

(88.) If in the equation S=^ ^ "^ , we substitute in the 

place of /, its value, as found in the equation Z= a +(^%l)f} ' 

u iiu ' cf {a$-a + (n — l)o]n ±^ 
we shall have, S=- ^^-^ -^ ^^^^ ; ^^ 

or, -S - [2a4.(n— l)g]» 

a formula, firom which we can find the sum of a progression, 
when the first term, the number of termS; and the common 
difference, are known. 
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From this^ formula, we may deduce three others, expressing 
the values of /*, q, and a, respectively, the others being given. 
Thus, clearing the equation of fractions, we have, 

2S = [2a + (n — l)q]n. 

Performing the multiplication indicated, 

2S = 2an + qn^ — qtu 

Transposing, qn^ + 2aw — qn = 2S; 

5 , 2an on 2S 
or, n^-\ 1- = — . 

9 <2 9 

Completing the square and reducing, we find. 



(89.) From the formula ^ = [2«+(w- l)q]n 
We have, by clearing of fractions, and dividing by w, 

— = 2a +(n — l)o. 
n 

Transposing and reducing, {?i — 1)^ == — — ; 

_ 2S— 2an 
^ ~ n(n— 1)* 

From the same formula, we may also find the value of a, 

, . , . /S (n — l)q 

which is, a == ^ — cT-^* 

n 2 

(90.) These last formulas are too complicated for general 
use, and cannot easily be expressed in the form of a rule. 
They will serve to exercise the learner in the application of 
algebraic formulas to the solution of numerical problems. 

We will give a single example, making use of the most 
complicated of the preceding formulas.. 

It is proposed to determine the number of terms of an aritji- 
metical progression, the first term of which is 4, the common 
difference 3, and the sum of all the terms 116. 

To do this, it is only necessary to substitute 4, 3, and IIQ, 
in the place of a, 9, and S^ respectively, in the expression 

2a— q \ /2S . /2a— 9V 

34 



r 



274 ALGEBRA, 

Making these Bubstitutions, we have, 



8 — 3 . /232 . /8— 3v 

n s= — - : 



v^¥+C-^7 



or,«=-g±v-3-+(-B-; — ■g-=^v^+^ 

__5 /^809 5 53 _ 48 ^ 

The number of terms in this progression is therefore 8. 

(91.) We will now give a number of examples, in which 
the preceding formulas may be applied, and, for the sake of 
brevity, shall, as before, designate the first term of a progres- 
sion by a, the last by /, the number of terms by n, the com- 
mon difference by 9, and the sum of all the terms by ^« 

*" 

# Examples. 

« 

1. In an increasing progression a= 2, ^ = 3, and n = 9. 
Required I and S* Ans. Z= 26, and /S^ 126. 

2. In an increasing progression a = 3,.n =» 12, and I = 24. 
Required q and /S. Ans. q= l|f, and /S= 162. 

• 3. In an increasing progression S= 200, /== 21, and 
n = 10. Required a and q. Ans. a = 19, and 9 = }. 

4. In an increasing progression /;= 78, ^5 = 7^, and 
n = 14, to find a and q. Ans. a = 26 and 9 = 4, 

5. In an increasing progression a=66, S = 816, and 
n == 24. Required Z and q. 

By applying the formula, it will be perceived that this is a 
decreasing precession in which / «= 2, and q = — 2||. 

6. What debt can be discharged in a year by paying 
1 cent the firet day, 3 cents the second, 5 cents the third, and so 
on, increasing the payment each day by 2 cents. 

Ans. 1332 dollars 25 cents. 

7. A footman travels the first day 20 miles, 23 the second, 
26 the third, and so on, increasing the distance each day 3 
miles ; how may days must he travel at this rate to go 438 
miles? Ans. 12 days. 

8. Two persons set out from the same place, a^d travel in 
the same direction. The first goes 46 mUes the fijrst day, 43 
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the second, &c., travelling each day 2 miles less than the pre- 
ceding. The second goes 21 miles the first day, 24 the se- 
cond, &c., increasing each day 3 miles. What wiil be the 
distance between them at the end often days? 

Ans. 16 miles. 

Problems in Arithmetical Progression, producing 

equations. 

(92.) 1. There are three numbers in arithmetical progres- 
sion, their sura is 18, and the sum of their squares 168. What 
are those numbers ? 

Let X = the first, and y = the last, then — ^ will be 

the other (81), and we shall have the equations, 

[ar + ^ + y = 18 

\ ^' + (^y + r = 158. . 

Clearing the first equation of fractions, we obtain, 

2ar + ir-f-y + 2y=36,- 

reducing, ^ + y= 12. 

Putting this value of (^ + y) in the second equation, that 
equation becomes, 

or, 2r' + 36+y^=158; 

and, x^+ y» = 168 — 36 - 122. 
From the equation a: +y = 12, we have, y = 12 — x. 

Squaring this value of y, and putting it in the place of y', in 
the last equation, we have, 

^ + 144 _ 24p + x^ « 122. 
Transposing and reducing, x* — 12^^ = — 11, 
^pa — 12:^4.36= — 11 + 36-26, 
X — 6 = ± 6, 
a;=11,orl, 
y=ft— 11=1, 
x+y 11 + 1 ^ 

The numbers are therefore 1, 6, and 11. 
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Another Solutiof$, 

Let a? n the second number, and y = the common difier- 
ence; then a: — y^ Xy and x+y will be the numbers (79), 
and we shall have the equation, 

X — y + x + x + y = 18; 
and reducing, 3x = 18, 

ar = 6. 

By the second condition, the sum of their squares is 158 ; 
therefore. (6— y)» + (6)^'+6+y)*= 158; 

or,,36 — I2y 4-y* + 36 + 36 4- I2y +y« = 158. 
Transposing and reducing, 2y* = 50, * 

y» = 25, 

y = ^j 

X — y = 6 — 5=1, a: = 6, ar + y = 6+5 = ll. 
1, 6, and 11^ are therefore the numbers. 

2. There are five numbers in arithmetical progression ; the 
sum of these numbers is 65, and the sum of their squares 
1005. What are the numbers ? 

Let X = the first, and y = the common difference, then we 
shall have (79), 

^ -K^ + y) + (^ + 2y ) + (a; + 3y) + (ar + 4y ) =. 65 

^ -H^ + y )^ + (a? + 2y)« + {x + 3t/y + {x'+ 4y)» = 1005. 

By performing the operations indicated, and reducing, these 
equations become a? -f 2y = 13, 

a>'+4a:y + 6y«=201. 

Squaring the fiwt of these equations, and subtracting it from 
the second, there remains 2y* = 32 ; 

from which we find y = 4, and by putting this value of y in 
the first'equation, we find jc ^5, 

The numbers are therefore 5, 5+4, 5+8, 5 + 12, 5+16, 
or, 5, 9, 13, 17, and 21. 

In the same manner we might find any number of terms 
in an arithmetical progression, Aeir sum, and the sum of their 
squares being given. 

3. A number consists of three digits which are in arith- 
metical progression ; and if the number be divided by the 



OEOM£TRICAL PROGRESSION. 277 

sum of its digits, the quotient will be 26 ; but if 198 be added 
to it, the digits will be inverted. Required the number. 

Ans. 234. 

' 4. A person bought 7 books, the prices of which were in 
arithmetical progression. The price of the next above the 
cheapest was eight shillings ; and the price of the dearest 23 
shillings. What was the price of each Book ? 

Ans. 5, 8, 1 1, 14, 17, 20, and 23 shillings, respectively. 

5. A and B, 165 miles distant from each other, set out 
with a design to meet ; A travels 1 mile the first day, 2 the 
second, 3 the third, and so on ; *B travels 20 unites the 
first day, 18 the second, 16 the third, &c. In how many 
days will they meet, and how far will each have travelled? 

Ans. They meet in 10 days, A having travelled 55 miles, 
and B 110. 

Geometrical Progression. 

(93.) A geometrical progression, or a pj^ogresslon by 
quotients, is a series of numbers, having this property^ name- 
ly, each term of the series, except the first, is the product of 
the one that precedes it by a constant number. This num- 
ber is called the ratio of the progression. A geometrical pro- 
gression is written in the following manner (Arith^, 72) : — 

2 : 6 : 18 : 54 : 162 : 486. 

In this progression the ratio is 3, each term being three 
times that which precedes it. When, the ratio is greater than 
unity, the progression is called an increasing progression ; and 
when the ratio is less than unity, it is called a decreasing pro- 
gression ; 

81 : 27 : 9 : 3 : 1 : J : i : ^V 

is a decreasing progression, the ratio of which is \. 

In order to investigate the properties of geometrical progres- 
sion, let the first term be represented by a, the last by /, the 
ratio by r, the sum l)f all the terms by S, and the number of 
terms by n. 

(94.) Since each term of the progression is produced by 
multiplying the term that precedes it by the ratio, the first 
term being a, the second will be ax r, or ar ; the thirds arxr, 
or ar* ; the fourth, ar^^ and so on. We shall have, therefore^ 
ibr the general expression of a geometrical progression, 

aiariar^\ar^\ar^:€a* ar"^ : ar"^^. 

24* 
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In this progressioo, it will be perceived, that the exponent 
of r in each term, is equal to the number of terms that pre- 
cede it ; and hence, in an equation of n term^, the last term 
having n — ^ l' terms before it, will be ar^** ; and .calling this 
b»t term h as was proposed, we have, 

Hence we conclude that, in every geometrical progres- 
siofii^ the last term is equal to the first term^ multiplied by 
that power of the ratio^ which i^ equal to the number of 
terms less 1 (Arith. 74). 

(95.) Let or be a term of a geometrical progression which 
has p terms before it, we shall have (94), 

T = ar^. 

Let y be a term of the same progression which has p terms 
after it f then>, since the exponents of r diminish by unity, for 
each term, proceeding from the last towards the first, the term 
which has p terms after it, will be represented by ar"^^"' ; 

wherefore, y ^B.ar'^^"^, 

Multiplying this equation, term by term, by the preceding, 

there results^ xy » aV"-»~^+' = aV"-^ 

If the progressbn have an odd number of terms, and a; be the 
middle term, then x ^y^ and we shall have, 

x^ = aV"-^ 

But in tiny geometrical progression, al)eing the first term, and 
ar"""^ thekst,. we shaU have, 

a X ar"^^, or a?r""S 
for the product of the extremes. ■« 

Hence we conclude that, in every geometrical progression 
the product of the extreme term^ is equal to the product of 
any two mean terms, eqtrnlh/ distant from them; and also 
equal to the square of the middle term^ when there is an 
odd nufnber of ierm^ (Arith . 74).. 

(96.) Let a : b : c : d : e, (kc. be a geometrical progression. 
From the definition of a geometrical vprogression, we shall 

have, b^ary c = br, d = cr, e^dr l^kr. 

Adding these equations together, we obtain^ 

6 -f c + d + e . . . . -|- / = ar + 6r + cr + rfr + er . . . . +kr^ 
or, 6 + c + rfHre .. .* + /==: (a + 6 + c + << + e . •• .+Ar)r* 
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The first member of this equation contains all the term^ 
of the progression except a ; and hence if S be the sum of 
ail the terms, it is equal to /S — a. The second member 
contains all the terms of the same progression except /, mul- 
plied by r ; it is therefore equal to (0 — /)/• ; 

whence, ^ — a, a=(>S — l)r] or, S — a^rS — tL 

Transposing, rS — S^rl-^a; whence, 8^=^ =-. 

From which it appears, that the sum of all the terms of a 
geometrical progression^ is equal to the product of the last 
term, hy the ratio, minus the first term, divided by the ratio 
diminished by unity (Arith. 75). 

(97.) The equations / = ar"^\ and S = -- — :j- , express the 

relations which exist between the quantities a, n, I, r, 
and S, and furnish the means of determining any two of 
these quantities, the other two being known. 

rl'-^a 
If in the equation S^ r, we substitute in the place of 

/ its value ar"^, as found in the other, this last equation.becomes 
^ ar^' — a ^ air''—!) 
r — 1 ' r — 1 

By means of this fornmla, the sum of a progression may 
be determined without knowing the last term. 

^ fZ— — fit 

V (98.) The equation /S = ^ gives, by clearing of frac- 

tions and reducing, 

rS, — S= rl — a, or rS — rZ= /S — a; 

S—a 
whence,. r = -r; — ^. 

From which we learn, that the ratio of any progression is , 
tqual to the sum, minus the first term, divided by the sum^ 
minus the last tertn (Arith. 76). 

air*" 1) 

(99.) If in the equatiwx S = .. % we consider r great- 

• 

cr than tinity, it is evident that /S may be made greater 
than any quantity however large; for the quantity r" may 
be made greater than any assignable quantity by increasing 
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, the valae of n sufficiently ; that is, by taking a sufficient 
number of terms in the progression. 

But, if r be a fraction less than unity^ there will be a limit 
to the value of S^ which we now propose to show. 

Let r »= — , then the equation S = -^ =--^ becomes 

al—n — If ami—n — ll 

1 - l—m • 
1 . 

But since m > 1, and -i^ < 1} we change the signs of the 

terms of the fraction m" , so as to make both terras posi- 

1 — fn 
tive ; and the equation then becomes, 



('-i=) 



am a 

amti «M am i- am 



8=.- "* 



m — 1 m — 1 fn — 1 

The numerator of this fraction will become greater, as the 

quantity — j^r^ diminishes ; and it is evident that the greater 

* ' % a 

the value of n, the less will be the value of — ir-r : and hence 

it will §ippear, that the greater the number of terms, the nearer 

the value of /S will approach to r> from which it differs 

a \ 

a 



only by the quantity m"""^ , or -. ^. n^^ . When n is 

fn — 1 ^ ' 

very large, this quantity may be less than any assignable 

quantity, and in that case, — -—z may be taken for the value 

of S^ though it cannot be said to be equal to it in a rigorous 
sense. It is the limit towards which the value of iS^ ap- 
proaches, as the number of terms of the progressioQ in- 
creases. 
For example ; let uft take the progressbn 
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Here we have a = 1, r = J, and, consequently, m «= 3 ; 

, am 3 
then, T = o; 

and it will be seen that the greater the number of terms we 

3 

take, the nearer the sum of these terms will approach to -. 

1 , _ 1 =3_ ^ 

l+X — 4 __ 3 _ J. 



"S" 3 '2 6 

1 4- 1 _!_ 1 1_3 3 _1_ 

lJ_-i-4-i4-_i 1-0 3 1_ 

■^l^3n^9n^2T 27 2 54 

1 4- i _L. 1 _J 1 U _1_ L?Jl 3 1_ 

*I^3.9J^27^^8J 81 2 162 

From this it is evident that when the number of terms is 
very large, we may neglect the small fraction by which the 

sum differs from =■ ; and hence we take =- for the 

m — I ' ni — 1 

sum of a decreasing geometrical progressiop, when the num- 
ber of terms b infinite. The quantity m may not always be 

a whole number, for if r=*, since r =: — , we have f = — ; 

hence, m = |, and — = -r* 

We therefore conclude, that the siifn of a decreasing pro- 
gression continued to infinity ^ is equal to the product of 
the first term multiplied hy m, anil divided by m — 1 ; m 

being such a number, that — shall always he equal to the 

ratio of the progression. 

For an application of this principle, let it be required to 
find the sum of the progression : 

18 : 12 : 8 : V : ¥ • 14 : VV? ^^' 
continued to infinity. The ratip of this progression is f ; 

— =1^ therefore, and m = f . We have, therefore. 



Til 



dm 18x # 27 



=,,-== 54. 



m—l 3_i-.^ 

air"" 1) 

If from the formula /S = -^^ =-^, we find the sum of 

r — 1 

ten terms, we shall have /S' = ^'^-i^j^^ which differs from 
the former value, by a quantity less than unity. 
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(100.) If in the formula iS = -^^ 7-^, wc make r equal 

to unky, it would seem at first sight to present an absurdity; 
for if r=l, all the powers of r wiJl equal 1, and the equation 

becomes, aS = -^ j-^ or >S'= a tz. But we shall see that 

* 

the expression ^, does not here express absolutely nothing j 

r* 1 

for if we perform the division indicated in the fraction 7, 

* ' r — 1 

1 y." 

or, , (for the two expressions are equivalent), we shall 

find for a quotient, 

l+r+r2 + r3 + r*+ . . . r'^ + r"-^; 

and therefore we shall have, 

/Szzzr a(l-f r + r'+r' + r^ . . . +r'^+y^\ 

or, S z=^ a + arA-af^-\-ar^ +ar^ . . . af"^ + af^^ ; 

which, when 7' = I, becomes, 

aS'= a + a + a + a + a, &c., 

which is evidently correct ; for if the ratio be unity, all the 
terms will be equal, and the same as the first term, and their 
sum will be na, when there are n terms. It will be seen 
from what hasieen said, that the formulas which have been 
investigated, apply only when the ratio is greater or lesS than 
unity. Indeed, when the ratio is unity, the series, being only 
a repetition of the same number, cannot be strictly called a 
geometrical progression. 

(101.) If, in the equation /S'= —- =— , we seek the 

value of n] SjU and r, being supposed to be known, we shall 

find r''^^:=^ +1 

a 

an equation of a different kind from any that we have before 
'considered, one in which the unknown quantity is an exponent. 
The, general form of such equations is a*= b. They are 
called exponential equations, the method of reducing which 
will be given hereafter. 

(102.) We now proceed to give some examples to exercise 
the learner in the application of the formulas relating to ge- 
ometrical progressions ; and, for the sake of brevity, we shall 
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4 

istill represent the first term by a, the last by /, the ratio by r, 
the number of terms by w, and the sura by S, 

Examples. 

1. In a geometrical progression a = 5, n = 7, and r = 4. 
Required the value of /. 

I = ar"^^ = 5 x4« = 5 x 4096 = 30480. 

2. Given a == 2, re = 8, and r == J, to find /. 

3. Given a = 5, r = 3, / = 98415, to find S, 
S^rl^^ (3 X 98415)- 5 ^- ^^ ^ ^^^^^^ 

r — ^^ 1 o — 1 2 

4. Given a = 1-, n = 8, and r = 5, to find S. 

r — 1 4 

6. Given o ?= 64, n = 5, r = |^, to find 5f. 

_ 64(^^4y^ ^ 1) _ 3TV!rT— 64 _ tH — 64 

i-1 ~ i-1 ~ i-i 

33.18.7 

5 1 a 3 2 7 8. T V 8 3 2 7 6-7 TQ 8 3 

— " 7 512 -^ T^ 448 * •-'TT'O* 

6. Given a = 64, r = :|^, and n = 12, to find I and S'. 

Ans. I = ^yi^y, and Sf = 85 x /MVj. 

' 7. Given Z = 45056, 8 = 90101, and a =;= 11, to find r. 

Ans. r ?= 2. 

8. Given S = 49205, r = 3, n = 9, to find a. 

Ans. a =r 5. 

9. Given Z = y^^j ^ = ^ifj, and 2 = J, to find a. 

Ans. a = 4. 

10. Find the sum of the progression 5 ; f : f : /^. <fec. con- 
tinued to infinity. Ang. 7J. 

11. What debt can be discharged in one year by paying 1 
dollar the first month, 2 the second, 3 the third, and so on, 
doubling the payment every month. Ans. 4095 dollars. 

12. Two couriers, A and B, set out to meet each other. A 
travels 6 miles the first hour, 8 the second, 10 the third, and 
so on, increasing his rate of travelling 2 miles, every hour. B 
^oes 3 miles the first hour', 4^ the second, 6| the 3d, travelling, 
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each hour, 1^ times as far as the preceding hour. They meet 
after 6 hours. Required the distance between the places from 
which they set out. ^ Ans. 128^| miles. 

Problems in Geojietrical Progression, producing 

Equations. 

• 

(103.) 1. The sum of three numbers iu geometrical progres- 
sion is 26, and the sum of their squares 364. What are the 
numbers? 

Let the numbers be x^ y, and z ; then we shall have, 

a? -\-y-\-z = 26, 

:r^ + y' + ^* = 364, 

and since the product of the extremes is equal to the square of 

the middle term (95^, xz = y^y 

If in the first of these equations, we transpose y into the 
second member, and then square both members, w^e shall 

have, x^ + 2xz ~\-z^=^ 676 — 52y + y'. 

Putting for xz its value, y% as found in the third equation, 
this equation becomes, 

x"" + 2y» + z^z=^ 676 — ^2y + y^ ; 

or, x^-\-y^+z'^ = 676 — 52y. 

But from the second equation, we have, 

x^-^-y^' + z^^zi 364 ; 

therefore, 364 = 676 — 52y ; • 

transposing, &2y = 312 ; whence, y == 6. 

Substituting this value of y in the third equation, we have, 

QA 36 

xz = DO, or a: = — , 

z 

Putting this value of x in the first equation, it becomes, 

— + 2; + 6 = 26, 

z 

36 + j^« + 65; = 265;, 
z^ — 20z = — 36, 

z~10 = ± V— 36 + 100 = V64 = 8, 

2: = 10±8 = 18, or2, 

36 36 . ^ 

^ = T = I8 = 2- 
The numbers ar^ therefore 2^ 6^ and 18* 
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2. Divide the number 210 into three parts, so that the last 
shall exceed the first by 90, and the parts be in geometrical 
progression. • 

Let X =• the first part, and y = the ratio of the progres- 
sion, then the parts will be x^xy^ and xy^y and we shall have, 

x-\-xy -\- xy^ = -210, 

and, xy^ = a? + 90. 

By putting 2: + 90 in the place of xy^^ in the first equation, 
it becomes, 2ar + a:y + 90 = 210, 

or, 2x-^xy— 120 ; 

120 
from which we 'obtain, x = — --j^. 

y + 2 

From the equation, xy^ = :a? + 90, we find, 

_ 9Q 

Putting these values of x equal, we have, 

120 90 4 3 

or 



y + 2— y» — r " y + 2— y« — 1' 
from which we obtain, by clearing of fractions and reducing, 

4y» — 3y=10, 



, 3 10 

y-4 = T' 



3 ^ /lO , 9 13 

y_^=±V-4 +64 = *¥' 

3 13 ^ 

12ft 

But X = -^ = m, xy - 60, xy^ = 120. 

3. The sum of foqr numbers in geometrical progression, is 
15, and the sum of their squares 85. Required the numbers. 

Let X = the second term, and y = the third term of th« 
progression, then will — , and— be the first and fourth, since 

y *^ 



x^ 



i9 



we shall have — x — = ^V (95). 

V X ^ V / 

25 
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Putting, for the sake of brevity, 1 5 = a, and 85 = b, we 
shall have the equations 

f.+^ + f + % = ^' 

If in the first equation, we call the sum of the middle terms 
Sf we shall have, in the first place, 

X +y = s, and ^ ^- = a — s. 

. y X 

Squaring these equations, they become, 

x^ + 2xy + y* = *', 

adding them together, and transposing 4:ry, we have, 
^ +a:» + y' + ^= «" +(a-s)' — 4i:y ; 

whence, 5* +(a — 5)^* — 4a?y = 6. 

In order to eliminate xy^ take the two equations, 

x^ v^ 

x4-y =2 s. and '■ \-^ z=. a — s. 

^ ' y X 

Cubing the first, it becomes, 

x'^ + Zx^y + 3a-*y* + y^ = 5^ ; 

transposing, a?^ + y' = 5^ — (3j:^y + 3jcy') 

= «^ — 3a:y(ar + y) = 5^ — Zxys. 

Clearing the second equation of fractions, we have, 

a?' 4- y 3 = (o — s)xy ; 

wherefore, (a — s)xy = 5^ — Zxys^ 

or, axy — sxy = 5^ — S^^ry ; 

transposing, ^sxy + a^y = *', 



and, xy = 



5» 



Substituting this value of xy in the equation 

*' +(a — sf — 42:y = fc, 

we have, 5« +(a — 5)* — ^^ = 6. 

^ »5 -f • a 
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Clearing this equation of fractions, and reducing, it becomes, 
from wliich we obtciin, 



h ^ /a^ — h . 6* 

^ = — .T- ± 



/ a« — 6 6* 
2S =^ ^ ""^~ ^ IS*- 
Givinc^ to a and h their numerical values, we have, 

__85 ^/225 — 85 , 7225 _ 85 ^265 _^ 
'"" 30 ^ ^ 2 "^ "900 ~~ 30 30 ~ 
Having found the value of 5, we substitute it in the equation, 

^V = o ~ r - ; i^ovci which we find 

_ 216 _ 216 _^ 
^y— 12 + 15 — "29 — 
We then have the two equations xy = 8, and a: + y = 6, to 
find the values of a: and y. 

8 
The first gives ar = - ; which value of x being substituted 

in the second, we have, 

8+y« = 6y, 
y^ — 6y = — 8, 

y — 3 = iV— 8 + 9 = il, 
y = 4, or — 2. 

:r= ? = ? rz. 2 - = - = 1 and ^ = ^ =8. 
y 4 ' y 4 ' ' ' a- 2 

The numbers are therefore 1, 2, 4, and 8. If we had taken 

the negative value of y, we should have had, 

x^ 16 v^ 4 

:i* = 4, — = — = 8, and =^ = -J- = 1 ; . 
y 2 ' a: 4 ' 

tsO that the result would have been the same, except that the pro- 

gression 1- ,r + y + ~, would have been a decreasing pro- 

y X 

gression. 

4. The sum of four numbers in geometrical progression is 
30 ; and the last term divided by the sum of the mean terms 

4 
is -g-. What are tlie numbers ? Ans. 2, 4, 8, and 16. 



286 ALGEBRA. 

6. There are three numbers in geometrical progression, 
whose product is 64, and the sum of their cubes 5S4. What 
are the numbers ? Ans. 2, 4, and 8. 

6. The sum of three numbers in geometrical progression 
is 13 ; and the sum of the extremes being multiplied by the 
mean term, the product is 30. What are the numbers ? 

Ans. 1, 3, and 9. 

7. 120 dollars are divided between four persons, in such a 
way, that their sliares may be in arithmetical progression ; 
but if the second and third had received 12 dollars less each, 
and the fourth 24 dollars more, the shares would have been 
in geometrical progression. Required each share. 

Ans. Their shares were 3, 21, 39, and b7^ respectively. 

.8. There are three numbers in geometrical progression, 
whose sum is 31, and the sum of the firfet and last is 26' 
What are the immbers ? Ans. 1, 5, and 25. 

9. The sum of the first and second of four numbers in 
geometrical progression is 15, and the sum of the third and 
fourth 60. What are the numbers ? Ans. 5, 10, 20, 40. 

10. The sum of four numbers in geometrical progression is 
equal to the common ratio +1? and the first term is j\. What 
are the numbers ? Ans. j'^, yV, TT#^f t- 



EXPONENTIAL EQUATIONS. 

(104.) An exj^onential equation is one in which the un- 
known quantity is an exponent ; as a' = 6, 3' = 243. 

When the exponent is a whole number, such an equation 
presents no difficulty ; for example, if we would find the , 
value of X in the equation 3' = 243, we are only to raise 3 
to such a power as will equal 243 ; and the exponent of this j 
power is the value of x. j 

We find 3' = 243, and therefore a? = 5. If, however, we 
have 3' = 54, we can only obtain the value of x by approxi- 
mation, and the approximate value will be a fraction. 

We now proceed to solve the equation 

3' = 54. 
If we raise 3 to the third power, we have, 

35 = 27: 
X is therefore greater than 3; and it is less than 4, for 
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3^ =81. We must therefore take for the value of jc, 3 + a 

fraction. Let that fraction be —7, ia which x is greater than 

unity. We then have, 

1 1 

3^r = 54, or 3' X 3^ = 54. 

1 

or, 27 X 3T" = 54. 

Dividing by 27, 37 = |4 = 2. 

Raising both members of this equation to the :r'th power, it 

becomes, 3 = 2". 

Here the value of x' is less than 2 ; for 2^==4 ; and it is greater 
than one, since 2* = 2 ; x' therefore equals 1 + a fraction. 

Putting X =l-\- -77, we have, 

•27 

1 1 

2^+^' = 3, or, 2 X 22^' = 3. 
1 
Dividing by 2, 2^' = | ; 

and raising both members to the x" power, we have, 

2 = (ir. 

But(f)' = f, is greater than 2, and f is less; wherefore, 
x" = 1 + a fraction. Making x" = 1+ —rn we have, 

(3)i-f;:r;^2, or f X (|p =2; 

dividing by f, K'=2-*-| = |, 

from which we obtain, | = (|)*'"- 

But (1)2 = y > i, and f < i ; we may therefore put 

x'" = 1 + -777,, and then we have, 

X 

(4)1+^^ = I, or ^ X (IF = h 

Dividing by I, (f )^' = 1, 

from which we obtain, | = (f)*"". 

We shall here find x"" greater than 2, and less than 3 ; for 

I 
a < I, and if I > i- Putting x"" = 2 + -^? we have, 

(|)«+?^ = I, or « X (t)?^ = i- 

25* 
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Dividing by li, (f >~^ = Iff- 

By operating up^n this last equation, as upon the others, 
we shall find tliat a?'"" = 2 nearly. Taking 2 for the value 

/» inn • 

of a? , we nave, 

^ = 3+-:o :r' = 1 + -r„ x" = 1 4-Sr„ x" = 1 +~77ro 

XXX X 

<p'-=2+4777, and3r'"" = 2. 

By substituting for x\ x\ x\ dtc, their values, we havie, for 
the value of a;, the continued fraction, 

l + l 

1 + 1 

24-1 
2. 

Reducing this continued fraction to a simple one by (Aritli. 
42), we have, a: = 3 + H=?f = 3,631579. 
We have, therefore, 3' = 3^'"^^'^' ; and putting this value of x 
in the original equation, it becomes, 

33.631579 ^ 54 

For another example, take the equation (10)* - 2. 

Here it is obvious, that x must be less than unity, or between 
and unity ; for (10)» == 1, and (10)^ = IQ. We therefore 

put X ^ — , and the equation becomes, 

(10r=2; 
raisuig both members to the power z^ we have, 

2' = 10. 
Here z is greater than 3, and less than 4, since 2^ = 8 < 10, 

and 2* = 16 > 10. Ma\ing 5; = 3 -] ,^ we have, 

2^x2" = 10, or 8x2^ = 10. 

Dividing by 8, 2^' = V = f 

Raising both members to the power z!y we obtain, 

2 = (i)". 

z' is here between 3 and 4, and we may make it = 3 ^ — t,\ 
then, (!)»+? ■ = 2, or yv" X ^y = 2 ; 
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and dividing by W, {^y = HI ; 
whence, a == (||i)- 

By continuing the operation, we should find z", between 9 
and 10. Calling z" 9, and neglecting the succeeding frac- 
tion, -77„ we have the following values : — 

1 1 1 

a: = — , z = 3'{--,, z' =3-\ — jn and z" = 9. 

^ ^fmf Xt 

These values form a continued fraction, and we shall have, 



_ 1 

^ ~ 3+1 



3+1 
a 



The value of this fraction is %\ = 0,30107 ; 
hence, {10)''^°'^' = 2. 

Examples. 

1. Find the value of a: in the donation 4.' = 8. 

Ans. a? = 1,5. 

2. Find the value of x in the equation 8* = 3. 

Ans. 0,38. 

3. Find the value of :2; in the equation 8' = 128. 

Ans. 2,3333, <fcc. 
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(105.) If in the equation a' = 6, we give /6 different values, 
the value of a remaining the sarne, the value of x will vary 
as b varies ; and reciprocally, by giving x different values, the 
value of b will vary as x varies ; from which it follows, that 
a being considered greater or less than unity, we may give 
it such an exponent as will make it equal to any 'number 
whatever. 

Let us suppose a = 6 ; we shall also have a^ = /6*, a^=b^, 
&c. We Jmve a' = 1 (39); hence for all numbers between 1 
and b, the exponent of a will be a fraction less than unity ; 
for all between b and b% it will be 1 + a fraction ; for all be- 
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tween b* and 6^, 2-f & fractioiii dec. Moreover, since 

11 11 

• oT' = -., a-« = ^, &c.(39), we, have, a"''=y, «"* = ;^„ 

a"^ ="7?' '^ ^^ follow, that for all fractional^umbers between 
1 and -7^ , the exponent of a will be a negative fraction, less 

than unity ; for all between -j- and -rj, 1 + a fraction ; for 

J. 1 

all between -r-j and —, 2 + a fraction, &c., these last expo- 
nents beipg all negative. 

If we take a less than unity, the same principles will apply; 
with this difference only; the negative powers of a will cor- 
respond to numbers greater tl\an unity, and the positive pow- 

1 

ers, to numbers less than unity. For let a = —,^ a! being 

Cv 

greater than unity, we shall have, 

a a 

- 1 I , 

and, a = — ) = a'""*, a' = -r, = a'"^, &c. 

(105.) The power to which a constant number, a, must be 
raised, to make it equal to a number, is called the logarithm 
of thset number. Tljiis, if we have a' =y, and a" = y\ x is 
the logarithm of y, and x' the logarithm of p'. The loga- 
rithm of a number isdenoted by writing I. before that num- 
ber : thus, 1. y signifies the logarithm of y. 

If we take a constant number, a, and calculate by' Art. ( 104), 
the values of a, which will make a* = 1 , 2, 3, 4, 5, 6, 7, 8, 
<fec., and arrange in a table these values of t, opposite the 
given A umbers, we shall have a table of logarithms. 

The constant number, a, is called the base of the table, and 
in the common tables is ten ; a number on some accounts 
most convenient, though tables may be calculated to any 
other base. 
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Taking 10 for the base of the tables, we have, 

(10)" = 1, {loy = 10, (io)« = ioo,*(io)» = 1000, 

(10)* = lOOOO ; 
from which we see that 

I.l = 0, 1.10 = 1, 1.100 = 2, 1. 1000 = 3. 

The logarithms of numbers between 1 and 10 arc ex- 
pressed by decimal fractions ; of those between 10 and 100, by 
unity,' plus a fraction ; of those between 1(J0 and lOCO. by 
2 plus a fraction, <fcc. 

(107.) The logarithm of any number, A^, may be found 
by reducing the equation (10)"" = iV, iV representing the given 
number. Thus, in a former article, we found the value of a: 
in the equation (10)* = 2, to be*0.301(J7, which is the loga- 
rithm of 2. This fraction. is a little too large, and by con- 
tinuing the operation further, we should have obtained, 
0,3010300, which is exact for seven places of decimals. In 
like manner, by reducing the equation (10)' = 3, we find x', 
or the logarithm of 3, equal to*0,4771213. In* tha same way 
we might find the logarithm of any numbet, but as the pro- 
cess is exceedingly tedious, mathematicians have devised 
more expeditioiTs methods, which cannot here Le made 
known. 

(108). It is only necessary to calculate directly the loga- 
rithms of prime numbers, as the logarithms of all others may 
be derived from these. Thus, if we would find the logarithm 
of 4, we have only to double that of 2 ; for, taking the equa- 
tion (10)' = 2, ar\d squaring both members, we have, 
(10)2"^ = 4 ; or taking the same e(!|uation, and cubing both 
members, we h^ve (10)^' = 8 ; which shows, that twice the 
log. of 2 = 1.4, and three times the log. of 2 = 1.8. 

Again; if we would find the log. oi any number,' as 30, 
we have only to add together the log£\rilhms of its prime fac- 
tors, 30 = 3 X 5 X 2, and we have, '' 

(10)' = 3, (10)" = 6,-and (10)'" = 2. 

Now, if we multiply these three equations together, term by 
term, observing the rule for the exponents, in the first mem- 
bers, we shall liave, 

(10)'+"+"' = 80, or 1.3 + 1.5 + 1.2 = 1.30. 

Tables of logarithms have been calculated for numbers ex- 
tending from 1 to 100,000. For a description of their arrsrnge- 
nient, and the manner of using them, the student is referred 
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•to the introductiond usually accompanying these tables, in 
which all necessary information is given. 

( 1 09.) We proceed now to show how numerical calcula- 
tions arc performed by means of logarithms. 

Multiplication hy Logarithms, 

Let a be the base of a systein of logarithms, and let y and 
y be two numbers, the product of which is required; we 

sliall have (106), a' = y, a" = y' ; 

and multiplying these equations together, we have, 

«'+" = yy', or Ifj + ly' = \.yy ; 
wliich show?, that the sum of the logarithms of two num- 
bers is equal to the logarithm of their product. 

Hence, to multiply by logarithms, we are to add together 
the logarithms of two factors, and find in the table the num- 
ber corresponding to their sum. 

' Division by Logarithms, 

(110.) Suppose we have, as before, a' = y, a" =y'. Di- 
viding the first of these equations by the second, and observ- 
ing that this division is effected in the first member, by sub- 
tracting the exponent a:' from t, we have, 

a'-^' = ^, orl.y —ly' =1.^; 

y . y 

from which we see, that the difference of the logarithms of 
t.ivo numbers^ is equal to the logarithm ff their quotiefit. 

Hence, division is performed in logarithms by subtracting tlie 
loijarithm of tlic divisor from the locfarithm of the dividend. 
ai)d finding t!ie number, in the tables, which corresponds lo 
the difference. 

Involution by Logarithms. 

(111.) If we take the equation a'=^y, and raise both mem- 
bers to the 2d, 3d, 4lh, and tub powers, we shall have (38), 

from which we see, that 

2 ly = ly\ 3 ly = l^^ 4 ly = l.y^ n ly = l.y" ; 

and hence, to involve a number by logarithms, we midtiply 
the logarithm of the number^ by the nttmber denoting the 
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degree of the power, and find, in the tables, the number 
corresponding to the product. 

Evolution by Logarithms, 

(112.) Let a' =:y : then if we extract the 2cl, 3d, 4th, and 
nth roots of both members of this equation, we shall have, (45,) 

_x X 3 z 4 z n 

as =zVy, a^ =Vy, al =V'y, anz=^Vy] 
or, ^ 1. y = 1. Vy, \ \.y = 1. Vy, \ ly = 1. Vy, 

^ly = lVy- 

from wliich it follows, that the logarithm of ariy root of a 
number is the logarithm of the number itself divided by 
the index of the root. 

Reduction of Exponential Equations by Logarithms, 

(113.) If we take the general equation 6'= c, we shall 
have, by supposing the logarithms of both members known, 

1.6' z= U. 

It has been shown, that the logarithm of any power of a 
number, is equal to the logarithm of the number itself, multi- 
plied by the exponent of the power (111) ; hence, \,b' =^ x\.b, 

and therefore we have, x 1.6 = l.c ; 

l.c 
dividing by 1.6, x = —-, 

1.0 

For a numerical example ; let it be required to find the 
value of X from the equation 8' = 128, we shall have, 

1.128 2,10721 o oooo JB 

* = -rr = u;9U309 = ^'^^^^' ^'- 

(114.) Having shown how numerical calculations are per- 
formed by means of logarithms, we will now consider, more 
particularly, the properties of the common system of loga- 
rithms, formed upon the base 10. 

We have seen, that in this system, the log. of 1 = 0, 
1.10 = 1,1.100 = 2, 1.1000 = 3, 1.10000 = 4, and that 
all intermediate numbers have for their logarithms, the same 
whole numbers, plus a fraction. The integral part of a loga- 
rithm can, therefore, be known from the number of places of 
figures contained in the number to which it belongs. For 
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numbers less than 10, it is ; for those greater than 10, and 
less than 100, it is 1 ; for those greater than 100, and less than 
1000, it is 2, &c., being always one less than the num- 
ber of figures expressing the given number. The integral 
part of a logarithm is called the characteristic of the loga- 
rithm. 

(115.) It may also be shown, that the decimal part of the 
logarithms of numbers, one of which is 10, 100, 1000, <fcc. 
times greater or less than the other, is the same ; for the loga- 
rithms of 10, 100, 1000, &c. are whole numbers, and being 
added or subtracted, would only alter the value of the charac- 
teristic, and would not affect the decimal part. 

For example ; 1.28 x 10, or 1,280 = 1.28 + 1.10, 

= 1,447158 + 1 . = 2,447158, 

1.28 X 100, or 1.2800 = 1,447158 + 2. = 3,447158, 

1.28x1000, or 1.28000= 1,447158 + 3. = 4,447158. 

For the same reason, the logarithm of any number of 
figures, whether whole numbers or decimals, will be the same, 
with the exception of the characteristic, which will always be 
one less than the number of figures in the integral part of the 
number. For example; taking the number 654685, and di- 
viding it successively by 10, and for each division subtracting 
from its logarithm the logarithm of 10, we have, 



Number. 

654685 


Log. 

5,8150324 


65468,5 


4,8150324 


6546,85 


3,8150324 


664,685 


2,8150324 


65,4685 


1,8150324 


6,54685 


0,8150324 


0,654685 - 


1,8150324 


0,0654685 - 


- 2,8150324 



From this example, it also appears, that the cfiarcuiteristic 
of a decimal fraction is negative. It is always determined 
by the place which the first significant figure of the decimal 
occupies, counting from the decimal point towards the right. 
If it occupy the first place, the characteristic is — 1 ; if the 
second, it is — 2, &c., being obtained by subtracting the loga- 
rithm of 10, 100, 1000, &c. from zero. 

(116.) The logarithms of all fractional numbers are nega- 
tive, since they result from the subtraction of a greater loga* 



^ 



LOGARITHMS. 297 

rithm from a less. To obtain the logarithm of |, for exam- 
ple, we have (110), 1. 2 — I. 3 = 1. f , 

or, 0,:^0 10300 — 0,4771213 =—0,1760913. 

Negative logarithms would be inconvenient in calculation, 
and to avoid their use we reduce the fraction to a decimal, the 
logarithm of which is positive, except the characteristic. 

To effect this reduction, we have only to consider the nu- 
merator multiplied by 10, 100, or 1000, as may be necessary, 
which is done by adding 1, 2, or 3 to its characteristic, and 
then subtract the logarithm of the denominator. The num- 
ber of units necessary to be added to the characteristic of the 
numerator, will determine the characteristic of the resulting 
logarithm, which must always, as has been shown (115), 1x5 
negative. 

Thus, to obtain the logarithm off, we multiply the nume- 
rator by 10, which gives for the numerator, 20 tenth parts of 
a unit, which divided by 3, will give a quotient in tenth parts. 
To effect this division by logarithms, we subtract the log. of 
3 from the log. of 20 : — 

1. 20 = 1,3010300 
1. 3 = 0,4771213 

0,8239087 

and since this difference is the log. of 10th parts, we must af- 
fix to it — 1 for a characteristic ; or, which is the same thing, 
considering this difference the Ic^. of a whole number, sub- 
tract the log. of 10 from it, to effect the division by 10, which 
gives — 1 for the characterislfe. 

In practice, it is usual to perforai the subtraction, as though 
the logarithm of the numerator were the greater, till we come 
to the characteristic, w^e then take the excess of the charac- 
teristic of the log. of the denominator over that of the nume- 
rator, and affect it with the negative sign, for the character- 
istic of the resulting logarithm. The result is the same as 
by the preceding method. 

For example ; let it be required to find the quotient of 6, 
divided by 73 in decimals, by means of logarithms. 

The log. of 5 is 0,6989700 

and the log, of 73 1,8633229 

— 2,8356471 difference. 

The number correspond inff to this logarithm is 68491, 

26 



/ 

I 
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nearly; but the characteristic, — 2, sho.vs that this number 
must be a decimal fraction, the first significant figure of which 
stands in the place of hundredths (115) ; we have, therefore, 
0,068491 for the quotient of 5 divided by 73, extended to six 
places of decimals. 

(117.) We now proceed to show the application of loga- 
rithms to algebraic formulas. The student should be provided 
with a table of logarithms, and exercise himself in their use 
by giving numerical values to the algebraic quantities, and 
performing the operations indicated by means of logarithms. 

Let it be required to find the last term of a geometrical pro- 
gression by means of logarithms ; the first term, the ratio, 
and the number of terms being given. Calling a the first 
term, rthe ratio, and n the number of terms, we have (94), 
l^zar"^^ ] taking the logarithms \.l = \.a+(n — 1) x l.r (1 091 
(121). 

If Z, r, and n be known, we find, a = '^^^. And taking the 

logarithms La = \.l — (n — l)l.r (110). 

If a, U and 7i be given, and we would find r, we have, 



» -» 



' '• = V^ . • (94); 



a 

1 / — — 1 n 

and by logarithms, l.r = ^ . . (112). 

If a, /, and r be known, and \ye would find ?«, we have, 

I 






a 

and by logarithms, (n— l)l.r = U — \.a . . (109) ; 

whence, w — l=Hpi:^ . . (113), 

We might also take the formula aS= ^^''-II,-) • 

r — 1 ' 

and supposing three of the quantities which enter into it 
known. 

Find the other by means of logarithms. Thus, n, a, and 

r being known, we have, ^= ^^^" ~ ^ \ 

r — 1 

And by logarithms l./S'= l.a + l.(r"— 1) — l.(r— 1). 
Supposing 8y a, a»d r, known, r"= ^^~^+ ^ . 
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and by logarithms, n Vr = l.{rS — S + a) — l.a, 

and, n = -^^ — j . . (113). 

l.r 

Proportion by Logarithms, 

(118.) Let there be the proportion a : b =. c \ d\ then we 

be 
shall have d = — , and by logarithms. Id = 1.6 + l.c — La ; 

hence, to find the fourth term of a proportion, add together 
the logarithms of the 2d and 3d terms^ and sxibtr act from 
their sum the logarithm of the first term, ; the remainder 
will be the logarithm of the fourth term. 



FORMULAS RELATING TO INTEREST AND ANNUL 

TIES. 



Simple Interest, 

(119.) Let the principal, or sum on which interest is to be 
calculated = a, the rate per cent., or the fraction expressing 
ilie interest of $1 for one year = r ; the time for which the 
principal a is loaned = t ; and the amount at the expiration 
of the time t =: A\ then we shall have the proportion as $1 
is to r, its interest for one year, so is the principal a, to its in- 
terest for one year, or, 1 : r = a : ar ; ar is therefore the in- 
tej est of a for one year. But if the principal is loaned for a 
time greater or less than one year, the interest will be propor- 
tional to the time which will give the proportion, 1 : ar = ^ : 
art ; art would therefore be the interest of a for the time t. 
Thus, if a = 230, r = ,06, and ^ = 2 years and 5 months, 
we shall have, art = 230 x ,06 x 2/^ = 33,35. If, the 
other values remaining the same, ^ = 67 days, then 
art = 230 x ,06 x 3V5 == 2,533. 

(120.) If we would know the amount, we have only to 
add the principal to the interest, and we shall haveil=a+ar^ 
From this last formula, others may be derived by bringing 
each of the quantities which eiiter into it, to stand alone on 
one side of the sign of equality ; thus, 

A A — a J , A — a 

1 +rt ' at ^ ar 
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From the first of these formulas, we can find the principal, 
the amount, the rate per cept., and the time being given ; from 
the second we can find the rate per cent., the amount, the 
principal, and the time being given ; and from the third, we 
can find the time, the rate, the principal, and the amount 
being given. Thus, if we would know what principal woyld 
amount to $425, in 7 months, at 6 per cent., we should have 
by substituting these values of A, r, and t, in the first formula, 

425 425 . ^ ^ ^oQ 

« = i + ,06x/^ ^ i;035 = *^°'^^- 

If it were required to find the rate per cent, at which $648 
would amount to $727 38, in 2 years and 4 months, we 
should have, from the second formula, 

727,38 — 648 79,38 ^^^^ ^, 

'^ = 648x2^ =1512-= '^^^^' ^' ^^ P'^' '^"'- 

For an appUcation of the third formula, let the time be 
required in which $116 would amount to $130 at 5 per cent. ; 

and we shall have, t = 116x05 =58=^^^ years, or 
2 years and 5 months, nearly. 

Compci:rtd Interest. 

(121.) In compound interest, the interest is supposed to re- 
main in the hands of the borrower, and being added to the 
principal, to form a part of the principal for the succeeding 
year. Calling a! the amount for the first year, we shall have 
the proportion, as $1 is to its amount, 1 + /•, so is a, the given 
sum, to its amount for one year ; or 1 : 1 + r == a : a', a! 
therefore equals a + ar^ or a(l -\-r\ which is the principal 
for the second year. Calling a" the amount of this new prin- 
cipal for one year, we have 1 :l-fr==a(l -fr): a"; whence 
a"==a(l +r)\ 

In like manner calling d" the amount of this last pnncipal 
for a year, we shall have, a" == a(l +r)^ ; and since the 
amount for each year is found by multiplying that of the 
preceding year by 1 + r, it is evident that the amount for any 
number of years will be found by multiplying the principal 
by that power of 1 + r, which is denoted by the number of 
years. Calling A the amount for n years, we shall therefore 
have the general formula 

A = d{l + r)". 
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Prom this formula, by reducing the equation with reference to 
a, r, and ??, respectively, we derive the three following: — 

n 

The application of the four preceding formulas to numeri- 
cal examples, is most conveniently made by logarithms. By 
taking the logarithms' of the quantities which enter into 
them, they become, respectively, 

1.4 = U+n 1.(1 +?f); . . (109), (111) 

. l.a = hil — wl.(l+r); . . (110), (111) 

l.(l + r) = ^:if:l:^; . . (110), (112) 



n 



»=T^y • • (110). (113) 

Let it be required to find the amount of $1250, for 20 years 
at 6 per cent. By the first formula we have, 

il = 1250(l+,06)", or, 1.4 = 1.1260+ 20 xl.(l+,06). 

Taking the logarithms, we have, 

l./i = 3,0969100 + 0,5061180 = 3,6030280 ; 

From which we find, A = $4008,92. 

For another example ; find the amount of $1000 for 3 years 
at 5 per cent. 

A = 1000(l+,05)3 ^ 1000(1,05)^ = 1000 x 1,157025 

= 1157,625. 

For an example of the second formula ; let it be required 
to find the principal, which, in 25 years, at 7 per cent., com- 
pound interest, w ill amount to $5000. 

By logarithms, La = 1. 5000 — 25 x 1.(1,07), 

or, \,a = 3,698970 — 25 x 0,029384 = 2,964370 ; 

from which we find, a = $921,234. 

If we would know at what rate per cent. $1000 would 
amount to $3361,85 in 20 years, we have from the third for- 

, ,„ . , 1.3361,85 — 1.1000 3,526578—3, 
mula, L(l +r)= ^ = ^ 

= 0,0263289, 
from which we find, 

1 + r = 1,0625, and r = ,0625. 
6J per cent, is therefore the rate of- interest. 
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Lastly, if it were required to find the time in which $500 
would amount to $1039,46, at 6 per cent., we have, by the 
fourlli formula, 

1.1039,46 — 1.500 3,0168095—2,6989700 



71 = 



1.1,05 ~ 0,0211893 

0,3178395 



0,0211893 



= 15. 



Examples for Practice, 

1. What is the amount of $1200 at compound interest, for 
10 years, at 6 per cent. Ans. $2149,19.^ 

2. What principal will amount to $4000, in 30 years, at 5 
per cent. Ans. $925,51. 

3. At what rate per cent, wnll $1000 amount to $1479,15 
in 6 yeara. Ans. 6f . 

4. In how may years will money, at compound interest, at 
6 per cent, amount to double, treble, and quadruple, the origi- 
nal sum. 

Ans. 11,8955 years, 18,8145 years, and 23,791 years, re- 
spectively. 

Annuities. 

(122.) An annuity is a sum of money payable periodically, 
for some specified time, or during the life of the receiver. If 
the payments are not ma^de, the annuity is said to be in ar- 
rear, and the receiver is entitled to interest on the several 
payments in arrear. 

The worth of an annuity in arrear, is the sum of the 
several payments, together with compound interest on every 
payment after it became due. The present worth of an an- 
nuity is the sum which, at compound interest, would amount 
to a sum equal to the worth of the annuity, for the time spe- 
cified, supposing it to be in arrear. We now proceed to in- 
vestigate formulas to be applied to calculations relating to 
annuities. 

(123.) Let a = the annuity, A = the amount of the an- 
nuity in arrear, r = the rate per cent, and n =^= the number 
of years that the annuity has been forborn. It is evident that 
on the last payment due, no interest would accrue. It will 
tlierefare be a. The one preceding will be the amount of a 
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for one year, a{l + r) ; the one before this, the amount of cr, 
for two years, a(l 4- rf ; and so on to the first, which will be 
the amount of a forn — 1 years, a(X + r)"~^ The several 
sums due may therefore be truly represented by a progression, 
the first term of which is a, the ratio ( L + r), and the number 
of terms n ; the worth of the annuity will be the sum of this 
progression, and we shall have, 

A = a + a{l + r) + a{l-^rY+a{l+rY +a(l+r)''-'; 

or, taking the sum of the progression (97), 

. _a[(l+rr-l] _ a[(l+rr-l] 

(1+r)— 1 ~ r 

This formula furnishes the means of finding the worth of 
an annuity in anear. Let it be required to find the worth of 
an annuity of $50 per annum, that has been forborn 6 years, 
at an interest of 6 per cent., then we shall have, 

A= 50[(1+Q6)« — 1] ^ ^^. l.^=1.50+l.[(l+,06)^— 1]— 1.06. 

The value of (1,06)^, as found by logarithms, is 1,41852, 
subtracting 1 from this, as indicated in the formula, and tak- 
ing the logarithm of the remainder, we have, 

1.^ = 1,6989700 + (— 1,6217162) — (— 2,7781513) 

= 2,542534; 

from which we find, A = 348,767. 

(124.) Since the present worth of an annuity is that sum, 
which at corrtpound interest, would amount, at the termination 
of the annuity, to the worth of the whole annuity in arrear, 
we shall have, by calling the present worth A'. 



A'(l + r)-=«i(i±f=^. 



From this formula we can deduce three others, severally ex- 
pressmg the values of A', a, and 7z, in terms of the others, 

a[(l + r)"-l] . ^_ ^V(l+r)" 
"* ~ r(l + r)" ' (i+r)"_l' 

71 1.(1 + r) = la — l{a-^A r), orn = \(i-i-r) ' 

Let it be required to find the present worth of an annuity 
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of $200 per annum, to continue 12 years at 6 percent. By 
the first formula we have, 



,_ 2Q0[(l,Q6y» — 1] . 
^ ,06(l,06)i« ' 



or, la = 1.200 + 1-[(1,06)^2 _ i] _i.^C6 — 12 x 1.1,06 ; • 
from which we may find the value of A' to be $1675,76. 

For an application of the second formula, find the annuity 
that would cancel a debt of $1000 in 12 years, with interest 
at 5 per cent., 

1000 X, 05(1, 05)^\ 



n 



(1,05)^2—1 ' 
or, la = 1.1000 + 1.,05 + 12 X 1.1,05 — 1.[( 1 05)^2_ij^ 

By performing the operations indicated, we find a=l 12,825. 
Lastly; let it be required to find the time that would be ne- 
cesssary to. pay a debt of $210,707, in annual payments of 
$30 each, with interest, at 7 per cent. By the third formula 
we have, 

1.30— 1.(30— 21 0,707x,07) _ 0,2938369 _ 
— 1.1,07 ~ 0,0293838~ ' nearly. 

If the annuity falls dueoftener than once a year, we have 
only to alter the value of r, so as to make it the rate per cent, 
for the time between two payments. Thus, if the annuity is 
due quarterly, and the interest is 6 per cent., r = ,015 ; if it 
be due semi-annually, r = ,03. Suppose it required to find 
what sum must be paid per month to cancel a debt of $500, 

in 5 years at 6 per cent., we have, r = '-^5 == ,005 ; and 

n = 60, the number of months in 5 years. Then 
• _ 5Q0x,005(l,005)''' 
° — (1,005)°' - 1 = ^'^^^2^- 
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